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1 Introduction 
Peripherai 'collisions of heavy ions with nuclei.ai energies E A> lJ and kll ::P I aw 
very sensiti~e to the parameters .of an interaction potential and t.o the nuclear st.n;ct.ure 
characteristics such as the density distributions, transition matrix clemc~nt.s ant! others. 
The. developed methods. of the high-energy approximation' are designed to gel . I lw ·cor
responding amplitudes· for elastic, inelasticscatlering aud nucleon· transfer react. ions in 

. analytic. forms t.o search the mechanisms of the processc~s. For this pnrpo:w.· we• tisc t lw 

relative-nmiion quasi-classical wave functions 

i wl±} == exp{ikr- Lj±~·W(~~ =f i~V(r)}d>.r (1.1) 

whc·n· r == ,j!J'l + Xl with !J. being thr- itnpad .. parameter. The integral ion ove-r ,\ fUllS 

'al;mg tlw.straight.line parallel· to kin ~sy'm-ptotic.s, and when the ddled.ion of.a classical 
} . - '-:.. . ;: - . 

t rajcc:tory cln 1.- ,is not"npgligiblci small the momc~Bt.um k. = k =f ife/2 shoulcl hi·. inserted, 
iBto',!q:(l.l) itt~l;;ad of k [I], \vh;~·re qc'= 2k.si;i(Orfl) andO" ~·u(Ht)/H.witldl, t.hc~ 
dosc·st 'approach radius. In aci·c.mlann· with tlw DWBA, t.hc~ mit.triX'~~Ic·mc!;tt.s a·n~ t.akc~it 
as fi>llc)ws· · •: ' · 

( 1.2) . 'T =J ~Pr'w 1 : 1 • b(f'), w1~ 1 ; 
. '• . : kJ,, .. :. ki, .. 

when• for ···lastic. itwlastic and onc-nudcmi transfer processes'orw puts b,i = U(r·; /l), 
().,,./ ~ l 'j

1
} ~\,,(r). (J,, ~u,,(r·)'l-';,,(r) wi~h the nucleon hound state wave function u.\. 

\ow; WI" nmsiclc·r t lw clastic scattering'iunplitnde for•large angles 0 > 1/ kR, Oc [2] · [4] 
\ : '-. . ' . ' 

~ f(O) 7- · m 
2

1· d:1rU(r}cPif:+ i<I>., · 
' · .. ··. 21fh, .. ... :.:•.' J , •• ,. - •,; 

l ·{ (1.3) ·. 

,· 

whl'rc·. n·pn•sc·nting the potential :as•lf == U~J(r), vJe liave 
\ • ; .·Jo· . • "'. ' •• , : ' 

<t> == 7/(b), •. T== .~~~: 1 ••• /~ zfo~ j{jb2+ ,\.2)d.\,. •• (1.4) . 

In both the cylindrical and spherical coordinate frames one can simplify eq.( 1.3) to the 
for~s appropriate for 'analytical calculations. 'Boih the results turn out to be rather 
instructive; therefore, we consider them separately in some detail. ~ 

.·'- '- - '· 

8b\Cl~u:ii .. :Mp ~~-:ril'fi' ·1 
U-!l#!iWl-ICC:i~lai:lilil:@ 
: ·· 6i'ISflH'OTEHt~ . · ____,..., ' ___..,._, ..,_ 



2 Approaches to the large angle scattering 

In the cylindrical coordinate frame oz li 1~. and we obtain· 

qr= q1bcoscp+q2z, (2:1) 

where q1 = qcos(0/2) and q2 = qsin(0/2) are the transverse and longitudinal transfer. 
momenta; respectively; q = 2ksin(0/2) and 0 is the scattering angle. Substituting cflr-= 
bdbdzdcp into (1.3) and integrating over the azimuthal angle.cp one gets ' 

'· 
. U.f'X>' . 

