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1. Introduction 

At the U-300 heavy ion. cyclotron of the Laboratory 
of Nuclear Reactions Kaun and coworkers have measured 
the quasimolecular K X-ray emission obtained in the 
collision systems JiGe + ~~Ge (81 Mev)lt/; Zr, Nb, 
Mo , Rh + 9~Nb (65 MeV, 96 Mel/)1 2 • 3 1 ; La+ 1 l~ La 
(115 Mell)/4, and La + t32,136Xe (120 MeV, 150Mell)/4/. 

Till now only Meyerhof et al. 15 / and Greenberg 
et al. /&/ have reported similar experiments in the region 
of mean atomic numbers Z . There is a considerable 
interest in observing X -rays from quasiatomic systems 
transiently formed in heavy ion bombardments of targets 
of various atomic numbers. The detection of quasimo
lecu1ar X -radiation provides the possibility of investi
gating t}\~ electron shells of superheavy elements with 
Z > 110 7 and of studying in the future quantum elect
rodynamical effects in strong fields/81. However, a lot 
of other effects, e.g., electronic and nuclear bremsstrah
lung, radiative electron capture, two-quanta decay and 
Compton scattering of y -rays occur as competing effects 
in· these measurements 191. It is the purpose of this 
paper to describe calculations, which allow to estimate the 
contributions of the electronic and nuclear bremsstrah
lung to the X-ray spectra measured In references /2,3 I. 
The calculations for bremsstrahlung due to secondary 
electr~s 

1
were carried out using the theory of Folkmann 

et al. 0 
, while for nuclear bremsstrahlung calcula

tions the theory of Alder etal./ll/ was used. Such calcu
lations are of current interest not only regarding the 
aspects of atomic physics described above but also with 
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respect to measurements in ion induced X-ray analysis, 

where bremsstrahlung of secondary electrons and nuclear 

bremsstrahlung highly contribute to the background radia
tion. Therefore, similar evaluations can serve for an 

optimization of the ratio effect /background in such in
vestigations /11 • 12 ~ 

2. Electronic Bremsstrahlung 

2.1. The Differential Cross Section 

According to ref./10 I the differential cross section 
for production of bremsstrahlung from secondary elect
rons by impact of heavy ions ( E 

1
, Z 

1
, A 

1 
) with target 

atoms ( Z 2 , .A 2 ) is given by the formula 

dab(E,E1) ~ da(E.,E
1

) 
--...!' ~ f dES . ..1•"-.~u-!.. 

dE, E, dEs 

dY( Es,E,) 

dE, 
(1) 

da 0 (Es,E 
1
) 

where dEs is the differential cross section 

for production of secondary electrons in the energy inter

val [ E 8, E 8 + dE 81 . by an ion with the incidence ener-

dY(Es,E,) 
gy El, and is the yield of bremsstrah-

dl>, 

lung in the X-ray energy interval [ E,, E, +dE, I, in
duced by an S -electronJlf ~energy Es> E, 

As is shown in ref. 10 
_ the yield is given by 

dY( Es, E,) E S dar ( E
0
,E,) dE 

0 
f 0 -~----'-:---c----:-- ( 2) 

dE, E dE m0
MPA 2 S2 (E

0
) 

r r 

In this formula dar ( E 0 ,E r) 

dE r 
is the differential cross 

section for production of bremsstrahlung in the energy 
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interval [E,, E, + dE r I for an electron with an energy 

E 0 , me' M P • A 2 ~ m 2 is the mass of a target atom 

(me = electron mass, M P ~ 1836.6), and S 2( E 0) is 

the stopping power in energy per mass for the electrons 
dE 0 

in the target material. Hence, the expression M A S (E ) 
me p 2 2 e 

stands for the number of atoms per unit area colliding 

with the electron along the electron path and corresponding 

to the energy loss dE0 
of the electron. 

By inserting equation (2) into (1) one obtains for the 

cross section of secondary electron bremsstrahlung 

dab(E,,E 1) ~ da 0 (E&E 1)_ '%du,(E 0,E,) dE 0 (
3

) 
---:-:,-'---..:.- f dEs J • • 

dEr E, dE 8 E, dE, m.Mp A2S2(E 0) 

As it is done in Folkmann's work/IO/ the cross section 

da (E&E) 
• 1 --- for production of secondary electrons in 
dEs 

heavy ion impact was calculated by means of the bwary 

encounter approximation of Garcia et al. /13/ as11.p'm1ng 

the dominant interaction producing the inner-shell· ioni
zation to be a direct energy exchange between the pro

jectile and the atomic electron in question. In the frame

work of this approximation one obtains for the ionization 

cross section of bound s -shell electrons 

da0 (E&E 1) 

dEll 
~ da(L'.E, \•v2)f(v

2
) dv2 • 

f dEs 
0 

(4) 

where 
da{i\E,v1,v 2) 

dE a is the cross section for the 

exchange of an energy i\ E ~ U8 + E5 between the inci
dent ion and the bound s -electron, whose velocity is 

v2 and whose energy is E2 ~ tm e vi . Us is the 

binding energy on the s -shell. 
For the various cases of energy transfer L'. E this 

cross section is given by the expressions /t3/ 

5 

' 

' 

I 

I 

: 
:! 

