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1. INTRODUCTION 

Recently G.F. Bertвch propoвed а claввical heavy ion coll i a i on 
model whi ch mimicв the dynamicв of time-dependent Hartree-Fock the­
ory (TDHF)/1/. 

In thiв model, in addit i on to the relative coordinate r of the 
centerв of mавв of the two nucle i , only one more geometric vari aЬle, 

the rad iuв rneck of а neck j oining the nucle i , iв considered. The 
accelerat i on of the relat i ve coordinate iв macroвcopically given Ьу 

the вum of а Coulomb forc e', а bulk nuclear f orce, and а вurface 

tenвion: .. 
~r= -- -- r FCovl + Fbvll< + .sv~f<иe ( 1 ) 

wi t h ~ be i ng the reduced mавв of the nucle i . Тhеве forceв are ех­

рrевве d вolely i n termв of r and rneck· For the evolut i on of rneck 
а в imple mode l wав веt up, Ьавеd on the reвultв of real l в t ic TDHF 
calculat l onв. Since the TDHF-neck dynamicв iв qu i te different, i n 
the approach and rebound рhавев not only the bulk nuclear force in 
eq. (1) (nucleon flux асrовв the neck) but аlво JP;urface eввentially 
cont r ibute to energy lовв. Roughly half of the total kinetic energy 
lовв (TKEL) can Ье related to the enereJ совt of atretching out the 
fuвe d nucle i into an extended вувtеm with а long neck/11. The later 
вtage of converв ion of deformation energy i nto intrinsic motion of 
the separated fravwents i в not conвidered in thiв model вince it ob­
viouвly dоев not influence tra j ectorieв, ТКЕL, deflection functionв 
and other quantitieв which can Ье calculated i n TDHF. The queвtion 
of whether the i ncluвion of residual nucleon-nucleon interactionв 

into TDHF preventв large dynamical deformationв in the final вtage 
of the coll iвion рrосевв Ьу rapidly convert i ng them into heat iв, 
therefore, out of diвcuввion ав long ав one i в not concerned with 
part i cle emiввion which iв very вenвitive to the nature of the exci­
tat i on. 

А firвt compari son of th i в model with some TDHF-reвultв and 
exper i mental data i ndicates that the main featureв of TDHF are well 
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In the present paper we aim to get а more detailed insight 
into the dynamics of tr1 .ls шodel, snd to test it agsinst recent TDHF 
result s ав well ав other model predictions. 

2 . ТНЕ MODEL 

In this вection we brj.efly describe the model under conside ­
ration, cloвely fo llowlng ref. 111. 

We start wi th the specification of the three forceв entering 
eq. (1 ). 

'rr1e вurfac e force i s juв t the вurface tenвion 6" multiplied 
оу the circumference of the neck: 

7. = r ·2..7Г ~ r 
svrfo<<' ne<l< о r ( 2 ) 

i\. value of 15' = 1. 0 MeV/fш2 taken from the empirical surface energy 
is uвed. 

The bulk nuclear force i в aвsumed to Ье described Ьу the win­
dow formula 121, i . e ., it s tangent ial and longi tudinal componentв are: 

dn N F =--тv 
т Jt т 

F =- 2.dn rn 11 N 
L df; У&.. , 

where 
2. 

cJ п - L о v,.. тт r .. е.к dt - -1Ь )о r 

(3) 

(4) 

is ti1e one - slded flux of partlcleв acroвs the вurface, evalua ted in 
the Fermi gas mode l, f. ~ 0.1 6 fm-3 is the nuc lear matter denвity , 
and VF~ 0.2J с is the Fermi ve l ocity . The quant itieв VTN and v1N 
are the relative tangeпtial and longitudinal velocitieв of the Fermi 
вurfaceв оп the t wo sides of the neck. Taking into account internal 
angular momentum (1 of t he nuc le i (i=a, b) VTN iв defined Ьу 

V,,v:: r.- ~-~ ( 5 ) 
т т Iq Iь 

Неге rT denotes the tangentlal 
• 1/3 1' , I 1 and R1 = 1. 15 " i are 
ar density radi us of nucleus i . 

component of the relative velocity 

the moment of inertia and the nucle­
Aвeuming that the torque on а nucle-

us iв proport i onal to its radius, froш angular momentum conвervation 

foll ows 
е;= ( f;" ; ~ ;~t -~ rrт) R ; j(!(.Q +R~:,) ( 6) 

The шoшents of ine r t i a in в q . (5) are taken to Ье those of ell ip­

so i ds with axes n 1 and ri-i .i/( H 8+Rь ). 

In eq . (3 ) t he relat ive long itudinal velocity of the t wo Fer­
mi s pheres v

1
N is not s i mply taken t o Ье equal to the longitudina l 

2 

component r 1 of the center-of-maвs motion (ав it hав been aввumed 
in 121). Namely, the вhаре of the Fermi surface at the neck poвiti­
on i s determined Ьу the veloc i t ies of the nuclear вurface s at some 
earlier time, when the nucleons that have reached the neck reg ion 
were being reflected from diвtant вurfaces 131. This time delay iв 
approximately taken i nto account Ьу determining v1N(t) from the re-

2. 1 z., с." е • -
lat i on ~ 2.[ ... 
~(v!щ-v,.) =- I"(Vp-VI:) +- А.. Лr(t)+Я, 
wi th 

V0 = ~ ( t - t") с о s ( L1 f) + i;. ( t) 5 i n (А f) 

Дf:: arctctnU·т(t} to/r(t)] J 

t _ 2 Rч " _ --.&z. 
о - v,. J л - ( R,. + R ь) 