f(O) =-~2 ° Jo db ~Jo(qtb) ei<I> F(q2;b), (2.2) · 

F(q2, b)= 1: ~z ~iq2~f('(b~+ z2;, .• (2.3) 
' 

where the F(q2, b)-function plays a role of the one-dimensional longitudinal form factor 
of the distribution function f(r) of a potential at fixed b. For example, following [5]; in· 
the case of IF= {1 + exp[(Vb2 +z2

- R)/a]}"'1 for a Woods-Saxon potential we obtain 

FF(q2,b) = 2R- 27ria.~ (.eiq2b rt + e-i~2b .r; .) 
. . L.., . d+) - (-) , 

. ·. p=l Ap . . .• Ap 
(2.4) 

· · oo( r+ r- ) 
h(b)= 2R- 27ria L . • (:) + _x(~) ', 

, . . p:t .. ..\p .. P 
(2.5) ,,,· 

where r; = R ± i1ra(2p- 1) and ).~±) "== j(r'f) 2
- b2 •. Usi~g the su~s(2.4); (2.5) one 

should obey' the condition . . . . . . . . 
. . . . . . .. I~ ).~±) 2:: 0, . . (2.6) 

which gives for real b t?e relation ..\~+) = ....:_x~-l*, so that FF(O, 0) =IF( D) = 2R. In the 
case ofF= const, eq.(2.2) is expressed through the same integral which determines the 
Glauber small angle scattering amplitude[6], [7], 

fo(O) = -;-ik {~db bJ0(kb~) ei<P, 
Jo · (} < ..filkii. (2.7) 

Thus, one can see that the amplitude {2.2) extends the Glauber formula to the region of the 
large scattering angles. Indeed, e.g., for scattering of 160 on 60Nf atE= 94 MeV /nucleon 
and IVai =50 MeV one obtains that the Glauber amplitude (2.7) may be used .at 0 < 
..j2fkii ~ 5°. At the same time the amplitude (2.2) is applied at 0 > I Vol/ E ~ 2°, the 
region which partly covers the space of the "small" angles. For analytical evaluations of 
(2.2) it is fruitful to make use of the asymptotic form of the Bessel function to get 

f(O) =- · m 2 [tc+J(q)- tc-J(q)), .(2.8) 
. .27rli 

tc±J = -{1 + i) ~U0JC±l, v q; 

li; ~;~::_~~~;; $;;·::.~.--. ~·~ .. ' ~. 

(2.9). 

. 
" I 

r 

t.; 

I 1 
1. 
I 
ft 

·., JC±~· ::::.: foo. db~. e9c_±l(b,-y) F(q2, b)~· .. 
fa · . 

. 9(±J(b,/) = ±iqb+7I(b). 

(2.10), 

(2.11), 

Here, 'the typical nearside tc+J ~nd farside te-l t~rms characterize the behavior of the 
amplitude f(O) at relatively small and large angles of scattering, respectively. 

· In the followi~g, we obtain an expression for the scattering amplitude th~t is most 
convenient for further applications of the saddle poi~t method (SPM) and of the 'so-called • 
pole method ~.well, both giving th~ fi.nal r~s~h .. in expli~it forms. For .thi; purp~se we. 
represent (1.3) in the spherical coordinate frame where oz lf.q, ox it (k; + kJ)/2 and 
cfl~ = -r2drdp.dcp,. qr;, qrJ.I. Thus; we have ' · 

. 1(~)~:... 2;2 ioo.r2drdcp l>~~·f(r).eiqrJ.I + i<I>_ ... 

