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I. INTRODUCTION 

ECR ion sources use a magnetic mirror geometry to trap charged 

part1cles. It is well known /i/, that the motion of a charged particle 

in a simple mirror can be decomposed in three parts: i) ·.Larmer 

rotation around the gtlidung centre, placed on a field line; ii) 

azimuthal drift of the guiding centre, caused by a radial gradient of 

the field; iii) longitudinal oscillation along a field line, by 

reflection between the "mirror points". This" fact is briefly reviewed 

in Sec. III. 

Unfortunately, plasma confinement ina simple mirror geonie~ry is 

unstable. To improve stability multipole fields are commonly used. The 

et'f"ect of sextupole field is considered in the present paper.· 

The purpose of this paper is to calculate the ·energy gain of an 

electron when it passes through a resonance zone. 'It was show in our 

recent paper/2: that the amplitude growth in the case of Cast passing 

through resonance is inversely proportional to the square root of the 

passing rate at exact resonance. In Sec. IV we just apply a formula 

derived in /2/, and study the effect of sextupole field on plasma 

conf:inement. 

II. THE MAGNETIC FIELD AND THE RF FIELD OF ECR ION SOURCE 

The static magnetic field of an ECR ion source is rotationally 
! 

symmetric, -so that in cylindrical coordinates the magnetic vector 

potential A
0 

has only one nonzero component - Aorp' SUbstituting the 

expression 

into the equation 

0> 

Aorp(r,z)= l an(z)rn+A 
n=o 

2 ' 
_2 8 [i 8(rA )] 8 A 
'If A =- - orp +~0 

orp 8r r 8r az2 
it is-easy to obtain A=i and 

f .. ).':k::_,-; ·" .. l.i.ll IOICTKTJT l 
U":!l:~n.t~, lli ,- .,!':aOBIIM 

&HSJIF:8TEKA 

(2.1) 



a2n < zl 

(-1lnB<2nl <zl 
zo 

22 n+in! (n+1)! 
,; a2n+1(zl=O 

were Bz
0

(z) is the axial component or magnetic rield evaluated along 

the axis or the machine, and upper index denotes dirf"erentiation with 

respect to z. Therefore one has 
ro (-1lnB<2nl(zl ' 

A <r zl= ~ .zo r2n+1. (2.2) 
otp ' · nfo 2 2 n:J-.i'ni <n+1l! . 

Let us derine now the magnetic field B
20

<zl along the axis by the 

expression 

'Where 

p= 

and -L is the length 

(

. 4 2. • 
a·· <zl=B 1+p - 2

2 
) 

zo o L 

B 
~-1 

B 
0 

of" the system 

B =B (± !:) max zo 2 

(the distance between 

(2.3) 

(2. ·tl 

the· nmirror 

points"). The quantity 11 usually satisfies the inequality O<p<1. 
~ ..... 

Next we calculate the magnetic vector potential A. of" the 
m 

multipole magnetic f"ield; used f"or plasma conf"inement. Noting _that the 

only nonzero component is A (r,tpl one immediately ,obtains the 
mz 

solution of" 

in the f"orm 

the ·equation 
a/>. ·. a2 A 

,.,2A _ JJ ( mz)+ mz 
v -r-- r---- -----

mz ar ar ap2 

(J) 

=0 

A (r,rpl= ~ G rmcos<m•p+!tf ). 
mz mft m m 

For a pure multipole field of" multiplicity m the 

given by 

lB2 - <r )+82 <r )J 1~ _Bl.Crp> 
G = 

mr p mtp p . 
m m 1 - ----m=t 

mr mr 
p p 

is the pole radius of" multipole ·magnet. 

(2.5) 

<2.6) 

coef'f" ic ient Gm 

.(2. 7) 

Here we study .'Where r 
p 

ef"fect of sextupole magne~ic f"ield on plasma conf"inement. 

is 

the 

Further we assume that the RF ~ield is a TE mode. The electric 
~ 0 

field has only an Er~(r,z,tl component, 'Which can be written in the 

f"orm/3/ tp 

where_ 

rf" wEo 
E~ <r,z,t)= ~ J 1 ckcr)coskz cos(wl+!tf0 ) 

c 

2 
k2= ~- k2= 

c c2 

2 

2 
p 
in 

T res 

(2.8) 

c2:9l 

-~ 

I 
·I • 

J <w) 1s'a Hessel !'unction n 
radius, F.