-~ ] (7) 

The вecond term in the r.h.s. of eq. (7) deвcribeв the вlowing down 
of the nucleonв in traverвing the nucleuв due to the long range of 
the Coulomb force. The time всаlе of the time delay tD iв веt Ьу the 
tranв i t time t 0 ( а iв t aken t o Ье the вmaller nucleuв). I n ref./1/a 
вtandard value of 

tJ> = 1.5 t 0 ( U ) 

hав been choвen. 
The Coulomb force in the approach phase (where the neck рlау в а 

minor role) ав well as in the f i rвt вtage of the re bound рhаве (ав 

long ав в = r - На - Rь ~ О) iв taken to Ье that of two point char­
geв at d i вtance r. In the f i nal вtage, for в> О, the ву вtеm iв tre­

ated ав two врhеrев jo i ned Ь.У а cylinder, whoвe radiuв iв r neck and 
length iв s. Then, the Coulomb force iв approximated Ьу 

~ e7..r2 .. -i .. )(r .. -.l.,) + (l .. -i ... )l., +-(lь-z:.,}z., + ?.""1. ~ 
(r .. +r.J.z (r .. +f)z (rь+nz (~\. r .. f ... )J 

"1. 
2" = 7Т r.,.<,. J'1 1- , fi! ~ ~ 

F: 
CovL 

(9) 

with 

r = z.,,., ( R .. , .. + i )- z .. .; 
.," ~ ..... -?.., 

Finвlly, to accurately deвcribe grezing colliвionв, the Вавв 
potent i el /4/iв included i n the model before the nuclei touch and 
forш а neck. There iв аlво particle transfer at large distanceв due 
to nucleon tunnellWg under the potential barrier. For the correвpon­
di ng tunnellиg rate dn/dt the вtatic parametrization of ref,/5/ iв 
adopted aввuming that thiв particle flux carrieв the ваше momentum 
ев in eq. (3). 
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Fig .1, Geometry of the Bert8ch model. 

The geometry of the model i8 that 
of three touching circle8 repre8enting 
the two nuclei and а joining neck, 
From Fig , 1 а 8 i mple geometrical rela­

tion can Ье deduced connecting rneck 
wi th н1 , r(t) and с (t): 

' ,, / 

rn~<I<=-{(RQ+Rь+,.+lc.)(f<,.-t-R"-I"+Zc.)(r+Я.-4)c;.;;.r-R.)' -с. (10) 
2.,. 

I n the approach pha8e it i8 a88umed that the growth i n с i8 а 
highly overdamped proces8; 80 the rate at whi ch it change8 i8 pro­
port i onal to the force a880ciated with that coordinate, Hence, 

С= о<./с. ( 11 ) 

The re bound pha8e ha8 completely d i fferent dynamic8,It i8 8everal ti­
me8 а8 l ong а8 t he approach pha8e, 80 hydrodynamical con8ideration8 
are more l i kely to Ье relevant in de8criЬing the overall 8hape. Again, 
i t i s aввumed tha t the motion i 8 overdamped, and th~t the force re8-
po nв i Ьle f or the neck 8hrinkage is proportional to r 1 

r - -в r lt&ck- Г &. 
( 12) 

The parameter8 ~ and р of eq. (11) and (1 2 ) are fitted to TDHF re-
8Ult8 of ref./6/ and u8ed а8 8tandard value8 ( ~ = 0.04 fm/c, 
~ = 1/3). With the8e parameter8 the re8ulta of / 6/are convincingl y 
well reproduced Ьу eq. (11) and (12), 

In accordance wi th the TDHF re8ult8 of / 6/the onaet of t he 
neck i 8 aa8umed t o occur wi th а 8mall time delay of 9 fm/c after t he 
po tential rad ii R. (R. = 1. 25 А1 /3 ) touch. Thia def i ne8 ini tial con-

1 1 
d i t ion8 f or eq8 (11),(1 2 ). 

Sci88ion i 8 treated in t he model а8 the neck becoming hydrody­
namically un8 t aЬle i f i t i 8 too narr ow in r e lation t o it8 length/7/, 

It i8 a88ume d tha t 8C i 88ion occur8 8Uddenly when rneck ~ 1 fm. 

Another mechani8m for neck breakage i 8 when the nuclei re bound 
at. high veloc i t y . An in8taЬi l i ty developa with reзpe ct to denвity 
fluctuationв when the bulk den8ity fall8 below about 2/3 jo • Thi8 

. " " /1 8/ 8eparat1on mechsniam, cal~ed nec§ anapping , i8 8hown to occur 
in mean field theory for r

1 
or v1 exeeding а value of 0,06 с. 
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Fig.2. Time evolution 
of the shape of two col­
liding 238u ions. The 

mass center of one c f 
the ions is fixed. Dot­
ted line: pure Coulomb 

trajectory. Dott-dashed 
line: trajectory cal­
culated in the Bertsch 

model. 