; . 
(2:12) 

~-· 

Her•e <I>(~)dep~nds on b = b; ~ Jr~ :__ zi where z; =·f;T; = r {oJ.I ~ Jr - o 2 Jl:-'- Jl2 ~os cp) 

with o·= sin(0/2) and 0 the scattering angle. Bearing in mind tHat the exponent iqrJ.I 
is .large, ..;.e integrate in (2.12) over J.l by parts retaining o~iy the lowest order· term in' 
1/qr ~ 1JqR « 1. Then, the dependence of <I> on cp at Jl = ±1 is released, and (2.12) is 
transfor~ed into (2.8) with the followipg near- and farside terms: 

.27rUo (±) 
• tc±J = -1-- J , 

q 
.·' (2.13) 

'!. . . . 1. 00 ••. • . [ • . • R.l-1 '• 
•··'J(±)= . drre9<±J(r,'.) 1+,ex(·;·\, : '· ,)2~1-i) 

' . 0. . .. , .. ,. ' ·' .. ' ,b. ". ::. . .... 
where 9(±J is determined by (2.11)with' b repla.ced by r '== bcos(0/2). · Note that 'if one· 
appends the Coulomb potential in a whole interaction, additional terms appear in t{±)· 

F~rmally, two~~pressions for the amplitudes·, firstdone by eqs. (2.8) - (2.11) and 
second· by (2.8), (2.13),. (2.14) .must give close results at Ja.rge angles .. Indeed, we have 
made the comparison of the cross sections v;him hot~. the integrals (2.10), and (2.14) have 
been calcitlated numerically for the same optical po~ential corresponding to scattering of. 
wo ~~~ 60 Ni at E=94 MeV /nucleon [8]. And it is confiqned that in the region. of large .. 

. angles up to !5° (where the cross sections fastly falloff but can be yet measured) two 
curves occur to be in remarka.bh~ godd agreement:. 'At small angles the former app;oach 
(2.8) - (2.11) is thought to be more precise because ofits correspondence to .the Glauber 
formula applied whim 0 < ..;filkR.: . . .., ; ' ., . ' . ' .. •·.· . ,, ', . ' ... ·,' .. • .. : .. 

. r , . ,- . • . . . -. 
3 The SP-methods f9r trajectories close to poles 

. . ' : .. ,.. .., . . , .. 
. . ' \ . . ·'' ' . . . 

To search. the mechanism of scattering and to ~void lo~g numerical calculations, the 
quickly oscillating integrals of the type (2.10) and (2.14) can be,ev.Juat.ed as usually by 
the standard SPM. However, in our ca.Se the specific problem can appear when on the 
complex plane the ·s~d~lepoi~ts occudci be near peculiarities ofthduncti~ns F' gC±) OJ:" 

• ' ~ • • . ' ~"' • • : ~ ' • ,' ' • : ~ •. ' ;'· ' • ' : • 1 . - . • ·. - ••• • •• .--- ; :• • 
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fF, the regions where integrands change very fastly. Then,'when applying the analytical 
methods of calculations, one needs explicit expressions Jor the cikonal phase <I> and 

IF(b) = 21= d.\ [1 +~xp ~-Rri (3.I) 

Formally, eq. (2.5) is the result of integration of (3.I ), but it has a form of the infinite sum 
of residues at poles offF(b, .\)on the complex .\-plane. However, it is desirable to obtain 
for IF a simpler closed form which can then be used, e.g.; for applications of the SPM or 
of other methods. To this aim, in many papers the integrandof(3,I) has been replaced; 
for example, by the step function [I], [9], [10], tli~ trapezoidal function !11], or it has been. 
adjusted by a set of the Gaussians [I2], and others. However, in such approximations one 
can be very careful when doing extensions' to the complex b- or r-planes. Indeed, in the 
regions near the poles at R ± i1ra(2p- I),· p = I, 2, 3 ... , the integrand IF chilnges very 
fastly. Then, it is easily seen that the main contribution to the oscillating integrals (2.10) 
and -(2.I4) corri.es from the' r~gions near two poles with p = 1. This is a reason why for 
studying the pA-scattering· at intermediate energies, in ref.[I3] in.the total sum (2.5) only. 
th~ first te~ms are taken in account,.i.e., · 

<I>~ ,j<;=>, 
.. ± 

' r 
jC±) = 2R- 21ria .\(±)' Im .\(±)~ 0, (3.2) 

wh~re _\(±) = j(r±)2 
_:. b2 , r± = R±i1ra. This approach has been used by the authors of 

