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I. INTRODUCTION , 

The most commonly used approximation in the study· of. beam-beam 

interaction is the "strong-w_eak" case, namely, the case where the 

particles in one of.the beams (called the weak beam) a,:-e perturbed by 

the beam-beam .force. This for~e usually causes· blowup of the 

transverse beam size with consequent loss of luminosity,. ·and imposes 

severe limitations on the performance· of a colliding beam storage. 

_device. The synchrotron radiation in ee storage rings may, however, 

· improve ·the situation, for particle distr.ibution_ is determined by the 

balapce bet_ween. the quantum fluctuations arid radiation damping on the 
~-

one hand and the beam resonant terms on the·other hand. 

In .the present paper we study the dissipative particle dynamics 

in·ee storage_ rings in the presence of linear synchro-betatron 

coupling, via nonzero dispersion at the interaction point. In a real 

machine there is an absorbing boundary, such as the vacuum chamber: 

Mathematically such a boundary is expressed by the equality between 

the beam size and the aperture of th~ vacuum chamber. Particles 
I 

diffusing as a result of the stoch~stic photon emission would be· 

absorbed ~t the,walls: Much attention is paid ·in Sec. IV .to the I exit 

(escape) time, needed for the above process,·called the beam lifetime~ 
I 

II. CANONICAL TRANSFORMATIONS AND THE FOKKER-PLANCK EQUATION 

Our starting equations are the following stochastic equations of 

motion 

dU 
ds 

8H 
8Pu 

dt 
ds 

. dpU 

,ds 

8H 
=~ 

8H · . ··. 
au. +.<TTu>+TTut Cs) U=(x,z), 

dl 
ds 

8H 
8(-t) +_<TTH>+TTHt (s), 

(2.la) 

(2.lb) 

where the Hamiltonian of an electron with rest mass m and charge e is . .. e 

taken in the for·m [1]: 
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with the curve lengths as an independent variable. The curvature of 

and 

The 

in 

the design orbit is denoted by K; 

A= [A:•:'Az,AJ ·is the vector pote_ntial 

quantities <TIU>, <ITH>, TIU and ITH in 

1t being the total 

of electromagnetic 

formulae (2.1) are 

energy 

field. 

defined 

terms of the origfnal Hamiltonian Hand the mean and fluctuating parts 

of the radiated power as follows [2]: 
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'I JH cip JH ; <TIH>=cip J1t • <Tiu>=- ~ 11Pu 
C • - ' ,, r3 

2 Vc 3 JH p- Vc2r ~ 
ITH=p czr a'!f. TI=-

2 Jpu u 
C 

where p is the total momentum, .r, is the Lorentz factor and [3] 

c= 
1 

2r 
e 

3 
3m C 

e 

2 
K (s) 

r = 
e 

C = 
2 

2 
e 

2 
41!E m C 

o. e 

SSr l,c 
e 3 

24V°3 m3 K (s) • 
e 

(2.3a) 

(2.3b) 

(2.4a) 

(2.4b) . 

Furthermore ~(s) is a centred, Gaussian Markov process having the 

formal properties: 

<~(s)> = o <~(s)~(s')> = o(s-s'). (2.5) 

The bracket< ... > means the expectation _value of the expression 

entering it. 

Here we consider the horizontal motion of an electron, where the 

contribution from synchrotron motion is realized via 

dispersion. Applying the non-canonical scaling transformation 

X =~ 
PX 

px= Pos 
-a ct=,: 

s 
=~ 

1f 
h= 2 

S,.Es 

non-zero 

(2.6) 

one can write eqs. (2.1), taking the azimuthal angle t as a new 

independent variable instead of s, in the form: 

Qtfhtt;.,~-. ',c, ... 6t: g:iC11-:7"=/1 i 
m\-!$/!ibl~ l:KC .'11':liJBlUEii t 

SbtSTff.1CTEHA ~ 
~ _,,. -



JH - JH 
p =- - +<IT >->TI ~(-il') • x=-;::- ,: ax p p 

Jp" 
(2.7a) 

-
h=- JH +<IT >+ITh~O) • 

JH 
'i= -

Ji; h Jh {2.7b) 

where B, p and E are the relative velocity, momentum and energy 
, -.:; S OS : S , _, • 

of 

the synchronous particle respectively, and 
4 4 

cip JH 
·<IT>=- -- -

P c2p 'Ip 

cip Pos JH 
<IT >= 4 2 Jh 

h B E 

--r 3 V c~r-,_ 
n =- ---

p VR" 

OS l :-: 

p2 JH 

c2pos a;" 
H= RH 

PO$ 

n = 
h 

' s s 

~3 2 
V c Y- P Pos JH 

2 42 Jh 
VR P~s 

(2.8a) 

(2.8b) 

(2.9) 

The dot in eqs~ (2.7) mean~ diffeFentiation w\th.re~pect to J and R 

stands for the mean machine radius .. 