2заu + 2заu 

............... 
О S Юtm 

t~ВOfm.t 

For а given energy and impact parameter the system i8 considered to 
Ье fused if in the rebound phase the rebound velocity decrea8es t o 
zero and becomes negative leading - as in TDНF - to 8ubsequent cycles 

of oscillations in r(t). 
We complete this section with an illuвtration of воmе main 

qualitative features of the model dynamics. 
Figure 2 shows the time evolution of the shape of two colliding 

238u ions at Е = Ь92.5 MeV, 1 . = 300 t. The time i8 scaled from c.m. 1n 
the in8tant where r = 18,6 fm (for larger r а pure Coulomb trajecto-
ry iв used). At t % 80 fm/c the neck (9 fm/c after the potentiзl 
radii touch) ореnв immediately acquiring а finite radiu8. This i8 

connected with the choice of the i nitial value of с0 ав с0 = 
• max~0.5 · (r-Ra- Rь) + 0.1 fm, 0.1 fm} used in the model. Thi8 80-
mewhat arЬitrary choice quarantee8 that the вtarting value of rneck 
for any вувtеmв ав i t iв defined from geometric relationв eq,{10) 

remainв po8itive. Furthermore, i t i8 вufficiently вmall to have no 
significiant phyвical consequenceв ав compared to а zero вtarting va­

lue for rneck' The turni ng po i nt of the colliвion iв reached for abo­
ut t = 130 fm/c and i8 characterized Ьу а quite вhort but thick neck. 
In the long rebound рhаве the neck i в вubвtantially 8tretched and 

sciввion i n the above deвcribed 8еnве occur8 at t z 360 fm/c. 
Next, i n Fig . 3. for the 84кr + 209вi reaction at Е18ъ=600 MeV, 

Lin ~ 180 n, the force8 entering eq. (1) are diвplayed в8 functionв 

of r(t). The difference of Fcoul i n the approach and rebound pha8e8 
i8 j uвt due to the uве of eq. (9) in the latter for S > о. At 
r = rвwitch z 12.5 fm the neck appear8. Ju8t at thiв point several 
di 8continuitie8 in the forceв ariвe. The firвt one iв in the bulk for­
ce which iв вwitched from the tunnell i ng contribution to the force 
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Fig. 3 

The r - dependence 
of the forceв entering 
eq,(1) for а Kr + Bi re­

action. Full lineв: Cou­
lomb force. Dashed line: 
Вввв force. Dott-dashed 
l i ne:вurface force. Long­
-daвhed line: friction for­
ce due to the tunnel flux. 
Three-dott-daвhed l i ne: 
friction force after ope­
n i ng of the neck. 

correaponding to the free flux, eq(4), 
through the neck, starting from а small 
non-zero value. The second one arises in 

replacing the Вавв force Ьу Fвurface 
which аlво вtartв at в smвll non-zero 
value due to the cho i ce of с 0 and, cor­

respondingly, rnecko at r = rвwitch diв­
cusвed above. The attractive вurface 
force iв clearly much вtronger in the 
rebound рhаве than in the approach рhаве 
and, hence, it contributes to the energy 
lовв. The memory effects approximately 
included in the radial fr i ction force 
eq. (3) via v1N(t) from eq.(7) can clear­

ly Ье seen in the figure: Fbulkchangeв 
its sign (from repulвive to attractive) 
only about 0.15 fm after the turning po­
int. In this region it helps to accele­
rate the re bounding ionв, i .e.,haв воmе 

nondiввipat ive part. 
The diвcontinuitieв i n the forceв 

obviouвly are unphyв ic al. They result 
from different phyвi cal inputв for large 
and small diвtanceв in the approach рhвв~ 
which are not sufficiently matched toge t­
her. Fortunately , the two diвcontinu i tieв 

enter the t ot a l force (1) with different 
s ign and, therefore, partially c в ncel 

each other.Moreover , one uвually lookв 
for time- in tegrated quant iti eв which are 

only вl ightly i nfluenced Ьу the j ump of the total force вince for 

r ~ r switch the rad i вl veloc ity (except for near-grazi ng coll i вionв) 

is yet rather lerge в о thвt the вувtеm quickly gоев through the dis-
continuity. 

3 . CONTINUATION OF ТНЕ BULK FORCE 

An improvement of tbe model leading to forceв continuouвly chen­
ging from large to smвll diвtanceв would require а separate inveвti­
gat i on which i в not the obJect of tbe preвent work. However, we have 
found that в оmе formвl but not unphysical procedure of matching tbe 

bulk force at r " rвw i tch "Ьу hand" can g ive а consideraЬle improve-

6 

ment of the agreement with correвponding TDHF predictionв . In thiв 

procedure we вimply choo&e rneck (вnd, correвpondingly, с0 ) in вuch 

в mвnner that Fbulk Ьесоmев continuouв. Since rneck ent erв the bul k 
f orce quadrat i cally, only в вmall enlargement of rneck iв needed to 
yie ld the required effect(compare Fig .3). The вurface force, being 

l i near in rneck' iв аlво вomewhat increaвed в о that it соmев cloвer 
to the Вавв force. Due to the вpecific time dependence of с (eq.(11)) 

the valueв of Fвurface and Fbulk at вmall diвtanceв near the turning 
point are only вli ghtly enlвrged compвred to the вtandвrd verвion Ьу 
вbout 5-1 0 %. 
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Fi g . 4. 
Wilczynвki plot for 
the Kr + Bi reecti ­

on et Еl-вь= 600 MeV 
Deвhed line: ori gi­
nal Dertвch model. 

Full l ine:continuo­
uв bulk fo r ce (f or 
detвilв вее text). 
Dott-deвhed lineв : 

TUHF prediction ta ­
ken from ref./9/. 
The numberв in the 
figu re indicate the 
initiel engular mo­
mentum in uni tв of 1i.. 