[I3] (ADL) for the SPM calculations of the Glauber amplitude (2.7) for small angles. It 
seems to be interesting to test the phase (3.2) also' for heavy ions, when kR »I and to 
calculate the large angle scattering a:mplitudes (2.S), (2 .. I3), (2.I4). In general; the saddle 
points r, = r;=(q) are the solutions o,f the ~ollowing equation: 

9(±) = ±iq+ 1J'(r) == 0. .(3.3) 

These points r;=(q) fill the complex trajectories which behave as a functionof the·mo
mentum transfer q or the scattering angle 0 where s is the number of the solution. Then, 
applying theSPM we. find the standard result·· 

JC±l(r,) = -r~JF.(r,)e9(±)(r.) J--~27r/9f±)(r.). {3.4) 

In a particular case of the ADL-approach when eq.(3.2) takes place and the impaCt para:: 
meters b = r cos( o /2) are suggested close to the poles, i.e . . b = r.± + h with lhl ~-lr± 1, one 
can obtain approximate expressions for g(r.) and g"(r.) [13)- (I6]: 

. ·.· ... ·.·'· · .. 'CiT± 
9(±)(r) = ±iqr+2R7+i,\(±)' 

. . . . ., . 0 -r± . . . '' '•. ' . 
g(~j(r) = ci>sl- ~s· [(r±)l + 2 (b(±l)2]. 

• . 2 . .\(±) . . •. . , 
(3.5) 

where b~±) = r-± +hi±>,· hi±) =''-(I.\C±ll2/2lr±l)e~(i,8!±l] anda = :_27ra:y: . . 
' Fig: I demonstr:i.tes 'the cross ~ections ·calculated in (15), {16] for scattering of 17 0 on 

90Zr atE =·1430 'MeV with R ,;,·7.05 {m, a= 0.5 fm. The solidline5 are numerical 
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'·; :' 
ft 

' 

calculations with the help of eqs:(2.8), {2.13), (2.14); the dashed. curves are the SPM 
eval~ations of (2.14),' an'din both casesthe exact g(r) (2.5) was used; the stars correspond 

. to the ADL-approach (3.2), (3.5). The cases considered are: (a) refraction Vo =::-50 MeV, 
W0 = 0, (b) optical model Vo =-:-50 MeV, Wo.= -;:-25 AfeV, (c) diffraction Vo =c 7 1 MeV, 
W0 =-50 MeV. One can conclude that the ADL-;tpproach is not well working for heavy 
ion scattering, and one needs to makeuse of exact expressions for the eikonal phases (2.5), 
(2.6) (note that in the gi.Jen example it was 'enough to use I3 terms in thetotal sum for 1. 
(2.5)). One should mention that atcomparably small angles of scattering the peculiarities 
of the eikonal phases· (2:5) ~t bp =: 'rp cos..:.1(0/2) =c Ii ± i1ra(2p.,... I); P =;: ), 2, .... ~ccur 
to be clo~eto the poles rp = R ± i1ra(2p-;- 1) of the integrand F~rmi function fF(r). In 
this case· a standard SPM m~st be modified. T~ this purp~se,' ~e r~present !F( r) nea:r 
the poles by the leading terms of the serie~. ' · · · · · 

· , ... I . a · -. • · · 
f(r) = I r-R ~ __ .. -: + J, (3.6) 
· ·~ .+exp~; r.-rp .. · · 

' • • ' - < ' 

where] is a nonpot~ corr~ction. Then, including only the poie term in (3.6). ·at p = 1 we 

obtain .· . ·. _

1
;, 'd [ .( g" (r >)] 

JC±l(r.) = ar. e9(±)(r.) -oo ~ exp - -+ u
2

, (3.7) 

wher~-s~±l = r.- r± .. We putt= u\j-g(~k.)/2, z±_ =::= :....si±l j-g('t_)(r~?J2and get[I4] 