0 
is th<> ampl1tudP. 

or J 1 Cwl I 1. e. J
1 

c"
1

nJ·=oJ. 

potential 

or the• t'irst ~:ind, r 
res is 

or Plectric rJPld and I' is 
in 

This f'iL•ld can be derived 

rf Eo . 
.'1,. < r, z. t l =- k;--J 1 Ckcrl coskz sine t.•t+rp

0 
l. 

c 
.The ~;"!eueral 

the resonator 

the n-th root 

f'rom a vector· 

(2.10) 
vector· potential should be a sum or (2.2) • C2. 6) and 

12.101 s:o th<.H A=(O,A ,A 1 where 
p z 

r·r Bor· ?.pBoz2 JJB~r3 Eo . 
'' ·=A ~A =--+---------r----------J 0: rlcoskz S1H(t.>t+v• l 

p O•p ·P 2 L 2 21_?. k c 1 c 0 

3 
Bl.r 

Az =A3z =·;-;.~2- CC,I.S(3p+IJ•
3

). 

C2.11a) 

(2.11bl 

III. HAMILTONIAN FORMULATION OF MliLTIPF.fUOUIC PARTICLE MOTION IN 
A HIRROR FIELD 

The non-relativistic Hamiltonian runction or a par·ticle of" charge 

q and mass m, moving in the f"ield (2.11) is: 

2 

Pr 1 {P ~') ·z 1 2 H = ---- + --· --qA + --·Cp --qA ) 
2m 2m _r '(• 2m z z • (3. 1l 

Let us introduce a canonical 
functton/4 / 

transformation, given by the generating 

y2 2 2 . 2 
F1 cx,y,X,Yl=(sgn(q)ayY-2 -n

2
y ]tgX-ux\'+sgnCql~-xy (3.2) 

where 

lqiB q sgn(q)= m a=cmw )1/2 
0 

"'o ~ ____ ,.E_ 
m C3.3) 

This canonical transt·o•·ma t ion 

cartesian coordinates x,y \'l.ith 

·guiding cr•ntr·e motion given by 

x=~-lP +sgn(q) (2P l i/2sinXJ a y x 

a: 1/2 px=2 1--Y+sgn(ql (2P xl cosXJ 

;Defining new canonical variables 

1/2 .. 
Y=(2p2 ) s1nq

2 
X=q1 

and making use of" the relations 

r~epr·•~sents the 

canonical lrtomenta 

part1cle motion 111 

":--.:· py .tn ter·ms of' 

y=~-1 sgn(r~) Y+C2P l i/2cosXJ 
a x 

py=~l sgn(q) P y- (2P xl 1/2sinXI. 

qt' q2, P1' Pz by 

1/2 
~ PY=(2p2 ) cosq

2 
Px=p1 

3 

C3.4al 

(3.4b) 

(3.5al. 

(3.5b) 



r2=x2+y2 

one obtains 

·"=arctg;>:: 
'It' X 

p =~·(XP typ J r r x · y pp =xpy -yp~: 

2'2 1/2 r =~lp1 tp2+2sgn!q)cp1~2 > ·s1n<q1 tq2 ll 
a 

rpr=2sgn!ql<p1 p 2 J
1/2cos<q 1 +q2 J 

1/2 . 1/2 . 
!2p

1
> cosq

1
Jsgn(ql!2p2 l s1nq2 

1/2 . ' 1/2 --
sgn(q)(2p1) s1nq1+c2p2 l cosq2 

<P=arctg 

P,p=sgn!ql <p2 -p1 J. 

