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with the curve length s as an independent variable. The curvature of

R : b K; a DELH the total energy and
I. INTRODUCTION : the design orbxt is denoted Y " g e
! ) o A=lA LA LA | is the vector potentlal of electromagnetxc fleld. The
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.. The most commonly used approxlmatlonvln the study of beam-beam : g quantities <ﬂU>, <ﬂH>, ﬂ and ﬂ in formulae (2. 1) are de
" interaction 1s‘the strong«weak" case, namely; the case where. the .=~ .t terms of the original Hamxlton1an H and the mean and fluctuatlng parts

partlcles in-one of .the beams (called the weak beam) are perturbed by of the radiated power as follows [21:

the beam—beam force.r Thls force usually ‘causes blowup of "the~ zy . 5 ‘ clquaH 4 gH 32)

' transverse béam slze wlth consequent loss of lumlnoslty,A and lmposés' ’ 4-,‘ ) ‘ <"U)=_ co‘ 5;; ; <"H>:Cip 5? T (2.3a
severe. llmltatlons on the performance of a- colliding beam storageii : ‘! ; r-;‘

"¥dev1ce. The synchrotron radlatlon ln ee storage rlngs may, however,”ffk’ 3 p2 chra aH ‘ 2 VF-—S aH 20

41mprove the situation,- for partlcle dlstrlbutlon ls determlned by dthe'\', 'é co , n=- z ap, ‘F My=p Yeor % (2.30)

: balance between the quantum fluctuatlons and radlatlon damplng on 'the'f

i .
) 4 where p is the total momentum, .Y, is the Lorentz factor and [3]
‘;”one hand and the beam resonant terms on the other hand A - ? !

In the present paper we study the dlsslpatlve partlcle dynamlcs:<’ ‘ i; o = 2r Kz(s) ;- o= 55rcﬂc ks , (2‘4é)
’1n ee storage‘ rings - in _the presence of “'linear vsynchro-betatron» ‘ é o LN ' : < 243 mc i -
;coupllng, via’ nonzero dlsperslon ‘at’ the lnteractlon polnt. In pa \real?’ i : 2 :
‘machine there 1s an absorblng boundary, such as the  vacuum chamber.:x ﬁ{“ﬁ o e r= = 7" e (2.40) -
"Mathematlcally such a boundary ls expressed by the equallty between;?.k‘ ”j . 4"EuW=9
the beam size ‘and the - aperture of _the  vacuum chamber . _part1°135,’ : ,f5* Furthermore £(s) is a centred, Gaussian Markov  process having .the

‘dlffuslng as a result of_ the stochastlc photon emlsslon would be,."~“ ; formal properties:

: Coe i‘ ; Lo - P ~ ’ .
absorbed at the. walls. Huch attentlon is pald 1n Sec IV to #the:kexlt, . <E(s)> = O 5o <E(s)E(s)> = 8(s-s). (2.5)
(escape) t1me, needed for the above process,,called the beam lifetime. -

The bracket <...> means the expectation value of the expression

R R TR ff‘~» Lr:h, ;'fh_v_;‘-, yi.p;jd“‘:yﬁl' t:e ‘ v“ Vli‘ entering it.

Here we consider the horizontal motlon of an electron, where the

II. CANONICAL TRANSFORMATIONS AND THE FOKKER-PLANCK EQUATION ' - ) ) . :
= . e ] L : ) T e el contribution from synchrotron: motion  is: realized via non-zero

-

ar- ‘ ‘ T i i i ~canonical scaling transformation
our startlng equatlons are. the followlng stochastlc equatlons of dispersion. Applying the non-canonica g
motlon : f RO . ~ p %
: o db T e e e Xx =3 p= . ; -f_ot=t =3 h= 55— (2.6)
=& ‘—2’——722 ;<h ﬁ+H‘E(S)‘”" - Ue(x:a) '>5(2 1a3 ) * Pos * B E
'; at . BH‘,‘ bbit oX -"'aH‘ o . one can write eqs. (2.1), taking the azimuthal angle ¢ as a new
Tas T ;)z, et a—(—t—)+<n >+, E(s). o (2 lb)

k independent variable instead of s, in the form:
where the Hamlltonlan of an electron wlth rest mass m, and charge e 15
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where B s pns

and E

are the relatxve veloclty, momentum and energy of

the synchronous partlcle respectlvely, and

1P

<l >=- 35 S *<nh>£' (2.8a)
© pns Bpm

4 | Ve,
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’npz_' _Zp_. 34 . n= /_?'y , (2.8b)