In order to demons t rete the effec t of thiв procedure, in Fig . 4 

the Wilczynski plot for the reaction U4кr + 209Bi , Elab = 600 MeV 

pred i cted Ьу the model modified i n the descri bed menner is compared 
with the вtendard version ев well ев wi th TDHF 191. The improveme nt 
of the в greem"nt iв вubs tent iвl. The вuссевв is mainly connected 
with an effective enlargement of the neck rediuв et вmall diвtanceв. 
Since in rer. 111 it wав found that the parametri zation (11 ) and (12) 
вomewhat undereвtimвteв the neck thickneaв at вmall diвtanceв,our 
f ormel procedure aquireв some phy вicel sense. In ref. 111 nearly the 
ваше effect (for the ваше react ion) reвulted after using а zero me ­
mory t i me t D and reduc i ng the Coulomb вccelerвt ion in eq .( 7) Ьу half. 
Altbough the dependence of the model resultв on (вtandard) input pa­
rвmeterв вhould reвlly Ье teвted (вее nex t вection ), this procedure 
вееmв to uв to Ье much more artificial thвn the one described here . 
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The choice of rвwitch at t z 9 fш/с after the potential r adi i 
touch wав determi ned for а вpec if i c reaction c onв idered in /б / and 
uвed ав а вtandard value in the шodel. Clearly , thiв ie а furt her 
point which ne edв to Ье ref i ned вince fo r certai n вyвtems(higher e­

nergieв) t he tunnel flux Ьесоmев ne gat i ve before r = rвwitch iв re­
ached. Correвpondingly , there would Ье а вhort tiшe interval in the 
approach рhаве with an accelerating bulk force. For ехашрlе, thiв i в 

t he севе f or the 1 6о + 93Nb , Elab = 204 MeV react i on for whi ch we 
have performed а model calculation and compared it wi th the TDHF re­
в ultв of ref./101. Al t hough the fuв ion region (30~ ~ f~ 75 Ь) and 
the de ep i nelaвt i c reвultв for l~75 ~ are сlове to TDHF, the def~ 
l ec tion f unct i on and energy lоввев below е = 30 ~ are in diвagree­
шe n t with TDHF. So , for f ~ 3~we found final c.m. energieв around 
130 MeV while TDHF pred ictв valueв around 30 MeV l y ing even below the 
Coulomb barrier i n the entrance channel. We relate thiв to the acce­
l e rat i on ef fec t of the bulk force mentioned above. Our procedure of 
co ntinuat ion dоев not apply here вince the fluxeв would Ье matched 
at nega tive valueв. We appl i ed а вecond verвion of continuation: 

rede fi ne rвwitch to Ье the point where the tunnel flux hав ita шахi­
шuш and t o determine rneck at thiв point to get а continuouв bulk 
force. Thi в, however, giveв а very l8rge neck 8nd conвequently 8 very 
l arge fr ic t i on . Ав а reвult, the fuв ion wi ndow vaniвhe в completely , 
and in the vi c i nity of the fuвion regi on i t hав been obta i ned orbi ­
ti ng . 

Ав а t h ird ve rв ion the шахiшuш value reached Ьу the tunnel flux 
iв uвed unt i l the flux calculated from the neck geoшetry ехсееdв 
th iв value. In th i в севе we could reta i n t he agreeшent with TDHF for 
t ~ 30 Ь and саше down t o valueв around 65 MeV f or t he final с.ш. 
energy in the r eg i on ( ~ 30 Ь. 

In Fig . 4 the diвcont inuity in goi ng from t = 238 ~ to l ower ( 
reшainв t o Ье d i в cuв вe d. For а qual it a tive explanation сошраrе аlво 
F i g . 3 :IшaginelN t o Ье t he вшаllевt 1 for which at each inвtant 

r > rвw i tch ' For thiв iшpact in both the approach and rebound рhа­
вев the ваше Соu 1ошЬ force, Бавв po t ential, and friction force due t o 

t unne11 i ng act. Howe ver, f or 1 = lN - 1 one сrоввев r = rвwitch'i.e., 
а neck арреаrв and although the dynamicв in the approach рhаве iв 
complete1y t he в аше ев f or l N' the rebound рhаве iв eввential1y 
differe nt (вurfac e force inв tead of Бавв force, another Couloшb force 
another bulk fo r ce ) . Thuв, quaвielaв ti c and deep inelaв ti c colliвi­

onв are not unique1y t re at ed i n t he шоdе 1. 
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4. PARAМETER VARIATIONS 

Since the bulk and вurface forceв are eввentially determined Ьу 
the evolution of the neck connecting the colliding ionв, the depen­

·dence of шodel predictionв with reвpect to variationв of the p8raшe­
terв о{. and (!> вhould Ье вtudied more in detail. In pa:rticular, the 
queвtion аriвев whether the valueв ()(. = 0.04 fm/c вnd (3 = 1/3 re­
вulting from 8 fit to the TDHF reвultв of 161 for the 20Врь+208Рь, 
Ес.ш. = 800 MeV re8ct i on at zero iшpact can Ье uвed ав вtandardв over 
а wide range of pro j ectile-target combin8tionв, incident energieв 
and iшpact paraшeterв. 