>~ 
'i 
.1 -.. 

:r < 

j 
-~ 



da( ~E, vl'v 2) 

dE a 
(Zle2'f 

" -· 3'(M) 3 

3v'2+ v2 
2 2 

vl 0 ::;_ 6E < b, (5a) 

= 6. (Zte2)2 ,(vt+ vifl+(v2-v2)3 
--''--~· . 
(M)

3 viv
2 

b:<:~E<a (5b) 

" (Z1e1
2 

• , vi(vt
2 

+ av;) , a~ ~E. (5c) 
-·- 2 
3 (~E)3 v

1
v

2 
2m• v 2>(m 1-m.,) vl 

= 0, a:;; ~E. 

where 

2m ev 2<(m 1-m.,)vl 

(5d) 

4m m 
a= ~~[E 1 

-4 - E + 
(mt+"'e'f 1 2 2vtv2(ml-me)l, 

4m m 
Ie[E-E 1 

(mt+m/ 1 2-2vlv2(ml-me)l, b (6) 

• [ 2 2~Ejl/2 d. [ 2 2~E jl/2 
VI= v 1-- an v2 = v

2
+- , 

ml me. 

In order to calculate the cross section da (E 0 ,E
1
) 

-L __ using 
dEs 

formula (4) one has to integrate over all velocities v
2 

which occur on the electron shell with the principal quan

tum number s . In this integration we used the Fock 
distribution 

6 

, 

• 

32v~ v: 
0 ' v = 

f( v ) = -- • . 2 2) 4 ' 0 

2 " ( v2 + v o 

as a normalized weight function. 

2.2. Numerical Calculations 

2U8 1/2 
[-] 

m 
e 

(7) 

The program BINARY enables one to evaluate the 

following quantities: da 

1. the cross section --•- corresponding to (4) and 
dEs 

(5) for production of secondary electrons, 

dab 
2. the cross section ~ for bremsstrahlung producti-

r 

on, corresponding to formula (3), 

dNb(E,,Etl 
3. the spectr-a for bremsstrahlung, corres-

dE, 

ponding to formula (8), 

4. the "measured" spectra dN b( E ,, E 1> where 
' ( E,) dE r ' 

' ( E,) represents the efficiency of the detector used 

including the absorber attenuation. 

The integrations in (3) and ( 4) were carried out using 

existing subroutines. For the expressions 
da, 

-w,- and 

dE 0 we have employed the approxi-

m 0 MPA 2S2 (E 0 ) 

mations made by Folkmann et al. /IO I . Further, with 

regard to the forward peaking of the ejected electrons 

and the angular distribution of the measured bremsstrah

lung WI/I have taken into account the assumptions made. in 

ref}lo I. 
The cross section (4) were multiplied by the number 

a 8 of electrons occupying a shell s and summed over 

the shells of interest. Further, the slowing-down lt4 / of 

the ions in the target materials used was considered. 
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For that purpose we supposed the targets to consist of 

N foils of equal thickness. Assuming a constant ion 

energy E 1 inside each foil, for a target placed at 45° 

with respect to the beam direction the bremsstrahlung 

spectra are given by 
b 

dN ( E,,E 1} 
N -Jl(E,lR 1 v da~(E,,E 1

} 

~ l N10N'n 1e l a
8
-- ,(8) 

d~r i= I s=l dE, 

where N JON is the number of incident ions and n 
1 

is the number of atoms per em 2 inside a target foil. 

Finally, the factor exp [-!'( E,} R1 \. takes into conside

ration the absorption for X -radiation of an energy E, 

inside the target. The infinite upper integration limits in 

expressions (3) and (4) have been substituted by finite 

limits in the following way: 

As can be seen from formula (5d) the integrand in ( 4) 

vanishes if a < L\E and 2m 0 v 2 < ( m 
1

- m
0

} vI· Hence, 

one obtains from (3) 

~ d ( } L'>Emax-us L\ } 

f dE a e L\E - f dE da e ( E- AE -

a--- ·a 'Ll max- a. 