VR ¢ .. P, b
He S (2.9)
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The dot in eqs. (2 7)'meane diffeFentiationlwgth,reSpect to  } and R
stands for the mean machxne radius.

we are ready now‘ktq perform - four canoniea; transformations

successively, from

the variables (2.6) to the

action-angle variables

LY -
(J‘;d } and [} 8 |. Three of them are linear in  the old and new
R R < 54 . -

canonical variables, so that: there are no

utilization of the
[13:
(i) The first

where

(2.10)
Bs' L

~ < _ 1

X=X PP, ; =7+R} : =h—- — , (2.10a)
- - s
. c . B
£

(89
® aF .,
H=H+ —= (2.10b)
a¥ :
(ii) The second canonical transformation given by the generating

function

‘basic rules of -Ito calculus. We

serious difficulties in the

first “write down

canonical transformation with a generating function

-

[ Y 1
Fo [P, 138, —xp it SR,

Fi2 om0 n.wl-p (x—wn) o w gz, (2.11)
2o R 2R
with
o - yn L -
X=X-WT} H PP~ ; g=g+ o= ~Yp_ ; =1 , (2.11a)
5 {2)
. x gF,
H=H + —— (2.11b)
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where i is the dispersion, satisfying the differential equation -
dg o s e L?B*"’
——¥ + GY = KR~ ; G=K’ R +R —
< P 3x
d’d‘ os Sfu=z=0
(iii) The third canonical transformation, whose generating
function is
‘3‘{xpuna—£+—x—+ur) (2.12)
2 Va 43R
g
with
x -~ ~o- ,
X= — ;  P= p Va yooo=d  ;  U=h, (2.12a)
Ve ) ZRV_ ‘
IRED)
= R 'ﬁFq
H=H+ ——— (2.12b)
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The well-known @-function is’a solution of the equation [1,3]:
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2