ТаЬlе 1: Final с.ш. energy , maxiшum neck rad iuв, diвtance of 
сlовевt approach, diвtance at whi ch всiввiоn occurв, 
and interaction tiшe for вeveral coшbinationв of ~ and 
f.J (еqв. (11), (1 2 )) in the reaction 208Рь + 2013рь at 

Ес.ш. = 800 MeV, 1 =О 

1 2 3 4 5 
(вtandard) 

О(. (fш/с) 0.04 0.02 0.08 0.04 0.04 

(3 1/3 1/3 1/3 0.4 0.2 5 

final 
Е с.ш. (MeV) 520. 6 550.4 4U3. 0 575.3 41 8 .0 

шах 

rneck (fш) 4.52 4.32 4.74 4.52 4.52 

Гшin (fш) 12.1 8 12. 1 12. 29 12.1 8 12.1 8 

Гвсi (:!:"ш) 22.7 21.9 23.4 21.0 26.2 

1: (10-.1-fs) 1.48 1.37 1 . 6 1.27 2.09 

In taЬle 1 вevera1 dynaшica1 quantitieв for 5 веtв of paraшe­
terв ос , j3 are quoted for the reaction 208рь + 208рь, 1 = О, 
Е с.ш. = 800 MeV. Ву coшparing the вecond and third column with the 
firвt one(вt8nd8rd V8lueв) it iв вееn th8t for 8 fixed j3 even а 
change of ~ Ьу 8 factor of two hав only а quite вшаll conвequence on 
the evolution of the neck in the approach рhаве (шaxiшum neck radiuв 
rneckшвx, сlовевt diвtance of the ionв rшin) while changeв of 30-40 
MeV in the fina1 с.ш. energy reвult. Thuв, even вшаll uncertaintieв 
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Fig. 5. \Vilczynski plot 
for the вате reaction as 

500 

in Fig. 4. Bertsch model 
predictions for j9 = 1/3 
(full line), fl = 0 . 4 400 

(long- dashed line) , .J3=} 
f: = 0 . 25 (short-dashed 

line), the remaining 
u 

w 

parameters taken to Ье 
the corresponding stan­
dard ones. The numbers 
near the curves denote 
t~г initial angular 
momentum in units of t . 
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in the determination of the geometric neck characteristics in t he 
approach phase from TDHF can lead to subвtantial uncertainties in the 
parameter ~ , which in t urn have appreciaЫe consequences for the 
total energy loвs during the whole r ea c t i on. 

An even more draetic effect reвulte from 25% v ariationв of ~ 
(for fixed вtandard ol ). Fortunately , the di в tance rвci between 
the ionв when в сi в вiоn happenв i в вufficiently вeneitive to j3 and 
во ite extraction from TDHF i в l евв amЬiguouв. Neve rtheleeв, TDHF 
evolutionв for different eyetemв ehoul d yie l d eomewha t different va ­
luee for the parameter (3 • :.> о , i t i e inte r e8ting to comp вre model 
predictione for the par ame ter v a lueв of column8 4 and 5. The corre8-
ponding Wilczyn8ki plotв for the ваше reвction В8 in Fig . 4 вrе вhown 
in Fig. 5. There are quite lв rge deviвtione for medium вnd low im­
pact parametere. In thie con t ext it would Ье intereet i ng to der i ve 
" Ьевt fit" pвrametere ~ вnd (3 from the TDНF cвlcul в tions for vв­
riouв 8yetemв in order to get в feeling of whether there exiete an 
over-вll eet of v в luee d , f which can Ье uвed for вnу 8y8t em or 
not. 

Various TDНF calculвtionв (compare, e . g . /9/) indicвte that in 
the neck region the central den8ity is somewhat вmвller thвn У~ and 
the diffueeneвe of the вurface i8 larger thвn in вtatic nuclei . Cor­
reвpondingly, chвrge den8ity in the neck g& and вurf вc e ten8ion ~ 
8hould effectively Ье eomewhat overe8timated in the Bertech model. 
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This ehould moet clearly Ье eeen for very large вyвtems ( the Cou­
lomb force to Ье e ввential enough ) which ( at leaet in TDHF) fuee in 
eome r egion of i mpact pвrameterв . Then, the cr itical l for fueion 
should 8trongly depend on effective change в in the eurface force 
(i.e. Q ). We have performed model calculationв for the reaction 
208 74 РЬ + Ge, Elab (РЬ) = 1600 MeV and plotted energy lоввев and 
deflection anglee 88 functionв of orЬit a l momentum in Fig . 6 . 
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Fig . 6 . 

Energy lовв and deflection angle for 
the 208рь + 74Ge, ELab (РЬ) = 1600 MeV 
reaction 88 functione of initia l angu­
l ar momentum in compariвon with TDHF/111 
(circlee) and а model prediction of 
r er . 1121 (daehed lineв) . The preвent 
Bert8ch model ca l cul a tione (ful l linee) 
вrе shown for the вtandsrd vвlue 
ь = 1 MeV/fm2 ( 100%) ве wel l ев for 

50, 60 , 65% of it • 

For thiв вystem а recent TDHF calculation/ 11/predicts fu8ion ( сер-
. 262 ~ 

t ure, leвd1ng to 11 4 ) below l crit = 1 1 о ~ while the Bertвch mo-

del y i eldв fusion even for 1 ~ 205 fi . We relate thiв to an overeв ti­

mation of the (attractive) eurface force and repe a ted the cвlculati­
on for amaller valueв of Q вnd ~ n in еqв. (2) and (9). In Fig. 6 we 
included reвults for 65%, 60% вnd 50% of the вtandard vвlueв 
( ~ = 1 ~ ). While the reduction of 2~wав found to have а minor 
effect the lower i ng of ь drввtic вlly changed the picture. In the 
laвt свве no fuвion occure вt all, and forwa1·d 8cвttering turne out 
to Ье роввiЬlе only for grвz ing colliвione . The firв t саве, however, 
comee cloee to TUHF predict i ng а value of lcrit = 121 ~. While with 
decreв8 i ng вurfвce tenв i on the fuвion region вmoothly dесrеввев, we 