(3.6) 

!3.7al 

(3.'7bl 

(3.7Cl 

(3.7d) 

In order to proceed t'urther we suggest two as.sumpt1ons. First we 

\·!hich irnpl ies that the particle Lan~ot· 
<p /p )1/2 1 2 '.'1 presume that 

radius is much smaller than its gu1ding centre radius. This condition 

is satisfied for particles apart rrom a small region near the axis, 

and from !3.7c) one finds appt·oximately p~sgn(q)<.J2 .. The second 

assumption 1s that the effect of' RF field and sextupole can be treated 

as perturbation and only terms of t· irst order in E 0 and B .1. are kept 

the Hamiltonian (3.1). 

in 

Insert now expressions !3.7) into eq. (3.1) and average over· fast 

oscillations arround the guiding centre. The new Hamiltonian 1s: 
H=H t..::H +..::H c3.!Jl · 

o rf s 

·where 
~ 2 4 4 _ z ( 4z 2 4z ) 2~ 2 , 2 4z 

11o-2m+wo 1 + 117+~ ? p1-mL2<p1+2 ptp2l+ll -~4wop2+ 

+_!l-=[-p~~p~~~~-~:~~1+p2~ -(p2+p:;+4p p ,:!_::~] 
mL2 mw L2 1 - 1 2 L2 

(3.9a) 

2 0 

Hrf=-2wesgn(ql [~+~~2-;:,~ L2·<p1+p2>] !p1p2l 1/2c.os~:z c.oscq1+q2-wt-l}'o' 
0 . 

w 
e 

lql~o 
m 

H =-p 
s z 

3 
w· r 

l. 
---2 
3r 

p 

lqiB.l 
w_l m 

sgn!q)cosl3sgn<q>q~f1J.~l 
~ 3 

w (-ilk k r 2k 
$ =E E ( c o o k! (k+1l' ~) ~canst 

k=o · L 

(3.9b) 

(3.9C) 

(3.10) 

and ..:: is a t·ormal parameter, serving as account of' perturbation. \ 

In order to complete the multiperiodic representation of' particle\ 

motion in the mirror field 

~transformation given by/5/ 

,; 

\'le 

4 

pert'orm one more canonical 

~1 

t. r 

\·there 

The 

2P. 

F2<q1,q2,z,P1,P2,P3>=q P +q p +mw fdz( ~- z2)1/2 • 1 1 2 2 zJ mw z 
(3.11) 

p3 . ' 
Ql=qi+~ S1n2Ua 

. 1 
p1=P1 oz=q2 p2=P2 

lm
p 1/2 . 1/2 

z= --~) sinO. ; p =(2mw P3 > cosO. 
mw ~ z z ~ . z . 

w = ~ f~woP 1) 1/2 
z L l- m • 

transt·ormed Hamiltonian averaged over f'ast 

(3.12a) 

(3.12b) 

(3.13) 

longitudinal 

oscillations reads as . 2 . 
, P . ~w P 

:Jeo~woP 1twzf'3\,:~ (t+P;JP;sin4%-~:~~P~+2P 1P2l-mw :2 (P 1+4P2+P :JP3sin2Ua+ 

2 0 

+~~~P~+P~+9P1P2 CP1+P2 >1 4 

(3.14a) 
m w L 

0 

[
1 ~(P1+P2) 2~P3 . 2 ] 

:Jerr=-2we ;c 
2 2 s1n Ua sgn<q>YP1P2 rcP1 ,P3 >* 

mt.• L mw L 
0 z 

*COS(Q1+oz-wt-~~) 
(3.14b) 

2w.l w 1/2 
:Jes=----"2 (wz) P2YP2P3 sgn(q)* 

3mw r o · 
0 p 

*<cosl3sgn<q>Uz+Ua+~3l+cos!3sgn(qlUz-Ua+~3 1>. (3.14c) 

where 

(3 •. 15) 
00 --

. ·( ¥2P3 ) ( p3) 
:f(P1,P3)= L J4s k -- J2s 4P· . 

s=-oo Ymwz 1 

The next step is to introduce resonant canonical variables a.,P. l. l. 

by a canonical transf'ormation with the f'ollowing generating t'unction: 

F2<ui,Pt;t>=<Qt+Oz-wt-~o,Pt+OzPz+UaP3 .. (3 •• 16) 

The new canonical variables are: 

ai=Qi+oz-wt-~0 ; P1=P1 ; a2=oz ;' P2=P1+P2 a3=Ua P3=P3. (3.17) 