Equations (2.7) are transformed straightforwardly to give
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. = i . dd [v —x ,d%+ —E—dX— Eg—dP— 2(-—;(dx) + —(dP) + ————dXdpP . (2.16b)
~ . gH r . : L 437 . 43" 43"
== d—. <N >+1 0 ‘ (2.13d) % * » S *
where do - Substitute now eqgs. (2.13a,b) into the last two equations and use the
B - . S basic rules of Ito stochastic differential calculus [4]:
1 : : ! .. R : L2 2
) o == gi i’ &dy =0 ; £°d3" = dp . (2.17)
o - L
» b i i i ivi the followin
The last canonical transformation needs some more work for it is . The calculations arg stralghtfqrward but tedious, giving € wing
nonlinear in the canonical variables. From the generating function [1] j;‘ final result: L c
L . . e o . ; 4 ! . . 2% B
: . . 2 2 . 3= & +<n >+n E(&) , (2.18a)
‘ . ]_ X ., (4A0) . ¢ " Jo ’
S, X, ,A0,¢ ,#J-— —tgd -A ———tgu : (2.14) ! « : : .
10 7w z 2 w2 1 ) N .
we find ‘ ) T ¥ 2K (x) P
1 - coo e =2 ! E(a) , .~ (2.18b)
— S . ; * aJ“ d o '
. s R o Y ‘ “; . R o .
X =V 27 cosg H P = =¥ 27 sing , (2.15a) 2 where . S ¢
- /CZJS_ - o ‘ ' () 2J< o ;A d4 L
a0 = ) —— cosy ; n = -V 223 sina (2.15b) . < sE— g Y - cost - 1 2p3 |5+ T|sing <0, > - V 263 sind<ll > +
A . s 5 i B «|R
-~ = EIS . il ‘.
=t + — : 2.15 S : ‘ gt o2
H C)'a‘ B ( C) » + -w_.n + 9 n (2.193)
: 26 h 2 .
where - , L : . R
' 2q v , g ] —
. r (=) Ty
. ) ; . _ R . R a} iy ) m== URTS ——: cosd — { ZBJ ¢, —VrZBJ 51n¢ n » (2.19b)
G=0 +% ~v & . X = = ; Vo= —— L ) . . j R
. = = u = B -, B(::I) : . :
o o (x) isi ' | fFE—““ o B8 sin2¢
2 BE_ o ‘ A ' ‘ - <nax> et/ 27 g * EE cosg [<My> = / 23, ooseli >+ 5 ¥
A= —— ——a——cosy. to=0-v_ . ' : Vapa~ V % 4 14 =
s 2nf.R K : L . _
| k \ ) th"; & oy 2] ‘Peos2é | & oy C
The quantity AE is the total energy gain per revolution, k 1is the x B0 ~-i= + —|TI - —I -i= n n , (2.19¢)
e T Fe R ekt : 1 8 p IR B |'n j 25 |"v RT®
harmonic acceleration mode and K=o~y ~ (o being the momentum 5 ; * .
i .
compaction factor). Next we represent the action and angle . variables ; — A !
~ = - 4 qlF|¥sing | B ¥, Mo n = cos¢ m, - (2.199)
-as functions of X, P, Ad, T} and utilize Ito formula for the change of : g 23 IR B - V/ : )
i : !‘ZBJ:‘t . ES
variables (see e.g. [4]). Note that . . ; o )
1( a 2} ‘ : ) . ip With the equations o . . .
J = =X +P ; ¢ =va3 - % - arc g[—J 2 ~2 . -~
- = 21 K K4 = = + . By
) o * " * X _ J= &—£Ag%——9— s u==—arctg L (2:20)
and therefore . ' B . (4o)

1 2 s ' in hand one can obtain exactly in the same manner similar stochastic
aJ = XdX + PdP + 5(dX)‘+ E(dp)‘ (2.16a) s -

differential equations for the longitudinal actién—angle variables.

They are:



z 2% (z {z
J =— & +< >+
. a n ﬂj ), (2.21a)
. ,afx_ (s (=)
= Z <
€= 53t m o E(3 (2.21b) .
where
o / 2.1s T m
<ﬂ >=-wp5i3~‘bosu <Ml >- a sing <n o P s T (2.22a)
) / 23
ﬂj —wVZKJ cosi ﬂ ull ——i sing, 1 , (2.22b)
(s . Y cosas‘ ,,:xw npqanm knhsinzmz
<nd = 23 M2+ 43 43J
1/ % .IIZKJ' A <
Yl T cos2a
T 23 > (2.22¢)
() T cosd
n - =¢ /-— sing 0 - (2.22d)
o V 2J s V53 h
s 2xJ

It is well-known [4] that the stochastic process; governed by the
equations (2.18) - and (2.21) ‘may be ‘eQUivalently déscribed. by a
cqrresponding Eokker—Planck equation for the transition probability

{
F;u”;J“,ﬁs,J ;@I, which reads as

i 3 Frax . Y . 4°
L. U’& +<nm>}P]— 8 I'!_ L ann)]PL 13 i (I-)P]
2 an L4g3, e 7l aa LV s, T «:J 2 gu_du, My
3" [ o ] 13t (e )
. 0 T T _ 4 -
7039 [ni L BJ LI (2.23)

where,i=(x,$);’k=(x,s) and summation over repeated indices is implied.