We are ready now to perform four canonical transformations 

successively, from the variables (2.6) to the 

(J,.,,~J and (J,.,iiJ. Three of.th~m 
0

are linear 

action-angle 

in the old 

variables 

and new 

canonical variables, so that there are no serious difficulties in the 

utilization of the basic rules of--lto calculus. We first write down 

[l]: 

(i) The first 

where 

x=x 

canonical transformation 

(l)r·· % 'j % ( 
F 2 _x, p",,;, r,; ,;I', ~xp ,,+" .r;+ 

~:~=p:-=· 

% 
H 

o=,:+R,3' 

(1) 
JF2 

H + ~ 

with a generating 

1 2]->TjR,:J' , 
a,.. 

1 
ri=h- ,, 

a; 

function 

(2.10) 

(2. lOa) 

(2.-lOb) 

(ii) The second canonical transformation given by the generating 

function 
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:j 

I 
.I 

with 

x=x-tjJT) 

(2) ,-- - - . ··1 - ;_ - ·,, XTjtjl 
F 2 ._x,P,.,,o, r,;,:l'_J=p=·= l.x-1.vr; __ + T· 

p __ =p - !jffJ 
.•. :•: R 

H 
"' "w 

o=o+ 4lx 
R 

JF (2) 
2 

H -> u 

-ljlp 

4Jtjl ;;z +or; 
2R 

l)=r; 

(2.11) 

(2. lla) 

(2. llb) 

where tjJ is the dispersion, satisfying the differential equation 

d
2

!!1 _. Gip 

d/ 
KR 

2 ··w ··1 2 2.._R2__!:_ ~ . 
G~K R p lax :•:=z=o 

OS · .-

(iii) The third canonical transformation, whose 

fun'ct ion is 

generating 

with 

X= 
X 

ir . (3 

·~ ··1 xP 
(3) rx- p ~.r;;,3- = 1/::-

F,, { ' ' ·· Y 0 
+ B~2 

4BR + r1r1 ,_ . 

P=; Va 
:•: 

H 

Bx 
2Rl/ii 

H -> 

' (3) 
(ff 2 

a.;r 

d=d r1=r1 

The well-known (3-function is·a solution of the equation [1,3): 

.,, 

2 4 
BB - a'- + G1/= R2 

Equations (2.7) are transformed straightforwardly to give 

P=-

X= JH 
JP 

- [ r·· 8H IV - +Va <IT >- - + ax P R 

- ~n >- --'£ n ~<-t> • 
1/iih J/ijh 

;IV] < 11 h> ] + l/ii [n P - Ii ... ;i•] 11 h] ~ < i > 

8H 
r1= - -tjJ<IT >-4JIT ~(-3') , 

- p p , ari 
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(2.12) 

(2.12a) 

(2. 12b) 

(2. 13a) • 

(2.13b) 

(2.13c) 



JH ~ 
T)=- -:::- •<nh>•nhs <zy> • 

Jo 
(2.13d) 

where 

i3 
0: =- 2R 

The last canonical transformation needs some more work for it is 

nonlinear in the canonical variables. From the generating function (1) 

we find 

where 

·~ ... .., 

f
. - ··1 x"- <.u'c1) .. 

s1 _x,o:",l1r1,o:s;4'r- 2tg<j, -;,.. -2-. tgc(" 

r--
X V 2J cos<j, 

iir:1 

:•: 

r;;-­
/ " V T coso:,. 

'Jf. 

<1>=0: :/X:. -v "4' 

k 
,, .ll.E 

;,.. "-= __ o 
E ? ? 

s 2Tii3_R_X 
s ' 

p 

JS1 
H • Jzy 

X 
R 

i3 

cos<j; 
" 

lj 

r--
-V 2J sinq; 

:■: 

r--
-V 2:;I.J sino: 

s " 

R 
\-' = 2'!1 

tio=r:1-r:1 
s 

211 

j. d4' 

13(,J·) 

0 

The quantity uE
0 

is the tot~l energy gain per 
_? 

harmonic acceleration mode and 'K"=;:1. -r -
H s 

revolution, 

(O:H being the 

k 

(2.14) 

(2.15a) 

(2.15b) 