hвve obtвined negвtive forward вnglee (onвet of orЬiting ) only for 
ь~ 0.75 MeV/fm2• For ~ vвlueв of вbout 0 . 6 MeV / fm2 the deflec­

t i on function вhоwв в pronounced focu8вing behвviour вв in в recent 
model calculation of r ef. 112/ in the frвmework of вn extended phe­
nomenologi cвl eurface friction model/131 , which вllowe for indepen­
dent dynвmical deformat i ons of the two ione, for fluctuвtione in re-
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lative motion and deformation degreea of freedom 88 well 88 for 
charge and ma8s transfer 114/, For ~ = 0, 65 MeV/fш2 ( ~ 65 %) the 
energy 1088 prediction8 of TDHF are also reproduced quite well, ex­
cept near grazing coll i 8ion8 for which both clB88ical models yield 
а 8Ub8tantial underestimation, Bert8ch/1/related thi8 general di8ad­
vantage of the model to the neglect of deformation degree8 of free­
dom before the nuclei touch, which are importantfor ab8orbing ' energy 
in grazing tra j ectorie8/15/, The pre8ent re8ult8 indicate that TDHF 
8hows а tendency of decreвaing 8Urface ten8ion in very diffuse large 
necks with central den8ity 8omewhat 8Шaller than ~ •• On the other 
hand, owing to the fact8 that 8Uperheavy element8 have not yet been 
found in experiment8, and the inclusion of re8idual two-body inter­
action8 would only increa8e the capture crosв aection, one can con­
clude that TDHF neverthelesa slightly (10-15 %) overeвtimate8 aurfa­
ce tenвion in вuch exotic вувtеш8, If во, the appearance of fu8ion 
(capture) leadine to 8uperheavieв in TDHF could Ье an artifact of 
the theory reвulting from effective nucleon-nucleon forceв deduced 
from bulk propertieв (e,q.,вurface energy) of вtatic nuclei. 

Finally , we conвider the memory time t 0 which iв not unambigu­
ouвly fixed in the model, In one-dimenвional вlаЬ dynamicв it turns 
out to Ье twice t 0/ B/. On the other hand it would Ье equal to t 0 if 
the far surfaceв of the nuclei move with the velocitieв of their 
centerв of шавв. However, there will аlво Ье some delay in the mot i ­
on of the far вurfaceв with reвpect to the шввв center8, There fo re, 

in / 1/the value of eq, ( 8 ) wав choвen ав а standard one. In order to 
eatimate the dependence of model predictions on variationв of t 0 we 
have performeй calculationв for the reaction pre8ented in Fig .2 
with t 0 = 1.5 t 0 ав well ав with tD = 0.9 t 0 • 

238u.238u, Ecm •892 5МeV, Lin · :JXI1'1 

! l"""" ";'~ 'б" ~-~~-=------ 1 
... ~ 2.5 / 1 --.::::.::.:.>--- - -- ._ 
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~ 800 ' J 700 ':::":..:-::-:.-.. __ 
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Fig.7. 

Time evolution of neck radiuв r neck' 
вeparat ion diatance r , orbital angu­
lar momentum L, and the total с.ш. Ki­
netic energy projected to infinite se­
paration Е. , for the reaction preвen­
ted in Fig.2, Full lineв: tD=1.5 t 0 
Daвhed lineв: tD=0.9 t 0 • Dott-daвhed li­
neв: TDHFB predictionв, taken from 
ref./161, For clearneвв the TDHFB curve 
for Е~ i8 вhifted upwardв Ьу 30 MeV. 
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In Fig .7 correвponding reвultв are вhown i n compariвon with TDHFB 
predictionв of 1161. While in the вtandard verвion the neck radiuв, 
interaction time and the final energy lовв Ес.ш. (t=O)- E 00 (t~ao 
are вomewhat undereвtimated, the predictionв for the вmaller value 
соше cloвer to TDHFB. Thiв iв Ьесаuве а larger memory time implieв 
that the ~увtеш bounceв more elaвtically / 1/. The final total angu­
lar momentum only вlightly dependв on the choice of tD. In both са­
вев, ав in TDHFB, а rapid approach to equilibrium occura. While for 
tD = 1.5 t

0 
the rigid clutching value iв not quite reached, the equ­

il i brium L value for tD = 0,9 t
0 

iв even вomewhat вmaller, Thiв iв 

connected with the uве of шошеntв of inertia for rigid ellipaoidв in 
eq. (5) inвtead of thoвe of rigid вpherea. Although we found that а 

decreaвe of tD improveв the agreement with mean- field predictionв 
it dоев not neceввarily mean that а шешоrу time вmaller than the 
вtandard value вhould Ье uвed in the model вince there are воше more 
effect8 in the ваше direction ав diвcuввed above. 

5. COМPARISON WITH ОТНЕR MODELS AND EXPERIМENTAL DATA 

Since the Bertвch model heavily relieв on the nucleon fluxeв 
асrовв the neck вв well ав on different deformationв in the entrance 
1 exit channelв to Ье the Ьввiс mechanismв of relative-motion - e.ner­
gy lовв, it is of intereвt to compare it with other claввical modelв 
which аlво uве а вoft (proximity ) friction 121 and include воше вi­
mulation of the neck evolution ( i,e . deformationв). 

Ав an example, we compare with predictions of ref./17/ for the 
1 36хе + 209вi, Elab = 1130 MeV and 84кr + 

209вi, Elab = 600 MeV re­
actionв.In that model the ionв а~е allowed to have growing prolate 

deformationв in the exit channel. 