We recall that each of <np>’ <nh>, nP and ﬂr may be found explicitely
t

from (2.8), (2.9) and (2.2), using the‘ canonical transformations
(2.10-12) and (2.14) with the result:
c,p_ R : -
05
<np>- —_ — q’ Vzm sing _+ / — [51n¢ + ac°s¢ , (2.24a)
BT

sty i ™

M a——

ol >= —— rza.J sing - 1] R (2.24b)

h E, j

/./_‘ 3 i e ‘
Ve, Paslw 1, ] / 23 ‘ ; T
= == %1% V233 sing + 3/ — stnw + acos¢} , (2.24¢c)

P 2 iR s s F [
c L
V c.Y R p : o TR S
.= ‘————————%‘»’2?\3 sing - 1] -(2.24d)
k L = [

Since we are interested mainly in - the establishment .. of

equilibrium on the scale of the damping times, we may average over the
relatively short revolution time scale as well as thé phase of
synchrotron and betatron o%oillations In the averaging procedure we
retaxn terms with slow variation in the angle variables (the resonance
terms) in the orlglnal Hamlltonxan V and drop such terms arlsxng from
the diffusion part of the Fokker-Planck. equation

(2.23). . After sSome

simple algebraic manipulations one obtains the result:

ap 3 f[a?f g } aff a?ﬁ ] .
e L - 0= -2¢ J +2 +
ary aw. Ll P73 Ll @ Jd.*2q;|F
nqp
1 3 i .
* 2 . Zl J. * (2.25)
Joi. v 1)
1
—
3 3
. V cgrsR prs
where the approximation .1 0 and T 2z - ———— has been
- P ES
5
used and the following notations:
R 3 '.c ﬁ 5 'l
1 Pos N 1 Por ] o
= ol =-25 M A — = R =205 , (2.26a)
e L e 3 '
Sac ‘ o v3rot
0275 pns -4 . l—l czys pos 4 2.26b
E4 wcs_—.q:-: ’ E4 fq ’ (2- ).
Dk b
& P .
X = v ., ¥, o .
s P g R B » (2.26c¢)
9



llome,. |
i—— !I =20, (2.26d)
e ks °
2
. [ ' U =
have been introduced [“...“&= E; Jd%.. ] The Hamiltonian #& with
o
account of the linear synchro-betatron resonance via nonzero

dispersion w1 at the interaction point 'is well-known to be [1]

#= [."‘:-:+A»':-:JJ:-:- (ﬁ\"s+A\Als,.jJs+2ﬁs ]v/rJ:-:Js cos ‘d:-:+?‘s_m¢+¢1:fe_. ’ (2.27)

where
1487 1+E] AW
by = —— & ; v == —5= 3 g, (2.28a)
BS b; <1
140, Vaw, ; .
1)5= Y "t (2.28b)
‘ uy G:s:i ‘
andfﬁu is the well-known beam~-beam parameter [10). The resonance
condition is written as 7
VorAv v -Ay = me, (2.29)
K4 s 4 £

One can remove the explicite j-dependence in eq. (2.23) applying the

canonical transformation_[l]

1= ~

{ PR
EE lu:-:'d:’J:-:'Js’%J— !.d:<+ds m.ﬁ‘+@1rJJI dst (2.30)
with
J =3 A g I | i a=g 4% -m3+d ;. a=-g . (2.30a)
o, I = = ir H 5
The result is "
. = 5 | P 5 4 9 2
%% == 2;[ w+ L—-’;--coe.aiP - d }[G”+FsinafPJ— BA [GIPJ+Bu d i +
2 e Ll C}J_ N E “L ~ A .QJS' L 3&’.
2 2, ' 2 :
* ——au_,{zq._.J_,PP =t [4“;’;"]* —-——BA,,[BJP] , (2.31)
F:5 SRS b RS 5 S
= = z
where !
w=g +8 +8 ; F [J ,J J=21) V3 [J -3 ., (2.32a)
1 "= "x N A ¥ 5 »h x5}
G![q”)=—2doJx+2q! ; Gs[?sJ=—2dDJs+2(sx—q,J » (2.32b)

10
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G55 o, e ) P I
B_(3.,3 |= 1=+ ——| 5 8,99 _|=2{|a*a |3 -9 3 | . (2.320)
al = =57 2[ N RN ¥ = =)l x 5 =
g 3-3) :
= Zl( z
We really want to obtain an equation- for the particlg’
distribution function
2n
w2 11 T
V(3,3 53)= 5 fda la,J(,Js;.&r , (2.33)
a

holding in the limit, when the machine working point [;},ys], is far

enough from the linear synchro-~betatron resonance examined here.