(2.15c) 

is the 

momentum 

compaction factor). Next we represent the action and angle variables 
- - -

·as functions of X, P, i1r1, T) and utilize Ito formula for the change of 

variables (see e.g. (4]). Note that 

J 
:■: 

.!.fx2•P2) 
2 •. -· 

o: = v .j- - X - arctg l-'~J-. 
:-: :-: ": X 

and _therefore 

1 2 1 2 
dJx= XdX • PdP + 2(dX) • 2(dP) (2.16a) 

6 

• I 

. . , 2 2 

f I P X XP 2 XP 2 X -P 
dO: __ = ,v .. -X .. jd-3'• ----'--1X- ~P- -?(dX) • ---;;(dP) + ----;,-dXdP . (2.16b) 

·•· •. ·' ·'·· 2Jx 2Jx 4J- 4J"" 4J-
:-: :-: X 

Substitute now eqs. (2.13a,b) into the last two equations and use the 

basic rules of Ito stochastic differential calculus [4]: 

~d/ = 0 t2d,3'2 = d4' (2.17). 
., 

The calculations are straightforward but tedious, giving the following 

final result: 

J'Jf. {:<) TT(:.:)i, ( ") 
J =- - •<n. >• . ~ ~ 

:-: JO: J J 
:•: 

(2.18a) 

0: 
:•: 

J'Jf. (:-:) n(xlF(") - •<n. >• ~ ~ 
JJ 0: 0: 

:-: 

(2.18b) 

where 

r;;--
·b:). [ <nj >=- ljl 

/ :< V 0 cos.p V2aJ:,(i • ~ll']sin<!>]<nh> 

r~-
V 2i3J sin,j><TI > + 

:< p 

(:d l" Tij =- '-I' 

• _ljl2 n2 • 
213 h 

13 . IP 0:ljl [ l,_ l ]2 
2 n P - R +, a_ n h 

/
r2J __ - . ,r--r; 

i . T cos<j> -. } 2(3J :< lR • O:Gl··1sin4>]TI -V 213;-sin<I>. 
13 . h :-: 

(2.19a) 

TI , (2.19b) 
p 

<:.l [ljlsinq, 1r7-r~ <TI >= -- • - - + 
0: V2i3J V 2 J:< _R 

~Gl )cosq, ]<TI h> 
1rT y' :z'J". cos,j><TI ·> + sin2q, 

:< p ~ * 
:-: 

:-: 

fljl
2
n! [ ,,~ O:lj)) ]

2
\ · ljlcos2q, [ ,,~ O:ljl) ] *1- -13 n - - + - TI J - -- TI - - + - TI TI 13 p R 13 h 2J p R 13 h h 

.. :Iii: ~ 

(2.19c) 

n(:-:l_[ljlsinq, ✓7-i· J' l 0: - -- + - ~ + 0:ljl 
V213Jx . 2Jx R a cos,j> Tih -

r -. 
✓ 2~ cos<j> TI . (2.19d) 

:-: p 

With the equations 
? - 2 _,, 

J = ;\ -(.ll.ri) +lj,. 

s 2:\ 
o: =-arctgf · ;; _ l 

s ~(.ll.ri) 
(2:20) 

in hand one can obtain exactly in the same manner similar stochastic 

differential equations for the longitudinal action-angle variables. 

They are: 

7 



where 

J 

0( 

" 

s 

-o:!l (r) (r) · 
~ +<TI.· >+TI.·~<~> 
Jo'. J J 

" 
a'Jf. {,;) (s)~ ') 
--- +<TT >+TI . i, (.;t· JJ o( Ct. 

s 

-- ri,..,. '"l 

/
r2J ,.~~TI~- TI~ 

is) 1~ s · p h 
<TI. >=-ljlY2il.J cos()( <TI >- 1/ -- sin()( <TI >+ --- + -

J s , s p t ;\ " h 2 2il. 

,r-;;-
(s) -~ / s 

TI. =-ljl~2il.J COS()( TI - 1/ -;,- sin()( TI , 
J s sp f " ~h 

-~ 

(2.21a) 

(2.21b) 

(2.22a) 

(2.22b) 

(sl /r ii. 
cost( il.ui"TI

2
sin2()( TI~sin20( 

h " <TI >= !jl -- sin()( <fl >-
s 

--<TI>+ 
. p s 

a V 2Js s p lizil.J h 4J 

" 
ljlTI Tihcos2a 

_P__ " 
2J 

s 

--
( s) /F __l:_ sin 0: TI - C::--::-

TI =ip , 2J " p b,,J 
a v " " 

COS(:( 

" 

" 

TI . 
h 

47\J 
s 

(2.22c) 

(2.22d) 

It is well-known (4) that the stochastic process, governed by the 

equations (2.18) and (2.21) may be equivalently described by a 

corresponding Fokker-Planck equation for the transition probability 

I' fo: _,J __ ,C; ,J ;J··i, which reads as 
•, .•- -·- s s .. 

