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MareMaTHYeCKHI aHATH3 JaHHBIX KCIEpHMEHTA :
no cuHresy 114 aneMenra

[IpoBeneH craTHCTHYECKMI aHAMM3 3apErHCTPHPOBAHHON LIEMOYKH CUTHAIOB
HMIITAaHTALKH S1pa OTAAuH, TpeX MOCNeJ0BaTEIbHBIX alb(ha-pacranos U 3aKJTI0uH-
TENBHOTO CHOHTAHHOTO JefneHud. C IOMOUIBI0 KPUTEPHEB CTATHCTHKH OLIEHEHO
npasgonogo6He cledylolMX THIOTe3 O CHIHAMAaX: 1) JaHHEe — NPOXYKTHI pacia-
na sneMenTa 114; 2) naHHple — cny4yaifHas KOMOWHAIMA CUTHAIOB; 3) JaHHBIE —
NpOAYKTH! pacnaia »neMenrta 112; 4) maHHble — NpOMYKTHl peakuuid nepeHoca
MEXAy SApaMH IyYKa U MHILCHH.

IlokazaHo, 4TO 3HAYUMBIM O0pa3OM JaHHbIE He [POTHBOPEYAT JULIb MEepBOM
THIoTe3e.

Pabota BhimonHeHa B Jlabopatopuu sapepHbix peakuuid uM. I.H.Pneposa
OUSIN.
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Mathematical Analysis of Data in the Experiment
on the Synthesis of the Element 114

The paper describes the statistical analysis of a registered chain of signals for
an implantation of a nucleus recoil, the three consequent alpha decays and the
terminating spontaneous fission. With the help of statistical tests the likelihood is
estimated of the following hypotheses: 1) data is product of the decay of the
element 114; 2) data is a random combination of signals; 3) data is product of the
decay of the element 112; 4) data is products of the transfer ractions between the
nuclei of the beam and the target.

It is shown that the data doesn t contradict significantly only to the first
hypothesis.

The investigation has been performed at the Flerov Laboratory of Nuclear
Reactions, JINR.
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MATHEMATICAL ANALYSIS OF DATA IN THE EXPERIMENT
ON THE SYNTHESIS OF THE ELEMENT 114

The logic and the apparatus of nuclear experiments getting ever more complicated,
the situation arises when result of such experiments is the observation of one single event,
which admits a multiple interpretation, and first of all, as a random signal combination.
The direct use of statistical methods in this case is either impossible, or inappropriate: a
combination with methods of probability theory is needed. Of course, the mathematical
analysis in such situation looses the reliability and safety of the classical statistics; but
it allows us to extract the optimum volume of information from the data of a small size
which is possible in this case at all{1].

As example, let us consider the analysis of data obtained in the experiment on the syn-
thesis of superheavy nuclei in the 8Ca +%** Pu reaction [2], in particular, of the 114th
element.

The data of interest (in a group of others, which are uninteresting) is a chain of registered
signals, starting with the implantation of the recoil nucleus, followed by 3 alpha - decays,
and ending with the spontaneous fission; all the signals were observed in the same strip
of the detector.

Of course, the decision about the physical nature of the events can be made only by the
pysicist; the role of mathematics on condition of exclusively poor statistics consists in
testing the correspondence of certain fragments of the quantitative analysis of these data
by physicists to criteria of probability theory and mathematical statistics.

Below some mathematical tools needed for the further analysis are described.
Functions of probability distribution for the radioactive decay.

The classical function of probability distribution for an event (the radioactive decay) at
a time moment ¢ is: P(¢) = 1 — ezxp(—It), where | = In(2)/T, and T = the halflife of the .
nucleus. The density of this probability is f(¢) = I - exp(—It). With the help of P(t) and
f(#) all the other distributions can be obtained.