E dEIJ E dE 0 
r r 

For the evaluation of L\E max we reexamine rela-

tion (5d). Taking into account m 1 = m
0 

M P • A 
1 

one 

obtains from 2me v2 <( m1 - me} v 1 
after division 

2Us 1/2 
by v0 = [ --1 

me 

v2 M A C 1 E 1 
I /2 

- < ---.JL. __ [ --- I . 
v0 2 MpA1Us 

On the other hand the condition a< i\E 

with the inequality 

v2 2 v2 2E I I /2 

(c-) -c(MPAI- 1} [ MpAr0.5lll + 

2 
2 (MPA It 1} 

+ [ L\E - EJ ~a > 0 , 
0.511 4MpAt 

8 

(9) 

is consistent 

(10) 

• 

(E 1 ,1\E in MeV), yielding finally after division by v0 

v 
(-!.) = 

vo +/-

(~}+ 
vo 

MPA 1 - 1 E1 ~ + MPA 1+1[E 1 L\E+a' ]1/2.(11) 

2 [MAUl - 2 MAU 
p I s p"l s 

is in contradiction to (9), therefore for our pur

v 
· poses only ( _2_) solves the inequality (10) well. 

vo -
Then the quantity i\E max is defined by a'= 0 and by 

using (11) one gets 

M Ac 1 E 1 1/2 2 v 2 

L\Emax = Et-MpAtU 8 [ P [ l - • .:.&.),(12) 

MpA('-1 ~A 1U8 MPA1t1 v0 

Now, the integration of equation (4) will be divided by the 

velocity v2 =. ( ?--> _ . v0 
into two parts of which only 

0 . v 
the integral with the limits [0, ( ...:Z...) • v 0 l 

v -n 
a contribution. The values /\Emu for 

evaluated. by (12) belonging to difierent 

v 
( .:..!.)_ are shown in the table. 

vo 
Table 

gives 

K -shells 
quantities 

E..,ix jkeV as a fUnction of the upper integration limit 

v 2 v in (4). The binding energies of the K-shells 

used 3.re evaluated in accordance wtth the Slater rules./ 16/, 

ts: C+p Al+p Nb+Nb 

E,•lM.V Et•lMeV E1•6SMeV 
0 

10 33.7 71.1 105.9 

20 60:7 134.9 213.3 

30 87.6 198.2 320,6 

40 1143 260,6 4218 
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3. Evaluation of Nuclear Bremsstrahlung 

In ref. lui it is demostrated that the E 1 component 
of nuclear bremsstrahlung has the highest intensity and the 
contributions of higher electrical multipolarities can be 
neglected*. The differential cross section of this compo
nent is 

dab ( E , E ) -8 2 2 Zl Z 2 2 At (13) El r 1 ~ L225x 10 Z 1Z2[-- -] F E,. ~n(~.~. 
dE, A 1 A 2 ·I· 

where ~ is a collision parameter defined by 
Z1Z2 A1 112 

~ ~-2-[---1 
10.008 E 1 

( E 1 in MeV) 

and e is an adiabaticity parameter 
Z Z A112 E' E' 

e~--!._2_1 r [1+2.(-'-)2 + ... 1 
1:?.65(Et-fE;)JI2 32 Ei 

with the abbreviation E~ ~ (I+ A 11A 2) E,. The valu-
es for fE1 (~. 0 aregiveninref/111, table U.3, 
in the classical approximation ~ ~ ~. For all practical 
pur~ses the approximation can be used if ~ 2 100 
(ref. 11

• tiil ). Under the experimental conditions des
cribed in ref. 12, J I for the investigation of the reac
tions Zr, Nb , Mo, Rh + Nb (65 MeV, 96 MeV) this rela-

Z 1 Z 2 2 tion was fullfilled. The factor (- - -A ) in formula 
At 2 

(13) indicates that in a closed system of particles characte
z, 

rlzed by -- ~ con st. no electrical dipole radiation 
AI 

can arise. Higher multipolarities will be important but 
with much slower Intensity and the energy loss of the 
Incident ions Is caused only by recoil effects and Ionization 
processes. 

-------------------------*This Includes also the neglect of Interference effects. 
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The dipole bremsstrahlung Is anisotropic. The angular 
distribution for this radiation Induced by Incident Ions Is 

WE 1( 0) = I + ~ a~ 1 ( 3cos 20 - I) , (14) 

where 0 Is the angle between the beam direction and the 
bremsstrahlung quanta measured. T"'e coefficients 
a~ 1 ( ~ > 100, (;) used are given in ref. t~l. The cross 
section (13) was calculated by the program CONTI making 
USe Of interpolation between the Values f E 1( ~, (; ) given 
In ref. /11/. For the evaluation of fE 1 ( ~, (;) in the 
limits e -• 0 and { » I asymptotic formulae were uti
lized /n7. Taking Into account the significant slowing
down of the Ions In the targets used, as mentioned above, 
we supposed the targets to consist of a number of N thin 
tolls. By assuming a constant ion energy E 1 Inside each 
toll tor a target in 45 geometry, one obtains for the spect
ra of the nuclear bremsstrahlung 

dNEbl(E,, El) 

dE, 

4. Results 

N 
~ NION 

I~ 1 

·f<(E,)Ri daEbiE, .~:I) 
n e ------ • I dE r 

(15) 

For the reactions AI + p (2 MeV) and AI + p 
(3 MeV) In figures la and 1b we compare the differential 
cross sections tor bremsstrahlung evaluated using (8) and 
(15) with the results obtained by Folkmann et al. to I 
Figures 2a and 2b contain the comparison of the cross 
sections tor the collision systems C + p (3 MeV) 
and C + p (5 MeV)(ref. /!2/ ).These figures should 
be .a good proof for the correct work of our programs. 