JP a 'l· (ait TI(i) ·1p] a r,, Jit (i) ·11 1 /_· 1·TI(ii (Up··1 - =- - 1- +< > - ---L - - +<TI. > pj+ - --- TI + M JiY.. •.JJ. ix , ;_-1J. ,. Ja. J , 2 Jo: . Jc., , ct a .. 
l l l. l. 1 ,: 

+ 3"" r ii) 'k' ·1 
Jct i JJ i, , __ Tic~ nj ·p, + 

!_ ____£_ f TI< i >TI< u ] 
2 ;p i JJ I· . j j p · 

(2.23) 

where i=(x,s) ,' k=(x,s) and summation over' repeated indices is implied. 

We recall that each of <TI>, <TI>, TI and TI may be found explicitely 
p h p h 

from (2.8), (2.9) and (2.2), using the canonical transformations 

(2.10-12) and (2.14) with the result: 

<TI >= 
p 

3 r· r;;-. c,p R -.· 
~!!!.~sine(+ 1/--,;-:- lsinq, 

2 R s st'µ .. 
C k . -

8 

+ c.cos~]] , (2.24a) 

'i 
\ 

I l 
(_ 

\ 
f 
I 

<-TI >= 
h 

5 R ; 1 ·,l 
c1pos 11~2,,J sine("- .· 

- 1• " " E2 '· 

"' 
r- --. ''I F-;;-v C .,--R p r· 

rsintj; ... c,cosq,·-, l 2' ~ OS qi 1~ I :-: 
TI ::::: , ,,. - r2AJ, sin~ .+ v' 8 p ,:_ .R .. s '· ) 

C L 
r -.-.- ~-

V c~r'°R p" .. ·., 
.:. " 

0
" ii'2;\.J sine,; - 1 j n = l!h 

E 
!_ ~ s -· 

" 

(2.24b) 

. (2.24c) 

·(2.24d) 

Since we are interested mainly in the establishment o.f 

equilibrium on the scale of the damping times, we may average over the 

relatively short revolution time scale as well as the phase of 

synchr·otron and betat,-on oscillations. In the averaging procedure we 

retain terms with slow variatio~ in the angle variables (the resonance 

terms) in the original Hamiltonian 'It and drop such terms arising from 

the diffusion part of the Fokker-Planck equation (2.23). After ~ome 

simple algebraic manipulations one obtains the result: 

JP a f 1·ait - ·i ] a j j J'Jl ·1 ] · - =- -L - +a p - ---Lt- - -2a J_+2q r ... 
iH ao: .JJ - i.. iP . · aa . D 1 i .. 

1 l 1 1 

... ~ a2 l--q/ ·-i· ... ~ 
2 2 J. 2 art. . 1 .. 

1 

where the approximation ,TI ~ 0 and 
p 

used and the following notations: 

c1Rpos ~ 

I 

3 

II l----::z ()( /-20,., 

l
lc2r!R c, 
r,;pos 

s 

;/(. II =4 q __ cs ,t .•. 

'Jl = !2 
cs o ... 0 f* 

9 

. ..2 ti ") 
~ 4q.J p 
aJ~ · l 1 .. 

- i 

Tih 

r- -3- 3 

V c 2_rl P
0

s 
~ 

E~ 

' 3 · 11 

ll
ciRpDS 1-V!Jlill =2os 

il.~R 11' 
C 

·1 

3

R f, II ,.,,

0
2,·:t• ;•s, 

()(lj!·12 ... s 

(2.25) 

has been 

(2.26a) 

(2.26b) 

(2.26c) 

.. 



have been introduced [u. -. Ii~= 

ljctP!.11 
li-r.--11 =20: 
Ii .:. 'I· a I C I-it 

211 

~11 Jd.t· ... ] . 
0 

account of the linear synchro-betatron 

The Hamiltonian 

resonance via 

dispersion lj)i at the interaction point is well-known to be [l) 

1i= ( ... ,.,+avJJ:•:-(\,'S-+-avJJ S +21JS ]/rJ:/ S COS (rt,_,+~
5
-m.,i'+q>frJ 

where 

av= 
:•: 