Recently a brilliant renormalization method has been developed by

Y.H.Chin  [S] in which the 'proplem of small = denominators does not
exist. For our purposes, however, it will be sufficient to utilize the
projection operator technique

[4]1, which 1is just an abstract_

formulation of Haken’s principle of adiabatic elimination [6].

IIi. THE PROJECTION OPERATOR TECHNIQUE.

. Let us now rewrite eq. {(2.31) in the form

LA A
Y [L1+L2+L3]P »

3.1

where the differential operators LI,LH and L3 are defined as follows:
-

L= gz * B, 2 7 (3.22)
ga
L =- L—;:—coe.a %; ~ Fsina a_ s (3.2b)
I aJ
2 2 : 2

L8 o 3,3 . 3" 403 +8 4
L3_ T =6t ‘22qr3x+ ol qux+ jr-a B (3-20)

aJx 335 aJch aaans aJS

Given an arbitrary function of the angle a f(az;d) the projection

operator Pu may be introduced according to the equation

11



. 29 )
P oraip= i faa rainy o BERN
a ’ 2n
o
Néxi we briefly sketch out some useful properties of the operators,

defined above

PL=L7F= s PLP= i FL=L7 3.4
TuLl Lipu‘ o ? ?uLZ?u P ? a3 LS a ( )
ia oAy (LT e
= E
The exgenfunctxons and the elgenvalues of L are g Jy,JS]e
and —\[im+\B ’ respectlvely, where g and v are arbitrary’ functions

of the actions JT and J so that

iva : ~iva
L,ge =*vlim+vBu}ge - ~ (3.5)
The dlstrxbutlon funotion ¥ [see eq. (2.33)] with‘acoouht of (3.3) may

be wrltten as

-

o = [1-52" ]P = p-¥ . v(3-6)
a N e

The projection of the Fokker-Planck equation (3.1), using egs. (3.4)

gives . .
3? ST p W 3.7a)
33 L + L (3.
0 ‘{i~% }A‘+‘ YLV . (3.70)
Fraall PO G LAY b 2 -

The above equations are linear  in ¥ and ¥ and their solution may be

found .in a convenient form,, applying the Laplace transform, which.

easily lends itself to perturbation expansion.
The Laplace transform for an arbitrary function Z2(}), defined

according to
. 1]

’J
-~

[
2(s) JZ(e)e d} (3.8)
. N i o

may be disseminated without ‘any effort to operators and abstract

vectors. Thus eqgs. (3.7) take the form

s¥(s) = FLY(s) + EB%(S) + Yoy , (3.9a)

12
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s%(s) = LL +§ f }i +L ,%(s) + L W(S) + %oy . (3.9b)

i3 as

For the sake of sxmpllcxty we presume that

o) = o . (3.10)7

The meaning of the latter equality is that the initial distribution

does not depend on the angle variable a. One can immediately

obtain
the formal solution of. eq. (3.93), whxch reads as
S?"'(S)=—.=”-fal.zé s {_1—%_}:. +L s} v ?/(S)+l. p(3)+‘i«"(0) . (3.11)

It was pointed out at the end of Sec. I1I, that the working point is

taken to be far enough from the exact resonance, i.e.

1/ 2 s 4F
},’ N - x
W *Bﬂ > j:— N R (3.12)
133
. - ]_1
Therefore we are allowed to expand the expression [“....! .in eq..
(3.11) in a power séries in :4.'2#“2823 1 ' .
. p voE ol Up to the first order we
have '
ST’(S):—TLL [, |, "y(S)ﬂ,,_fii(S)ﬂf’(O) . (3.13)
The straightforward calculation gives
f+ 1 ( 1-4»)
i 2 ’
where
I o T RV ¢ - o~ BF o
L I : Z\{J LI 0= R (3.15)
A 5 - L £ P ’
BN ouTen :
w a