For the upper Integration limit in formula (4) we have 
chosen v 2 ~ «J v0 (see the table). The Influence otany 
higher Integration limits is of the same order ot magnitude 
as ·the errors of the subroutines used tor the Integration. 
For thebindlngenergles U8 wehayeemployedthe valu
es according to the Slater rules 116 • 
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Fig. Ja,b: The cross sections dE ' for brems-

' 
strahlung of secondary electrons (upper, parabolic curve) 
and nuclear bremsstrahlung (lower curve) tn the reactions 
At + p (2 MeV) and At + p (3 MeV). The full 
lines are the results of Folkmann et al. 11 0 r, · the tri
angles and circles represent the cross sections for nuc
lear and electronic bremsstrahlung, respectively, comput
ed with the programs CONTI and BINARY. 
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Fig. Za, b: The cross sections 
dab ( E r) 

for brems-
dl!. r 

strahlung of secondary electrons(upper,. parabolic curve) 
and nuclear bremsstrahlung (lower curve) in the reactions 
c r p (3 MeV) and C + p (5 Mf~ The full 
lines denote the results of Folkmann et al. '1. For the 
explanation of the other symbols see figs. Ja,b. 
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dN b( E ) 
The contributions ' ( E,) r of both electro-

dE r 

nic and nuclear bremsstrahlung to the X -ray continua 

measured In the reactions Zr, Nb, Mo , Rh + Nb 

(65 MeV) 121 are Illustrated In fig. 3. The triangles 

denote the spectrum of the E I component of nuclear 

bremsstrahlung, the dashed line shows the summed spect

rum of electronic and nuclear bremsstrahlung. In the 

colliding system Nb + Nb no El component can 

arise. Therefore, the dashed line Illustrates only the 

contribution of electronic bremsstrahlung. Fig. 4 shows 

the bremsstrahlung continua obtained In the reaction Zr, 

Nb , Mo + Nb (96 MeV) 13 I. The X -ray spectra 

are normalized to the same ion flux. The triangles and 

circles represent the spectra of the nuclear and electronic 
bremsstrahlung,respectively, whereas the dashed-dotted 

line represents the mean background measured In a delayed 

regime 13 I. Finally the dashed line gives the summed 

spectrum of bremsstrahlung and delayed background. 

Figures 3 and 4 demonstrate that contrary to the sup

position made In ref. 121 the low energy parts ( C 1) 

of the X -ray continua cannot be explained as due to 

the bremsstrahlung of secondary electrons. The yield 

Integral computed for the X -ray energy range between 

16 keV and 30 keV is at least three orders of magnitude 
smaller than the values measured 12 • 3 I. Also the slope is 

wrong. After correcting for the detector efficiency and 

absorber attenuation the linear extrapolation of the spect
ra ( Cl) In a logarithmic representation shows that 

the experimental yield Y(C I} goes downlike E ~· with 

n ~ 20 . This disagrees drastically with the value n < 7 

obtained using formula (8). Taking Into account the results 
of references lt7 I it seems possible to explain the 

feature of the continua ( Cl} by the static approximation 

of the atomic collisions, whereas the continua ( C~ , which 

may extend beyond the united atom limit, may be caused 

by dynamic effects. Further theoretical and experimental 

Investigations are needed to provide evidence for the mole

cular origin of both conspicuous continua. 
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For the collision systems (target, p ) the results o/ 
Folkmann's theory were improved by the experiment 112 , 
whereas for the systems (target, HI ) one expects theo
retical cross sections to be slightly smaller than those 
measured. In these cases one must consider additionally 
the bremsstrahlung due to the bound electrons ejected from 
the incident ions. The ionization cross sections for the 
electron shells of these ions can be computed by formulae 
(4) - (7) in a system, where the ions are at rest and the 

m2 
target atoms have a kinetic energy E 1 = E t· -- · These 

ml 

cross sections were not calculated but their inclusion is 

highly unlikely to account for the high yields Y ( c t) ob
served /2' a/, 

The author would like to thank. Academician G .N .F lerov 
for his support 'to this work and Dr. K.-H.Kaun for help
ful discussions. 
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