1+132 

~ ~ a- " 
s 

av=­
s 

1+/ ~ 
J.) = - s A lj)i s ,, __ · ~ 

p'- v-
,_,s 0 . •.1 

1+0
2 

s 

sz 
s 

Alj)2 
1 . as 

:d 

(2.26d) 

ft with 

nonzero 

(2. 27) 

(2.28a) 

(2.28b) 

and r. is the well-known beam-beam parameter [ 10] .. The resonance 
.•. 

condition is written as 

V +Bv -v -av= m•E. 
~ X S' S 1 

(2.29) 

One can remove the explicite t-dependence in eq. (2.25) applying the 

canonical transformation [l] 

with 

J =J 
)( . ;.: 

E., ll·o: .•. ,o:.,J __ ,J ;,3- = fo:_,+f.i -m,3-+,t, _"]:i ___ -o: J 
- . . - . . s . . . s ir-_. . . s s 

J =J -J 
s s a=o:,_,+ct s -m,3-+q;lm a =-o: 

s s 

The result is 

JP a r r· - =- - w+ 
aJ Ja LI_ 

· .. ., 
-w l I 
~osalP 1-
JJ / ~ 

:-: 

:j [(_G,/Fsina]P ]-

. :-: 

LfG p .. J1+B 
- s . a 

JJ s. 

+ a~? [2q_)__p ]+ _/ - l .. 4q_ j_ pl· J~? [e pl 
JJ- . . .•. ' 1J 1J . " " .· 1J- . J ' 
_ l l t 

:-: :•: $ $ 

where 

w=E +c5 +o 
1 x s 

Ff; ,; ·1· =21J· v; 1; -j l 
,. :-:: S. S X ._ )( s .. 

G_, f:1.J=-20: J_ +2q_, 
...... _. 0 X .. 

G l·; J' =-20: j •2 l'q -q 'l 
S . S O S X S.-

IO 

(2.30) 

(2.30a) 

/p 
-+ ,, 
aa-

(2.31) 

(2.32a) 

(2.32b) 

" I' 

J 
~ 
\ 

I. 
j\ 
tl 

! 
I 

I! [:i __ ,J ·1= 
a .. ". S./ 

1 
(q_, 

-I~ 
21_J 

+ ~--, 

j -J J 
BJ l\:'j J=2 [ (q,/qJJ x-q,,J J . (2.32c) 

:-: $ 

We really want to obtain an equation for 

distribution function 
211 

1/l\,.:i,.;~)= ½11 J
rda I' l.,a,J_ ,J ;~ l • 

.... $ .. 

0 

the particle 

(2.33) 

holding in the limit, when the machine working point (v~,vs) is far 

enough from the 1 inear syn_chro-betatron resonance examined here. 

Recently a brilliant renormalization method has been developed by 

Y.H.Chin [5] in which the "problem of small denominators does not 

exist. For our p
1
urposes, however, it will be sufficient to utilize the 

projection operator technique [4], which is just an abstract 

formulation of Haken's principle of adiabatic elimination (6) . 

III. THE PROJECTION OPERATOR TECHNIQUE 

Let us now rewrite eq. (2.31) in the form 

JP {- - - ) 
84' = lLtL2 +L3 p • (3.1) 

- - -
where the differential operators L

1
,L

2 
and L3 are defined as follows: 

2 a a L =-w - -+- B - , 
1 Ja a Ja2 

L =- JF cosa L - Fsina L 
2 JJ Ja Jj 

X X 

L =- ~ - ~-+-
3 JJ X JJ S 

>: s 

a2 ---=-z2q J ... 
JJ X X 

X 

a2 
- - 4q J + 

JJ JJ X X 
X S 

Given an arbitrary function of the angle a f(a;,3') 

2 a 
-2BJ 

JJ 
s 

the 

operator J may be introduced according to the equation 
a 

11 

(3.2a) 

(3.2b) 

(3.2c) 

projection 



I 
· 1 

! 

·1 

211 

'P f(a;~)= ~ Jfda f(a;~) . 
a 211 

(3.3) 

0 

Next we briefly sketch out some useful properties of the operators, 

defined above 

'.PL=L'.P=O 
a 1 1 a . 

'.P L2'.P = 0 
. a a 

'P L
3
= L_'.P 

a -, a 
(3.4)' 

The eigenfunctions and the eigenvalues of L are , •. . 1 

and -vli(J+vB J· respectively, _where g and V are 
'-. a_. ,,.., ,,.., 

l
,_ _ .. 