So the function of the probability distribution for the daugther nucleus is

P12 / f1 Pg t— T)d
and substituting the concrete expressions in P(t) and f1(t) we get

Pu(t) = 1—exp(—ht) — /(i — L)(exp(—lat) — exp(—11t)), iflo # Iy
12 1 —ezp(—ht) — lit - exp(—Lt); flh=10

Similarly, the same functions are built for the successors of the consequent decay of the
original nucleus:

Pya5(t) / fr(7)Pas(t — 7)dr, (1)
Proga(t / Sr2(7) Pas(t — 7)dr, (2)
Piaags(t) = /0 f123(T)P4§(t —7)dr, (3)

where 1,2, 3,4, 5 denote mother, daugther, grand daugther etc., respectively. The concrete
formulae for (1, 2, 3) are too bulky due to many.combinations of coinciding and not
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coinciding halflives and here are omitted.
Function of probability distribution for a quadratic form.
Let the following quadratic form

Sn = Zzzzv (4)
i=1

be given, where normally distributed random quantities z; have zero expectation, unit
variance, and the neighbouring pairs z;,%41 are correlated with the correlation coefficient
-0.5. What is the function of probability distribution of S,? One of the widely spread
errors in the practice of data analysis is that this function is supposed to have the x?
distribution. In fact, it has not.

From the mathematical statistics [4] it is known that the quadratic form Qy;z:z;, .7 =
1,...,n , where Q is the inverse normal covariance matrix of z;, has the x2-distribution,
irrespective of whether the z; are correlated or not; therefore, if we had taken the inverse
matrix to

1 -0.5 0 0
05 1 -05 .. 0
Cij; = . (5)
0 0 1 -0.5
0 0 .. 051

and built a quadratic form
n
gn = Z Ci'jl:c;Zj,

£,7=1
it would have the x2-distribution. But the inversion of a matrix like (5) is rather com-
plicated; besides, the probability of large deviations of a x*-distributed random quantity
is substantially larger than that of S, (e.g., for n = 4 about 0.07 and 0.045, respective-
ly) and the decision making procedure based on the use of S, loses part of its efficiency
specifically in this case. :
Thus, preferable is a method based on the direct use of S,. The probability distribution
function and its density for (4) can be easily calculated numerically. One can show, that
the expectation of (4) is equal to n, and the variance to 3n — 1. Below a table of values
of P(t) for n = 4 is given.

Pl.05([].10].15].20].25].30|.35 .40 [ .45 | .50
S: |6 1.9 |1.1]14]16]1.9]22]25)28 (3.1

P |.55].60].65}.70|.75|.80 |.85 .90 .95
S: |34(38|42(47({53(6.0/[6.9]|82]103

Numbers in each upper row are probabilities P with the step 0.05, and in the lower
one - the corresponding values of Sj.
With the help of such table (certainly, more detailed) we can construct the 67%- confi-
dence interval of 4 as n + o; corrected for the asymmetry it is: (1.8 - 10.8).

The formalism of stochastic Poisson time processes.
These are the time functions K (¢;, ;) - number of random events, occured during a time

interval (#1,1,) with-a probability Qk(t1,%2) and having the following properties:
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. stationarity: Qx(t1,t2) = Qr(t2 — 1) for arbitrary ty,13;

|8

. Qi{ty.t;y) independence of the event prehistory: ‘Qk(tl.t2|C) = Q«(t1,t2), where C
means events which happened before ¢;;

3. rareness of events: Qi>1(6t) = o(6t).

These properties allow us to write simply X (1) and Q(?) bearing in mind that ¢ means
the duration of the time interval considered. .

The Poisson processes play an important role in analytical modelling of the stochastic
background in scientific and technical applications because random events very often
satisfy the above-numbered requirements. They disable the need to use the computer
simulation to get the estimates of the random background characteristics. '
The function of probability distribution of K(t) is

(i
¥

Qilt) = exp(—lt), (6)
where [ = parameter of the Poisson distribution, ¢ = tinte, and Q) = probability, that
during a time interval (0,t) k cvents will be registered.

The quantity /t is the expectation and at the same time the variance of K (t) at a moment ?.

DATA ANALYSIS

Now we start the analysis of the data chain mentioned above. We shall go over a set of
possible interpretations of this data proposed by the physicists and consider the following
problems: within the framework of these interpretations estimate the formal probabilities
of the observed signal configuration and some of its statistical characteristics.