For the·resonant Hamiltonian one f'inds 

p 
- - - - 2~( 2)-2 . 4 2~ -2 - -. -9eo-~wP~+wzP3+mL2l2+p~ P3s1n a3-mL2(3P1+2P1P2) 

-~ 
~wz - - P2 - . 2 -----2-(6P~+6P2+~)P3s1n a 3 + ... 

mw
0

L P 1 

5 

(3.18a) 



- [1 lit =-2w -
rf' e 4 

P<2Pt+P2> 2pP3 . 2 J -2 - - t/2 - -
---,2,.--+---2 s.1n a 3 sgn(q) CP

1
+P

1
P

2
> :fCP

1
,1'

3
>cos:a

1 mw L mw L · 
0 z ' 

(3.10bl 
- 2w1 rwz)i/2_ - - 1/2 
llts=----2- w , P2 cP

2
P

3
l sgn(ql* 

3mw
0

r p ·. o ,J 

*(Cosl3sgn(q)a2 +a3 +1J'3 J+cosl3sgn(qla
2
-a

3
+1J'

3
l> C3.18c) 

and .1w=w0 -w is the actual :frequency depart !resonance detuning). 

IV. MAXIMUM ENERGY GAIN OF AN ELECTRON, 
RESONANCE 

PASSING THROUGH 

Here we apply our previous results/2/ about :fast passing through 

resonance in order to calculate t.he ma"imum energy gain of' an 

electron, passing through resonance zones in ECR ion source. The 

unpe_rturbed· resonant f'requency w
1 

is f'ound f'rom eq. (~1. Hli'll to be 

z - ~ ~2 - - ~ 
a:xo WZP3 

2
1lP::t3 . 4 4p - - IH•IzP2P3 p2 ) . 2 

W =--=Aw+--------- S.1n a ----(3P +P )+- (---6 S.1n a (4.1) 1 
a?1 2P1 mL2P~ 3 

mL
2 1 2 2mw0L2P~ ?

1 
3 

'The resonant f'requency w1 exhibits :fast oscillations :for given P
1

,P
2 and P3 . Solving equation w1 =o one can f'ind the resonant_ values o:f a
1 <a1::.wzt+~0 ). This equation has in general :four roots, which de:fine 

f'our resonance zones placed symmetrically in couples on both sides o:f 
the mirror plane. 

Following /2/ \\'e de:fine a canonical trans:formation (a.,P.) 
.1 .1 (<ri,J"i) by 

0) 

«.=a.+ " &n 
1 1 n~t 

8Gn(ak"7'k; t) 

a3'i 

0) 

p. =,1.+ & ·- l n 
1 1 

n=i 
(4.2) 

aGn(ak,$k;t) 

aai 

The :functions Gn(ak,3'k;t) should be determined so that J"i become exact 

invariants· o:f motion.· For. the maximum energy gain o:f an electron' 

passing through m-th resonance zone we obtain lsee :formula (3.t9) in 
/2/) 

1/2 
.1E ( m) .1P ( m) 2 [ 27r . J 11 

1max=wo 1max= wowe • 4 

lw1 (a3m) I 

1-1< 2 8'1+8'2> 2 1-13"3 
. 2 2 
mw L mw L 

0 z 
sin2a3ml* 

2 1/2 
*<3'1+3'13'2) :f(J"1,J"3) (4.3) 

6 

\vhe1·e a 3 m is the m-th root o:f equat1on t.~1 ca
3

l=O and 

GC.I' . . 

c.•1 <a3 m> =c.•zq"t 1 (aa:la
3

=a
3

m. (4.4) 

Note that given the i.nvar iants ,'f 
1 

the equation [w 1 ( a3 ) ] ~ . = 1 . =~ 
1 A, 1 • 

may possess only · t\,'0 real roots,. !_:or some values of' ,1 i. 

canonical perturbation theory it can be easily seen that is 

·c3.1Hcl provides slight modulation o:f P
2 

and P
3 

according to 

~ ~'1:'+3lH cosC3a -a -y.• l+H cos(3a +a-m )I 2 '2 - • 2 3 3 + 2 3 T3 

P3 =3'3 -n_cos(3a
2
-a

3
-IJ'3 )+n+cos(3a

2
+a

3
-IJ'

3
) 