1 
iv(J ,.J )a 

gJ_.-,Js_.e :•:s 

arbitrary functions 

of lhe actions J and J, so that 
:.:: s 

iva , ) iva 
L ge =-v bw+vB ge 

1 •• Cl, 

(3.5) 

The distribution function V [see eq. (2.33)) with account of (3.3) may 

be ·wr•itten ·as 

71 = '.P P 
a 

71 = (1-i )p = p-71 . 
. a, 

(3.6) 

The projection of the Fokker-PlancK equation (3.1), using eqs. (3.4) 

gives 
17i 
!:_=Jit1/+t'l/ (3.7a) a~ a 2 3 ' 

. 1' [ - ; - .. - - ] -a,= L +!1-.'P JL,,+L. 'l! + L,,°1i 
J~ 1 .. a, .. 3 .. 

(3.7b) 

Tt,e above equations are linear in 'l/ and 'if and their solution may be 

found in a convenient form,. applying the Laplace transform, which. 

easily lends itself to perturbation expansion. 

The Laplace transform for an arbitrary function 

according to 
00 

f -S4' 
Z(S) = Jz<~)e d~ 

0 

may be disseminated without any effort to operators 

vectors. Thus eqs. (3.7)·take the form 

s7l(S) '.P L,,1/(S) + L
3
'fi(S) + 'fi(O) , 

a -

12 

Z(~), defined 

(3.B) 

and abstract 

(3.9a) 

s1/( S) 
r- i - ·,- - 1-. 
LLt 11-'l\,.JL2+L3j7!(S) + 

For the sake of simplicity we presume that 

1i(O) = O . 

L_'ll(S) + V(O) . 
L 

(3.9b) 

(3.10) 

The meaning of the latter equality is that the initial distribution 

does not depend on the angle variable a. One can immediately obtain 

the fmmal solution of eq. (3.9a), which reads as 

S~1(S)=-J L ii: ... , 1-i .li: +L_-s r1
t V(S)+L tcs)+'ii(O) 

Q 2 L :!. t Q .. • 2 ::5 J 2 3 

It was pointed out at the end of Sec. II, that the working 

taken to be far enough fr·om the exact resonance, i.e. 

(3.11) 

point is 

V,--c./'+e! > la~., (3.12> 
liiJ ,. 

Therefore we ar·e allowed to expand the 

-11· 2 2 2·';-1 

expression [--~ ---r1 1n eq. 

(3.11) in a power series in 

have 

V w ... ,,, B I . 
• CT _ _. 

Up to the first 

·~ - - --1- - - -
s'i1(S)=-P Lr.L. L.,v(S)+Lr.'ll(s)+'1f(O) 

a ..::. l .a:.. ,.:, 

The straightforward calculation gives 

- - ~-1- ;t 
-J, L.-.L. L.J(S)=-

a .._: l L 
J 1,rii(S) t ----l. J 
:1J • 
\. :-: 

where 

2 • - 1 
a hw1<s> 1 

2 aJ~ L- J 

., 
L 

Jc J . , J I= .!.. a'.B · t'- - ··1 
· _:_ s_r 2 

if; 
\. 

.i 
,J !::::: 

sJ 

B F 
Cl 

8J 1,J L+B .. 
a 

order· we 

( 3. 13) 

(3.14) 

( 3. 15) 

Substituting (3.14) into (3.13) and carrying out the inverse Laplace 

transform one finally obtains 

311 
a~ a_ [ l·.tc ... G _ }11]- ~ f G ·i;j ... 

JJ .. , JJ . s . 
:-: s 

l 1- 1· - · . 
2 ~ 4 q_J +1,)l]+ JJ- . •. :-: .· 

:-: 

.. ½ 8~,, [.20 7,·,) 
JJ- . J . 

s 

a2 f4 - - • q 
aJ ,.JJ • 

l 
J __ ·1, J ... 

( 3. 16) 

Note that the Fokker-Planck equation (3.16) describes the long-

time behaviour of the dissipative dynamical system under 
consideration. 

13 
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IV. THE HORIZONTAL BEAM LIFETIME 

To proceed further in our study we revert to the old action 

variables J and Js and represent the Fokker-Planck equation (3.16) as 

a71 

84' 
a f~(;.'/'.13 ai·-

1
, ].,.,·, a i~l'ai ,fi··1 1.,.,--i 

-. -; - -. - + -. - -20( J __ +2q_ ,, ,·- -. -·1 - -. - + -: -1-2c(-J +2qr , (+ 
JJ \ .. P JJ .. D .•. .< .. JJ ' .JJ c'IJ ... - s ~., .-' 

:-: :■:' s s :,( s . 