Interpretation 1: “data is the result of the decay of element-114 recoil”.
If this interpretation is valid the data is a sequence of the events: implantation of the
recoil, 3 consequent alpha-decays and finally the spontancous fission.
The quantitative analysis consists in the following:
1. test the correspondence of the observed energies and halflives of the alpha - particles
to calculations, given, e.g., in [3]. « ’
9. estimate the probabilities of the observed chain of signals for different interpretations
and compare them.
3. test the hypothesis about the genetic connection of the signals.
The problem 1 cari not be solved by the formal methods because of the absence of reliable
information about the required statistical distributions. One can make only statements of
qualitative character, e.g., that the observed cnergy values (from the range 8-10 Mev) and
halflives (from the range of several minutes) correspond to the calculations [3]. Therefore,
we will focus on the problems 2 and 3.
Unfortunately, we don’t know the halflives of the nuclei produced in the decay, but we have
a priori estimates of the intervals containing these halflives, and we can set the problem as
follows: determine the maximum and minimum probability of the decay of grand grand

'daugther P34 (2) within the time range from the signal of recoil implantation to the

signal of the spontaneous fission over the direct product of confidence intervals for the



halflives.
The calculation of the maximum and minimum of (2) over the region

0051 <05 30<T,<300; 2<T53<20; 7<Ty<27;

in the time interval (0, 34min) with account of the registration efficiency, equal to 0.87,
gave the following results:

Prin =0.0083, Prna, =0.3364.

The problem 3 can be solved in the following way. For testing a hypothesis about the
genetic connection between the signals we have the following data about the locations of
the decaying nucleus in the position - sensitive detector:
xevr = 16.5mm - position of the signal: implantation.
xal = 15.6mm - position of the signal: alpha -1.
xa2 = 16.5mm - position of the signal: alpha -2.
xad = 17.0mm - position of the signal: alpha -3.
xsf = 17.1mm - position of the signal: spontaneous fission.

Then we have "resolutions” - FWHMs of the distributions of signal differences, which,
on assumption of the normal distribution of these differences, can be transformed to the
usual sigmas:

EVR - alpha: resolution = 1.4 mm; 8igey;—o = 0.59 mm;
alpha - alpha: resolution = 1.0 mm; sig,—, = 0.42 mm;
EVR - SF: resolution = 1.2 mm; $tgevr— g = 0.51 mmy;

Let a hypothesis be tested: all the signals arise as a result of a decay of a parent
nucleus, which is located at a fixed position in the detector strip.
The statistical test of this hypothesis can be carried out by two methods.
Method 1. Let us construct an expression

revr — zal ral — xa2 ra2 — zal

S = (== )+ (— )+ (— )+ (

St0eyr-a S8195—a $10z—a StGeyr—sf

zevr —zsf .,

(7)

Substituting the corresponding values of variables into (7), we get: S; = 9.56. One sees
at once, that it is covered by the 67% - confidence interval of the quantity S4: (1.8 - 10.8).
Method 2. The analysis of the differences is less efficient than the analysis of their
constituents, since the variance of the formers is always greater than that of the latters.
Besides, these variances are obtained from the calibration reactions, and can differ from
the true variances of difference signals for the reaction considered.

Therefore, for a greater reliability we can use the classical approach of the statistics: anal-
ysis of the constituents of these differences. Let us find the sample mean and the variance
for the signals of the nucleus position. We have for the mean:

pos = (16.5 + 15.6 + 16.5 + 17.0 + 17.1)/5 = 16.54;

For the sample variance we apply the usual formula:

n

var = Z(:l:.

i=1

— pos)?/(n — 1)

After the necessary calculations we obtain var = 0.35, whence we find the sigma: ¢ = 0.59.
Let us consider the expression

Q=3 (Ey (8)

=1 7

where z; = difference between ith signal and pos.

If our hypothesis holds then under very common assumptions each quotient and their
sum will have asymptotically the Student’s and xZ distributions, respectively. Substitut-
ing our data in @), we get @ = 4.0.

The expectation of this quantity is EQ=m= 3 the variance VQ = 6 and o = 2.45. The
67%- confidence interval calculated as m + o and corrected for the asymmetry is equal
to (1.30, 7.50); our @ gets into it. Thus, both methods find out that the data does not
contradict to the above hypothesis.

REMARK. The variance of the difference is twice greater than the variance of its con-
stituents; since the sigmas of the differences are smaller than 0.59, it points out that real
difference variances are larger than the given above. So, the real value of (7) is even
smaller than 9.56. .

A special question: why z; = (zal — pos) = —0.94 is 1.6 times greater than o, equal to
0.59?7

The probability that a Student 4 degrees of freedom distributed quantity gets into the
interval (1.6 - o,00) is between 5% and 10% - such probability is quite admissible for
the statistical fluctuations. Anyway, to offer another hypothesis about the alpha-1 signal
emergence additional evidence is needed - the statistics of the above - considered data is
not enough.
Interpretation 2: ” events are random, and the spontaneous fission has no -
relation to the reaction *¥Ca +*** Pu”,

The calibration measurement of chance signals of recoil implantation and alpha - particles
with energy 8.5-10 in a detector strip for a position-correlation window 1.6mm gave the
following frequencies:

implantation = 1,3 per hour, alpha - particle = 1 per hour.