Substituting (3.14) into (3.13) and carrying out the inverse Laplace

transform one finally obtains

¥ a | . oa .. a8 V a”
el o) 3 Sfens ] L fua )
3J“ . ay_ o dJ ’ aJ 33 ’
o T = x
2
1 3
* 5 [29 'll . e (3.16)
aJ
Note that the Fokker-Planck equation (3.16) describes the long-
time behaviour 6f; the dissipative dynamical system under

consideration.
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IV. THE HORIZONTAL BEAM LIFETIME

To proceed further in our study we revert to the old action
variables J and J_ and represent the Fokker-Planck equation (3.16) as

i

E ™ . B ‘:E K
3’{/ 3 .{[2[ + 3B 1‘2"‘5‘7;.;*2“:]7'; L [2 :J + ;T‘_,.}—ZE‘LGJE‘FZqI]?/}*

3'3‘ 83 {-)J 5 &JS_. Z)J ‘
1 3 ' .3‘: 'R'V 1 1" T ‘a1
5 = 4q J +B W A+ 5 5 4q J + - (4.1)
2 33° LAt T .LaJ“ )
» 1
Next we note’tﬁat ‘ i ) ]
RS (4.2
3 {.J =’ Js..] ~ 2“0 [._q.\-:J s+q5J:-:J ’ ( )
where : ' ’ ’
’ 1);— v
M= —="3% - - (4.3)
W +d
Moreover the stationary point of the deterministic part of “eq. (4.1)
is given by ‘ 4
q oo R q u [ E -
w o = o -
= — — - J = — + + l . (4.4)
J:-:d 3 * 2d - {q"+q ] 2 sd o 24 '-\q:-' q:,.
o o G [=]

Substituting the expressiohs (4.4)finio the diffusion tensor of eq:
(4.1) and introducing . the new variables
- _ . ='J ~J 4.5
u J:-: J:-:d ’ v s zd ( )

we find that the standard two-dimensional Ornstein-Uhlenbeck process,

defined by the equation

3 L 1 3% / 22 37V
== i_{_ Ui i. - ﬂ! _u Q_f +3 3 ? sl (4.6)
qul 2“.5”5} av ’ 20 VIt o T3 z

av
EXES au’ 12 3uav 2

a4
;is thé first approximation:to our prob_lemT Here we hava used .the
followlng notations: L . ) .
.'B —4q J +B[J R xu’}: é——i‘&tq 21 q [q +3q_ ]ﬂ_{'[ q:}“] , (4:7a)

o

A

; - u .
=R = =2 = .7b
B;z‘ﬂzfﬁ[‘]xd"]sd) ao[4qxqs+uo [ﬂq;qf}] ] ) (4.70)

'
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EEQ=4q:J5d+E tJ:-:d’Jsx:iJ= é;l_ qf+2uaqs [\3q:¢+qs)+u; [qﬁ-:+qu§]- - (4.70)
The search for an orthogonal transformation
i ] [ i 5 . I H
il u1 I r f cosx” ' sinx u ﬂ )
lo |- n*“_ - - V (4.8)
i1 i -sinx cosx v I

diagonalizing the diffusion tensor of eg.v(4?6) gives the result:

2%12 I"l:>|:4q:-:qs+"'l [ +q J ] .
tg2x =_ = = - - - (4.9)
B By [u +2J Iq‘—q‘J
N « B ', = 5
The transformed Fokker-Planck equation reads as
; . '«, 8 2 B =
3V ] 3 [ , 11 37V 22 3°Y
ar vl 2] op v ¥
. u 20 ‘.’1'}+ — Lo ., (4.10)
a4 3u it Elv1 ., a1 2 au’ 2 3\';
where .
~ —
Lg o8 v/ aBa(n -3 |?
= e L4 + y + - R - : . y .
8™ ZPu Tt VY2 l 1 Y22 | (4-11a)
I .I‘
o= "3 +R, 1/ 4»"3 N (4.11b)

22

One is given the opportunity to learn almost everythxng about the
partlcle dlstrlbutlon, governed by eq.' (4 10) for ‘the theory of
Ornstein-Uhlenbeck process is well deQeloped Detaxls may be found Iﬁ
the excellent guides on-stochastic methods [4,7] available.

Here we concentrate ouF attention on the beam 1lifetime problem.