. 00 -t2 

J(±l(r.l,~ -ar: eg(r;) li:o z: ::... t dt ·= i1rar,. eg(r.)w(z±J, (3.8) 

• • OQ -tl () 'j· e . w z = -· ·-. -dt 1r _
00 

Z.:... f '· 
Im z :> 0. .· (3.9) 

Here w is th~ error functions determined, e.g., in [I7]; We have checked that in a particular 
case of the previous example the results of eval~ations of J by (3.4) and (3.8) are in rather 
good coincidence.· 

'4 The pole. metho~ 
When studyingthe integral J(±l, ~q.(2.I4), on~ has.temptati~n to represent them as a 
sum pf residues at t~e .pole~ r; ·~. R ± i1ra(~p -'I)! p =:= i, 2.:. ofthe Fermi function. 
Indeed, supposing that these poles givt; the main contribution to the amplitude, 'we obtain·· 
'' .. ' " . . ' ; . . . . ~ . ' ' 

: .. · . : .. 00 . ± 
JC±) = ~~1riae±iqR L (r;) ~-q7ra(2p-:-; I) eil(rp ), (4.l) 

p=l 

and ~eglecting the contributions of the terms with p > 1, .which are reduced by a fac
tor of e::2q7ra ~ 1 as compared to every previous term, we get the so-called two pole 
approximation 

l "' . .." I < 

· f(O) ='· 2i7ra.";Uo {(r~).:iqR_:._iJC+l ~ .Cr~) e-:~:~·+ iJC-)} e -1raq. : • (4.2) 

·5 



Here, an important role is revealed of the diffuseness parameter a which regulates ihe ex-· 
po~ential slope of the cross. seCtions in the regio~ of the Frallnhofer diffraction ofpartides. 
Then, for. a qualitative interpretation, one can write at R > 1ra the relation J(r:±) ~ J(R) 
and the expression in brackets iii (4.2) becOmes as follows 

{···}= 2iR eil(R) {sinqR+-;_ cotqR}. (4.3) 

This result ~hibits the role of the radius R.which introduces oscillations of amplitudes, 
the typical phenomena ~f diffraction.processes: Here, the phase function I(R) does not 
depend ~n diffuseness a, This kind of behaviour can be obtained in a closed form for a 

. step distribution function fe(r) = e·(R- r)of'ihe potential. In this case; to imitate the 
dependence ofthe phase on a, an additional parameter can be introduced (see, e.g.; [1], 
(9]). But ~ better way to include the a-dependence is to use a more realistic distribution 
function which, at the same time, gives a possibility to calculate the eikonal phase in an 
explicit form. We show the results .of calculatio.ris I for the tra11ezoidal /-function 

Rz-r 
J,(r)= 8(R1- r) + ~S(r- Rt)8(R2 - r), (4.4) 

~here Ll = ll2 ..:_ Rt. R2 = R + Ll/2. Note that at Ll = 4a its derivative f:Cr = R) 
coincides with that for the Fermi function JF(r = R). In this case, the explicit expression 
for the phase integral takes place (II] 

J,(b) = -2{[R;VWz ~62- R. 1 ,jR2 - b2 ;_ ~l;_Rz+ ~]e(R -b)+ 
. 2.!1 . 2.!1 1 2.!1 R1+ J Ri - b2 I 

+ 2.!1 V R'i- b2- 2Llln b . ~(Rt- b)S(Rz- b) . (4.a) [
Rz r;;:;--;; . b2 

Rz + J/4- 62] · } 

We remind that b =: r cos( 0 /2) and 0 i~ the scattering angle: It was. checked nmrierically 
in [11] for the elastic sc.atteririg of 6 Li oii 12C that the approximate expression (4.5) for 
I, describes well behaviour of the exact IF, (3.1) in dependence. of the real .;._·Also. to 
exemplify scattering, a rather good agreement has been obtained bet~ccn both the real 

,and imaginary parts of h and I, respectively, in the·regiori o(complex r which givl'S 
. the ~ain contributions to the considered process. Fig.2 shows the corresponding cross 
sections by the solid lines for the Fermi distribution function fF and by th~ poirits for the 
.fi-distribution (both the ~ross s~tions are the numerical integrations over real r). The 
dashed line5 are the two-pole approximation (9] with the phiiSe ( 4.5) for the trapezoidal 
distribution. It is seen that the two-pole approach with the analytical form ( 4.5) for the 
phase works well at comparab~y large energies. and angles of scattering. . 