.where 
2w~ w· 1/2 

n_=sgn(q) 2 · (t.Jz) ,1
2

Y[f
2

3'
3 

3mw
0

rp(3w2 -w3 > o 

2t.J~ '"'z 1/2 
n+ =sgn(ql 2 (w-) 3'2 Y,12 ,13 

. · 3mw
0

rp(3w2 +w3 > o 
2 

- 3p '13 411 . ·_ . 3p ( •12) . 
w2---2 y---z-,1'1+. · · ; w3-wz+--2- 2+~ 8'3+. · · 

4mL 1 mL 2mL ' 1 · 

By the 

in eq. 

(4.5a) 

(4.5b) 

(4.6a) 

(4.6b) 

(4.6c) 

The 

sin2 a <1 3-

equation [w1 ca3 >]P .. ="'.=O has :four real roots \'lith account of' 
1 "'

1
1 

if' the inequalities 

hold. The ineq. 

·If' one assumes 

2,.2 
.11dlll u 1 

05.- 2 
21'3'233 

2 • ,.2 
mw L 3'1 

2
"1 , 3 ,. +1 l:Si z __ t --

2
- ,, 1 '· 2 

4pJ"2,13 32/13 

(4. 'la) 

"'z•
1

t G12 ) · O:S-- --6 $8 
"'o'13 3'1. 

(4.7b) 

(4.7bl is f'ulf'illed f'or a wide range o:f .de.>, p· and ,1 .• 
2 1 2 2 

. ~mw0rL _mw0 rpl 
that <f1---2--, 3'2--2--

mw z z m . . 
and ,13 ::.--

2
--, where rL 1s 

the Larmor radius ot· electron, r pl is the radius of' plasma border and 

zm is the maximum deviation :from the mirror plane, a simple criterion 

f'or scaling the ECR ion source can be obtained. 

Let us consider the :following example: energy of' electrons -· 1 

keV, cyclotron :frequency at 

"mirror points" - L=35 em, 

minimum B 
w 

- 0 
211' -9 

radius of' plasma 

GHz, distance 

border - r pi~t 

bet\\>een 

em and 

11=1.1.. For the :frequency of' RF :field one·f'inds ~71'~13.933784 GHz. 

7 



: 

V. CONCLUDING REMARKS 

As a result of" the i.nV<;'St igat ion perrormed a t·ormula ror the 

maximum energy gain ·lf"ormula (4.3> I of" an electron passing through 

Electron Cyclotron Resonance has been der1ved, Fr·om eq. <4.1.) it 1s 

clear that the resonance zone position depends on the t·esonance 

detuning, as well as on 1-1 and on the amplitude or longitudinaJ 

oscillations; 

The enerlgy gain ror one period of" ·tongitudinal osc1llation • w1ll' 

be the sum of" en.,rgy gains when passing the resonance zones on one 

side or the mirror multiplied by a t·actor of" !"our. 

The. author wishes to thank A. A. Ef'remov and especially Dr. 

V.B.Kutner !"or many illuminating discussions and interestihg 

suggestions. 
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UeHoB C.H. 
BwcoKoqacToTHWA HarpeB 3neKTpoHoB 
.B ECR HOHHOM HCToqHHKe 

--ilPHPOfT 3HeprHH 3neKTpOHa llPH'npOXO~eHHH t 

HaHCHYI0-30HY. B ECR-HOHHOM.HCToqHHKe paccqHTaH 
KaHOHHqeCKOA TeOpHH B03My~eHHH. tPaCCMOTpeH 3~q 

' • - I 

nonbHoro MarHHTHoro nonH no y,o;ep)J(aHHIO nna3Mbi. 

Pa6oTa BbinOnHeHa B Jla6opaTopHH. H,o;epHbix: pem . ' ' 
/' 

Coo6llleHHe 06'he.IJ;HHeHHoro HHCTH-ryTa H.ll;epHhiX HCCJJeAOBaHHH. 
;\ 
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of Electrons 

The energy gain of an electron, passing a l 

resonance zone in ~ECR ion source has been calc 
using ~imonical, perturbation technique. The e: 
sextupole magnetic field on pla~ma· confinemen1 
studied. 
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