Fig , b • 

Deflection angle ав а funct i on of initial 
orbital angular momentum for the 
1 36хе + 209вi and 84кr + 209вi reactionв 
at ELab = 1130 MeV and 600 MeV, reвpec­

l ively . Full lineв: preae nt Bertach mo­

del calculationa. 
Daahed linea: model predictiona taken 
from ref./171, Fo r detaila вее text. 
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Final kinetic energy ав в function of 
init i al orbital шoшentum for the ваше 
reactiona ав in Fig . 8 . Full and daahed 
linea hвve the ваше шeвning ав in Fig . 8 . 
Do tt-dвahed line: шodel prediction of 
ref ./17/ without deforшвtion. Dotted 

l i ne вnd full circlea: reвulta of ex­
periшental вnalyae a of refa./19/ вnd 
1201, reapectively. 

The uae of t he proximity potential / 1 В/ вnd one-body diaaipation le­

avea no rоош for free рвrвшеtеrв. Particle tranafer and tharшal fluc­
tuat i ona are alao l ncluded oppoaite t o the Bert ac h шodel. They вho­
uld, however, have no aubatвntial influence on the firat momenta of 
deflection anglea and final kinet i c energiea abown in Figa. u and 9 
ав functiona of i nit la l orЫtal momentum. А good agreement between 
both model predictiona can Ье atated. Тhere are, however, aome devi­
ationa in the 84кr + 209вi свае where the Bertach model yields more 
forwвrd angleв and larger energy lоввев for interшediate impactв. 

J eemingly, i n thiв свае the вurface force in the Bertвch model, con­
nected with an energy lовв, hав а larger effect than that of diffe­
rent proximity potent ialв in the entrance (врhеrев) and exit(prolate 
deformat i ona) channelв in ref. / 17/, Energy lоввев reaulting from ex­
perimental analyaeв of refs ./19• 201 are аlво ahown in Fi g .9. Al tho ­
ugh, the e xper imental data aeem to indicate too large daшping for 
intermediate L in bo t h modelв, а compariвon with the experimental 
energy - angular correlationв/20/(вee Fig .11) вhоwв that the Bertecb 
model giveв good average agreement with the experimental сrовв вe c­
tionв. Thia diecrepancy ariaea froш t he preвence of large врге аdв in 

the final energy and angular momentum of the fragments. 

For further c oшpariaon, calculat i ons of 1171 without deforшat i­
on are аlво included in Fig. 9 . It iв clearly вееn that trajectory 
calculat ionв coшpletely fail in thiв свае and cannot reproduce the 
obвerved energy los в . 

We now wiah с ошраrе the Bertвch model with а claaв ic al шodel 
which uвев folding potential and ateeP. fricti on form factors (вurfa­

ce f r iction) in the вpirit of ref ./21 7 and which аlво includeв de-
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forшat ion. То thia aimв we choose the шode l of r ef . / 14/( ae e аlв о 
diвcuв в ion to Fig . 6 ) which a llowa for independent quadrupole de ­

forшations of both iona . 

"" 

300 

~ "" 
-Е 

uY 

"" 

86Кr + 139La 

ELDЬ·610МeV 

]._ 

Fig .1 0 . 

Wilczynaki plot for the 
86кr + 139La, ELab = 610 MeV 
reaction . Experiment a l data 
( thin linea) are taken froш 
ref ./221 . Daahed lineв : model 
predict i ona of ref ./14/ with (1 ) 

and without ( 2 ) defor mation . 
Thick fu l l line: preвent Bertach 
model predict iona . Circ leв:TDHF 
predi ctions of ref ./23/ . 

Dott - da s hed line : model predic ­
t i on of ref ./25 /( time-depen­

dent nuclear potential but no 
___.--- deformation) . r'or detaila а ее 

юо о- У w w f!IJ" 100'" 1ю- text . 
8c.m. 

In Fig . 10 the correвpond ing reвulta with and without deformation 
are compared with the Bertsch mode l prediction and experiшental 
douЫe -differnetial cross aections / 221. The influence of the defor­
mat i on iв qualitatively aimilar ав in the свае of Fig . 9 . The re ­
вultв of ref ./14/ with deformation are qui te c lose to the preвent 
calculationa . They are both closer to the averaged experimental va ­
lues than TDНF predictiona of ref ./231. necause of the phenoшenolo­
gical character of the Bertвch model it is hard to find а reaaonab­
le explanat ion f or the energy lоввев to Ье larger than i n TDHF , all 
the more вince in other савев (compare, e . g . , Fig . 4,7) we got oppo­
si te tendenciea . А вimilar good deвcription of the reaction under 
conвiderat ion h ав been repor t ed in ref./24/ uв ing another verвion 
of the aurface fr i ction + deformation model . 

It i a intereвt ing to note that в eemingly part of the additio­
na l energy lовв due t o deformation can already Ье aimulated Ьу 
using different nucl ear potential s in the appr oach and r ebound phase 

f or вpherical nuclei . Thia can Ье вееn from а compariвon with а 
model calcula tion of ref , / 25/(Fig .1 0 ) which us es а вurface friction 
fo rce and а time - de pende nt nuclear potential, вmoothly switching 
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over from а diabatic (proximi ty) to an adiabatic (Woodв-Saxon-ty pe) 
potential i n а characteriвt ic time of about 1О-21 в. In both the 
Bertвch model and that of ref./14/different deformations in the 
entrance and exit channel courвe а correponding aввymmetry not only 
in the nuclear force but аlво in the friction force. Thuв, the ener­
gy losses are st ill larger. 