· 5 ... Conclusions 

Summarizing the results of investigations of the high energy approximatio~· methods the_ 
followmg conclusions can be made. First, the extended Glauber. formula (2.2) :is working. 
apparently well at both ~mall and large angles of th~ heav:Y ionstattering, however, further 
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Figure 1: Cross sections of 170 +!10 Zr td E = 1430 MeV; The solid and dasl&ed lines 
are numericu/ and t!&e SPM adcuktians .nth t!&e ezact-phase integral {!!.5)/or t!&e Fenni' 
distribution IF and stars - t!&e SPM .nth t!&e ADL-apprrxu:h for phases {3.!!),.(3.5). · 
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Figur~ 3: Comparison with ~periments {20} of the two-pole calculations of the Clastic and 
ind~tic scattering 6 Li +~~ Si (g.s., 2+) at different energies. The modified phases for the 
step distribution'jf;J 'are used. . '• 

,.• 

b' 10 _, 

~ 
., "0 

10 lO 

12C+12c 

.. 

Elab=360Mey 

15 20 25 30 35 , 40 
'l?(deg) 

·Figure 4: Comparison with experiments f!!O] of the· two-pole calculations of the elastic scat
tering 12C +12 C with the trapezoidal distribution ft in the phase integral . 
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investigations are.to be done for:developing analytical methods for its evaluation in the 
explicit form. Second, in analytic:calculations of amplitudes on the complex plane one 
should be careful when selecting approximate ~pressions. for eikonal. phases since they 
can be sufficiently good for the real r but faulty for the complex one..· Third, the standard . 
saddle p~int method for evaluations of thi! fa.Stly oscillating integrals for amplitud~ should c 

be generalized when the saddle points occur close to the int!!gra.D.d poles 0~ the complex 
plane. Fourth, the pole meth~d and its simplified two-pole version are rather attractive 
for applications since they give evid~nt ~a si~ple expressions for amplitud~'of ~lir'ect 
collisions, clever for the physical interpretation of their ~echanisms. 

In the last years, calculations by· the two· pole method have been. carried out for 
scattering and for the nucleon transfers with incident heavy ions, and the results are 
partly summarized in [18]. The:.:inethod.is working well at·doz~ns MeV/riucleo;.; and 
higher of the ion energy. Also, he allows one to resolve the problems connected with 
calculations of the ;ei:oil effects and the 'finite .range. approximation in th~. hea~y ion 
transfer reactions [19]. In those applications a step function fa was taken for evaluations 
of the phases ~ that were then modified to include effects of dimness of the boundary of 
an interaction potential at r = R. The effect of distortion of the relative motion trajectory 
was taken into account by introducing the deflection angle Be' as it 'was explained here in 
the comments to eq.(l.1). ·As a recent example of applicatimis of this approach, Fig.3 
demonstrates calculations [10] of elastic and inelastic scattering of 6 Li. on 28 Si (g.s., 2+) 
at Etab :::::; 318 MeV and 219 Me Vand their c~mparison ~ith experim~rital data [20]. The· 
results from [11] for the trapezoidal distribution function in the phase _integral is shown 
in Fig:4 for elastic scattering 12C+12 Cat E = 360 MeV. The opticalmodel para~eters 
obtained in [IOL [n] occur to be do~e to those in [9] at comparably larger energies. One 
should note that the problem of the a:mbiguous set of the potential parameters. for heavy 
ions i;.stiil'discussed in the literature (see; e.g., [22]). · - ' · '- · 

- . 
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