From this data we can derive the probability of the events: one imitator of the implanta-
tion signal 34 minutes before the spontaneous fission, and 3 imitators of alpha - particles
between them.

The above-mentioned random events represent a typical time process of the Poisson
type(6). We can estimate [ in (6) for implantation and and alpha - particle imitators
on the basis of calibration data as follows:

I~-60=1.3; l,-60 = 1.

Solving these equations we get I; = e.o’ =%
Substituting in (6) we get the probability of 3 alpha particles

34/60)°
Qs(34) = B0 o (34/60)),
and the probability of one implantation 34 minutes before the spontaneous fission:

Pr(34) = (34 - 1.3/60)ezp(—(34 - 1.3/60))
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Thus, we have the probability P; for this data interpretation
P, = @3- P, ~ 0.00607

This probability does not give yet a notion about the likelihood of the considered signal
interpretation - to make a statistically correct decision it is necessary to compare it with
the probabilities of other random signal combinations. We have:

Imp. | Alpha | Probability
1 0 0.20010
1 1 0.11339
1 2 0.03213
1 4 0.00086
2 1 0.04176
2 0 0.07370

Here Imp = number of signals for the implantation , Alpha = for the number of alpha -
particles, Probability = probability of such combination. It is seen that the largest is the
probability to observe the combinations 140 and 1+1, but the probability of the combi-
nation 143 is really small as compared with them. In other words, the data obviously
contradicts to the hypothesis about the random character of signal emergence.

Interpretation 3: “the chain is decay of the element 112, and one alpha -
particle is imitator”. . ) C
Assuming that the recoil nucleus is the element 112 - by (a, 3n)-evaporation channel -
and the first alpha - particle is imitator, the problem is: determine the maximum and
minimum probability of the decay of the grand daughter P in the time interval from
implantation signal to that of the spontaneous fission on the direct product of confidence
intervals for the halflives. , ‘
The maximum and minimum of (1) over the region

30T, €300; 2<T3K20, 7Ty <27

in the time interval (0, 34min) gave the following results:

Prin = 0.0293,  Prgz = 0.4934.
Multiplying these probability by the probability of the imitation of one alpha - particle
in the time interval (0, 34min ) Q1(34) = 2iexp(—(34/60)), and correcting them for the
registration efficiency, we finally get

FPrin =0.0032, Phpor =0.1273.

Interpretation 4: ”"the chain is the decay of a product of the transfer reac-
tion between the nuclei of the projectile and the target, and alpha - particles
(all or part) are imitators”.

This case is similar to the previous one, but the probabilities of the event configurations
and the genetic connection between them will be smaller, and the more alpha - particles
are suppposed to be imitators, the smaller. As instance, let us consider the case: 1 alpha
- particle is true, the other 2 are imitators. Suppose that the halflife of the mother -
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nucleus is contained in the interval (1 - 100min). Omitting the details of the calculations
(they are similar to the above ones), we get

Fhin = 0.0089, P, =0.1521.

The analysis of the results. We have:

Interpretation number | Max. probability [ Min. probability
1 0.3364 0.0083
3 0.1273 0.0032
4 01521  ° 0.0083

One can see that the comparison of the formal probabilities to observe the signal con-
figuration given does not contradict to the preference for the interpretation 1 made by
the authors of [2]. And this non-contradiction substantially increases if we attach the
physical probabilities, by which the formal probabilities should be multiplied:

1. The cross-section of the channel (e, 3n) for interpretation 3 is several orders smaller
than that of the channel (3n) for interpretation 1;

2. Probabilities to observe the given in {2] energies of alpha - particles and possible
halflives for interpretation 4 are very small as compared with the probabilities for inter-
pretation 1.

Unfortunately, the numerical evaluation of the physical probabilities is impossible,
since the calculations like [4] don’t contain confidence intervals for the possible energies
of the alpha - decay and halflives.

Conclusion

The performed analysis shows the importance of developping the following aspects of the
mathematical data treatment in case of rare events: .

1. the formalism for the analytical modelling of the stochasic background;

2. the mathematically grounded calculus of hypothesis probabilities.
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