+ !.. a\[f4q __ J ___ +'f,··17']+ . ·;_/ (1171."J+ !.. a2.,[f4qrJr+'.8.]11) . (4.1) 
2 ·JJ- · .. •. .. . JJ ___ aJr .. · 2 :> - . ~ ~ , 

V .. ~ ,,J 
X S 

Next we note that 

where 

~rJ ___ .J ·-i :;: 2µ k.J +qJJ 
. .. s.. (j -... s .6 •.• 

µ = 
0 

'JJ2 
s ., ., 

w-+0(­
o 

(4.2) 

.(4.3) 

Moreove·r the stationary point: of the deterministic part of eq. (4.1) 

is _given by 

J 
:•:d 

q 
Ci( 

0 

µ , ·. 

+ 2: . lq:/q,J 
0 

J 
sd 

qs + ~fq +q ·i 
0: 2.x \_ :• s .. 

0 0 

(4.4) 

Substituting the expressions (4.4) into the diffusion tensor of eq, 

(4.1) and introducing the new variables 

u = J -J 
:•: :<d 

V = J -J 
s sd 

(4.5) 

we find that the standard two-dimensional Ornstein-Uhlenbeck process, 

defined by the equation 

a11 a !' n -.. a 1· .,. -. 1.111 ;_/v /11 1
\2 ,l'll 

-:- =- -:- -2c(_u1IJ- ~ -20: v,J!+ - - . ., +1l . ., -.-.- + - =---;; at au . u . t1V •. o ) 2 Ju- L auav 2 Jv'-
(4.6) 

is the first approximation to our problem. Here we have used the 

following notations: 

11 =4q __ J __ +1\ fJ_ ,J .·]= ~Jl4q\2µ q __ h.+3qJ+l l·q __ +q )
2

] 
11 .• .. •.d ... <d sa, o; .•. o ,. .. ... ~, o ., s. 

. 0 

(4~7a) 

13 ='.B ='B (J • J ] = µ 0 [4q q +µ f q +q ·-i 2] 
12 21 . :-:d sd.. (i( 

0 
:-: s ~ • x s, 

(4.7b) 

14 

1\,,,,=4qJr+1\l'J_ ,J _·"J= ~rl4q2+2µ_q r3q __ +q l+µ2l'q .. _+q 'J2] 
.:..... s .. d .■.d sa.. c~ s u s ... .-. s,,. o .. s 

0 

(4.7c) 

The search for an orthogonal transformation 

II ul 1111 = O* 11 u 1,I = 1'1' Ii vl ·j v I · 
c-osx 

-sin.x 

sinx 

cosx IHI: 11 · 

(4.8) 

diagonalizing the diffusion tensor of e~. (4~6) gives the result: 

2'.l\2 
tg2x = - 13 - i..,., 

11 ,.._ 

µo [4qxqs +µo (q~:+qJ
2

] 

lµa+ 2 J [q:-q:J (4.9) 

The trarstormed Fokker-Planck equation reads as 

7; , ... -8 . ., 8,, 

a.,=- -:1--1-20( u.111- -Lf-20: v1/J+ ~ a-71 
+ 

22 a'-11 

a,, t1Ui · O l, Jv1 .. o 1, 2 . 2· 2 2 ' 
au 1 Jv1 

(4.10) 

where 

[ r • 1 / ., , .. ., 
a = - i +JJ + ii 4'.B- + l'.B. -11 J- j 

11 2 11 22 · 12 . 11 22. 
(4.lla) 

1 / ? , · . ., - r " l 
8 22= 2 l1111+'.B22- V. 413;2 + l1\1-1\2J- .(4. llb) 

One is given the opportunity to learn almost everything about the 

particle distribution, governed by eq. (4.10) for the theory of 

Ornstein-Uhlenbeck process is well developed. Details may b~ found in 

the excellent guides on stochastic methods [4,7) available. 

Here we concentrate our attention on the beam lifetime problem. 

The separation ansatz for 7' in eq. (4.6): 

-M 
7'(u,v;4') V(u,v)e (4.12) 

leads to 

-AV=-
. 1l 

a (. ) a ( ) u a2v - -2(:( uV - - -2(:( vO + - - +1\ Ju a Jv a 2 2 12 
Ju 

lo 
--+ 
JuJv 

11 ? 
22 J--v 

2 Jv2 
(4.13) 

·obviously A is inversely proportional to the lifetime B for a certain 

eigenvalue problem of eq. (4.13). The boundary conditions and the 

geometry of the domain Qare specified as follows (see_ .the Figure 

below): 

15 



~ J 

-J 
:-:d 

V -t 

2 
A 

-J 
sd 

-

u 

A2 
- -J 
20 xd 

1. The probability currents: 

l r· JV w·1 S =-2rl. uV- - 1\ - +T, L 
u o 2 • 11 Ju 12 Jv _. 

l ,··"' JV "' ,w··1· s =-2it v{J- - J.J - +J.J -
V O 2 \ 12 au 22 av.-

should vanish at the boundaries u=-J and 
,:d 

v=-J­
sd 

boundaries). 