The separation ansatz for ¥ in eq. (4.6):

: -Ad .
Yu,vid) = O(u,v)e : (4.12)
- leads to A
.. 3 2 2 B 2 ;
- _-L[ ]_Q_[ ]'_1130 o 22 370 SR
A ETl N -2 M = +B, Juav * 3 2 - (413

Ju av

'Obviously A is inversely proportional to the lifetime B for a certain

eigenvalue problem of eq. (4.13). The boundary conditions and the
geometry of the domain {} are specified as follows (see .the Figure

below):

-
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A
N\ 2 Jsd
2Ay
J an u
x«d
Z >
| & _,
2f3 =d
—Jsd

1. The probability currents:

ST | [ o au 3(}]
=— - —|B "L WR (4.14a)
Sy 2“0” 211 a0 iz gv.
au a0
- — g 3 g L__} (4.14b)
, 5,2 o l 12 gu T2z gvi
should vanish at the boundaries u=—de and v=—J-sd (reflecting
A
boundaries).
2.:The probability density ¢ vanishes at the boundary
' o2 2
ﬁE_ == . z=A 5 M 4.15
urt g v - g =" 25 J.a ] o’ (4-15)

(absorbing boundary), where A is the horizonfal aperture of the vacuum
chamber ‘
Inregratlng eq (4 1q) over the domain §, having in  mind thg
'boundary cond1t10n5 (4 14) and (4. 15) we obtain
[y 2 m, e+, 205, 28]
j v 11 Ju 12 gv. 12 Ju 22 gv

pe- L 90 ' . (4.16)
2 .

{ Ududv
J
Q

It has been proved by Matkowsky and Schuss [8], that the stationary
distribution
_1_:.

?Sth,VJ N exp —2a u B , (4.17)

where

16

c

2 g
11722 M (4.18)

€y
1] .

; ?iflf fi nn
, i ; o

<

may be used as an approximation to ¥ in formula (4.16), ﬁevertheless
it does not'éatisfy’thg boundéry‘éondition 2 ="0 “"at ‘df." Moreover
Wentzel and_FFéidIin have shown [9] that if there 15;5 point * on the’
boundary dfi, where the maximum of the 'stationary distribution ‘?sg"is‘
attained, particles eécape from tﬁat © point with almost unit
probability. In our case such a point does exist -and it ‘is édéil;

checked that 'its coordinates are:

STt FprrRos L
u = % Z ; v = z, (4.19)
o f3 o B
[N I =
where
U EoB eorB o P . (4.20)
B ; B TR T R ¥ )

and obviously uc+ry =Z. This fact. allows wus to carry out the
¥ a

integration of the numerator of the r.h.s. of."expression (4.16) by

Laplace’s method. Noting that the denominator  of (4.16) . 1is

proportional to rpﬁ /Bd by a factor quite.close to unity, we obtain

[{_2114“'532}"*212 1+ JE

V. CONCLUDING REMARKS -

We have studied the-dissipative particle dynamics in ee storage

rings in the presence of linear synchro-betatron coupling;t Al
systeMatic‘methbd:for adiabstfc elimination of the angle vériébles,
using the projection operator technique has been presented.

—fhe éffect(éf the linear Synchro?betairon coupling ,is{kquite

apparent from eq. (4.4), showing that the stationary transverse and



longitudinal emittances are enlarged by a value of uD{qE+q;}/2dD.
Moreover, the: synchrotron radiation has a stabilizing action oﬁ the
resonance, for the effective resonance detuning is m=Ei+SH+S: [see
eq._(2.32a)].

Finally we have derived an expression [see. eq.  (4.21)] for the
7 hprizontal beam 1ifetime.‘It is worth‘noting, that an  .exact formula
fqr the beam 1ifetimefmay be obtained, using the . eigenfunctions for
thg:boundary value problemA(§.13), whioﬁ are expressed in terms of

Hermite polynomials [details may be found in Ref. 4].

The author wishes to thank Dr. I.B.Enchevich for permanent
encouragement and support and Prof. E.A.Perelstein for very
careful reading of the manuscript and for many stimulating
discussions.
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