700 

136Xe+ I09Bi 
Et..oь · 11){)1-11!V 

ec.m. 

Fig .11. 

Wilczynвki plot for the 1 3 6хе + 209вi, 
Е1 Ь = 1130 MeV reaction. Experimental 
da~a (thin lines) are taken from ref.I20/ 
Dashed and dott-daвhed lineв: model pre­
dictions of ref./14/ with and without 

deformation, reвpectively. 
Circles: TDHF predictionв of ref./261. 
Full line: preвent Bertвch model calcu­
lation with continouв bulk force. 

While the Kr + La reaction considered above iв typical for or­
bi ting reactionв, it iв of intereвt to look for а reaction with 
completely different angular behaviour, e. g .,a focuвing reaction 
like 1 36хе + 209вi, Elab = 1130 MeV. Fig.11 вhоwв а compariвon bet­
ween predictions of ref./14/ with and without quadrupole deformati­
onв (вее diвcuвsion to Fig .10), Bertвch model predictionв, TDHF re­
вults of ref. 1261, and experimental energy-angular correlationв 
(Wilczynski plotв)/201. Since in Figв. 8, 9 the result s for the ваше 
reaction uвing the вtandard verвion are already вhown, we plot here 
the modified vereion deвcribed in весt. 3. Concerning the reвultв 
of/14/ we вtate that Ьесаuве deformation аЬвоrЬв energy out of both 
radial and tangential relative motion it again leadв to higher e­
nergy lоввев ав well ав to larger deflection angleв (for comparaЬle 
interact ion timeв). Our reвultв quite well agree whith thoвe of/14/ 
at large and intermediate impacts. However, f or vio lent colliвions 
we go t а вmooth increaвe of the deflection angle whi le а quadrupole 
deformation yielde а decreaвe of the deflection angle for вmalleвt 
L, i.e.,a tendency to orbiting. It i в hard to interprete thiв diв­
crepancy between two quite different phenomenological modelв. Howe­
ver, one cannot exclude that this different angle behaviour giveв uв 
а hint that at вmall impact parameterв bes ideв quadrupole deformati­
on higher mut ipolaritieв come into play. То eome extent t hey are 
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included in the Bertвch model вince а multipole expanвion of the 
neck would give nonzero contibutionв for higher order deformationв, 
the dynamicв of which iв, however, not explicitly deвcribed and вo­
mewhat artificially conвtraint Ьу the geometry choвen in the model. 

б . CONCLUSIONS 

We have performed а detailed inveвtigation of Bertвch's claввi­
cal model for heavy ion colliвionв Ьавеd on the known bulk dynamicв 
of mean- field theory. The main qualitative feature of this model iв 
that the bulk force connected with part i cle tranвfer hав воmе non­
diввipative character due to memory effectв while the potential in­
teraction includeв а вurface force which giveв а contribution to the 
energy loвs originating from different shapeв in the approach and re­
bound рhавев. 

The qualitative agreement with TDНF and more or lевв involved 
phenomenological modelв (each including deformationв) ев well ав with 
experimental data iв encouraging. Some quantitative deviationв from 
experimental data and/or TDHF predictionв can Ье removed to а large 
extent i f the parameterв of the model, which in the вtandard verвion 
are obv iouвly choaen вuitaЬly, are conвidered ав adjuвtaЬle оnев 
without laving phyвically motivated re gions of variation. 

Further theoretical work вhould Ье done in the direction of mo­
tivating different parameter choiceв (or even calculating them in а 
more involved framework) ав well ае of including mавв tranвfer and 
вtatiвtical вpreadingв of obвervaЬle quantitieв in order to get do­
uЬle-d ifferential сrовв вections directly comparaЬle with experimentв. 

Starting from а reaвonaЬle deвcription of the trajectorieв, nec k 
development and particle fluxeв between the ionв, it is also роввiЬlе 
to set up а suff i ciently simple but phyвically well motivated model 
for particle emiвsion at low and intermediate ( ~ 20 MeV/A) incident 
energieв / 271. 
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Максроскопическая модель для столкновения тяжелых ионов, 

мотивированная самосогласлваннь~и расчетами: 

сравнительный анализ 

Детально изучена классическая модель Берча для описания 

столкновений тяжелых ионов, основывающаяся на главных чертах 

приближения, зависящего от времени Хартри-Фока /ЗВХФ/. Эта 
модель хорошо согласуется с ЗВХФ и феноненологическими моделя­

ми, учитывающими степени свободы, связанные с деформацией, 

а также с экспериментальнь~и даннь~и. Некоторые количественные 

отклонения от эксперимента и/или ЗВХФ в большой мере могут 
быть устранены, если рассматривать стандартные параметры моде­

ли как подгоночные в физически разумных пределах вариации. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•ение О&ъедииениого института ядерных исследований. Дубна 1984 

Biedermann М., Madler Р., Reif R. 
TDHF-Motivated Macroscopic Model for Heavy Ion 
Collisions: А Comparative Study 

El-84-415 

А detailed investigation of Bertsch#s classical TDHF­
motivated model for the description of heavy ion collisions 
is performed. The model agrees well with TDHF and phenomenolo­
gical models which include deformation degrees of freedom as 
well as with experimental data.Some quantitative deviations 
from experiment and/or TDHF can Ье removed to а large extent if 
the standard model parameters are considered as adjustaЬle 
parameters in physically reasonaЬle regions of variation. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint lnstitute for Nuclear Research. Dubna 1984 