2 .. :The probability density V vanishes at the boundary 

2 
Al!l -u+ 13 v=L E 

2 2 
A Ali! 
- -J - -J 
20 :,:d '3 sd 

(4.14a) 

(4.14b) 

(reflecting 

(4.15) 

(absorbing boundary), where A is the horizontal aperture of the vacuum 

chamber. 

Integrating eq. (4.13) ove~ the domain n, having in mind the 

·boundary conditions (4.14) and (4.15) we obtain 

f [111 J{) 

J ' 11 Ju 
... 1, ao··). 

12 av .. du + !."' JO "' J{i"°J ] 1,; - +J..) - dv 
1,, ·'u . .,,, ·>v . .,_ ,.,1 .._ ... a . 

/1=- ;!: dQ 
2 

f 
(4.16) 

I Odudv 
J 

n 
It has been proved by Matkowsky and Schuss [B], that the stationary 

distribution 

1/st (u,v) I, ➔T -1->-.J. 
N

0
exp _-2r1.

0
u 1\ u_ (4.17) 

where 

16 

:J 

" II II 1i II 11 u II 
➔ ,, -1 1 II ii_,., - 1" II 

II I' "- 11 
u = '.B = 7 11 --

u V 1l 
. ll ~ 

ll=1\/\,?_:_T.~? (4.18) ; 

I - 12 1\1 I 

may be used as an approximation to U in formula 

it does not satisfy the bound;ry condition U =' 0 

(4.16), nevertheless 

at dQ. Moreover 

Wen~zel and Ffeidlin have ihown [9] th~t if theie is a poi~t oh the 

boundary dQ, wher-'e the maximum of the stationary distr.ibution · 11 is 
st 

attained, particles escape from that point with almost unit 

pr·obability. In our case such a·point does ext°st and it is easily 

checked that its coordinates are: 

where 

u = 
-0 

r = 

l\tr1\2 

E 
.,. 

r-

" il£"-
j3 

V 
0 

i,.. +r_:E,;,.., 
1"-. "-"-

JJ 
r 

'F. =1\ +2rl\ +r
21i 

-·r 11 12 22 

2. , (4. i9) 

(4.20) 

and obviously u +rv =:. This fact allows us to carry out 
0 0 

the 

integration of the numerator of the r.h.s. of. expression (4.16) by 

Laplace's method. Noting that the denominator of (4.16) is 

proportional to nl~/80: by a factor quite close to unity, we obtain 
D • . . 

-1 
0 = /1 

BO: i .-
"' 0 11 ,, . ~ ·1_ i+r-1~,x-.. 

,---
1/ 2;,°'" [i'B +13 t:-+'.E 1·1+r 2 
r .1 · i._ 11 22_.t 12 . 

r 

f 
* exp 1_-

20: 0:2·.1 
-_,g-

r .-

V. CONCLUDING REMARKS 

l 
'-=:' ~-* uj 

) 

(4.21) 

We have studied the-dissipative particle dynamics in ee storage 

rings in the presence of linear synchro-betatron coupling. .A 

systematic method for adiabatic elimination of the angle variables, 

using the projection operator technique has been presented. 

The effect of the linear synchro-betatron coupling is quite 

apparent from eq. (4.4), showing that the stationary transverse and 

Ii 



longitudinal emittances are enlarged by a value of µ 
0 

( q:( +q J /2ct 
O

• 

Moreover, the synchrotrori radiation has a stabilizing action on the 

resonance, for the effective resonance detuning is (,)=E. +8 +8 
1 :-: S 

[see 

eq. ( 2. 32a)] . 

Finally we have der.ived an expression [see eq .. (4.21)) for the 

horizontal beam lifetime. It is worth noting, that an exact formula 

for the beam lifetime_ may be obtained, using the eigenfunctions for 

the boundary value problem (4.13), which are expressed in terms of 

Hermite polynomials [details may be found in Ref. 4). 

The author wishes to thank Dr. I.B.Enchevich for permanent 
encouragement and support and Prof. E.A.Perelstein for very 
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discussions. 
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