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1. Introduction 

The determination of the quantum characteristics of 
spontaneously fissioning isomers is uf great importance 
for the deeper understanding of the fission barrier struc
ture for transuranic elements. Since spontaneous fission 
is as yet the only observable decay of these isomers, 
this problem cannot presently be solved using conventional 
methods based on « , /3 and у -spectroscopy. The 
authors of ref. /l^ made an attempt to study the aniso-
tropy of the angular distribution of spontaneous fission 
fragments from a nucleus oriented in reactions with 
charged particles. The theoretical analysis of ref. / 2 / shows 
that this method provides a real possibility of determining 
the quantum characteristics of isomeric states, in spite of 
some uncertainties due to the choice of the level density 
parameters in the second potential well and the evaluation 
of the hyperfine interaction between nuclear momenta and 
the electron shell. 

Recently in a number of nuclei, e.g., i n 2 3 6 Pu , 2 3 7 P u , 
2 3 8 P u , e t c , a couple of s.f. isomers in each have been 
observed in the second potential wel l / 3 ' 4 / - The ratio of 
the production cross sections for a nucleus in the first and 
second isomeric states in the second potential well and the 
dependence of this ratio on the momentum added to the 
nucleus are functions of the spins of the isomeric states. 
Therefore, the measurement of the isomer ratio permits 
the estimation of the s.f. isomer spin. However it is, as 
a rule, difficult to obtain the exact spin values using this 
method, especially in odd nuclei. For instance, the measu-
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rements oftheisomer|ratiofor 237pu (ref. W) in reactions 
with deuterons and у -particles have led to a variety of 
possible spin values for the two isomeric states. 

It is natural to expect that a combination of the two 
methods (measurements of the isomer ratio and fission 
fragment angular distribution) will permit a more un
ambiguous spin assignment for isomeric states. This 
combined method is expected to be especially efficient for 
even-even isotopes. In this case the spin of the low-lying 
isomeric level is usually equal to zero (1 - K,- 0) and the 
fragment angular distribution corresponding to this parti
cular level should be isotropic. The spin of the higher-lying 
state should only be determined, which is a two-quasipar-
ticle excited state in the second potential well (I -K /0 ) . in 
the present paper the general scheme for calculating the 
population for the two-quasiparticle isomer is developed. 
This scheme may form the basis for calculating both the 
isomer ratio and fission fragment angular distribution. 
A numerical calculation has been performed for 2 3 8 m f Pu.A 
comparison of the calculated results with experimental 
data /*>s/ permits both spin assignment and determination 
of the gamma to s.f. branching ratio for the two-quasipar
ticle s.f. isomer. 

2. A Model for the Population! of 
a Two-Quasiparticle Spontaneously Fissioning 
Isomer 

We consider a reaction of the (a ,xn) type, leading to 
the formation of a couple of s.f. isomers in the second 
potential well of an even-even isotope. The problem 
consists in calculating the relative probability j8 K for 
two-quasiparticle isomer formation and its spin orienta
tion relative to the incident beam direction. The spin 
orientation is described by some distribution function 
fiwfor the nucleus over the spin projection M (M--1,—>+l). 

The model of the population of isomeric states is shown 
in Fig. 1. The dashed lines show the competing fission 
processes. Another possibility of populating isomeric sta-

4 



k+2 

A*i 

Fig. 1. A model for the population of isomeric states in 
the second potential well of an even-even nucleus. 

tes, shown by a dot-dashed line, contributes very little 
and therefore, is neglected in the calculation. The curve 
10 in Fig. 1 shows the probability for the A nucleus produc
tion in the second potential well, as a function of excitation 
energy. The competing fission of this nucleus is taken 
into account by introducing some effective barrier E / * < « / 
so that only the shaded part under this curve populates 
the isomeric states. Since Ef is typically noticeably 
smaller than the first barrier height, the influence of the 
transition from the second potential well back to the 
first potential well after the A nucleus production can be 
neglected. The part of the curve lying between Ei and 
E и populates only the lower isomer. A contribution from 

this part is usually negligibly small. Thus, only the states 
falling into the interval between E и and E f populate 
both the high-lying and low-lying isomers. 
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It is noteworthy that this simplified model may prove 
uncapable of describing well the population process of 
isomeric states at incident particle energies too close to 
the threshold of the reaction leading to a quasiparticle 
isomer. In this instant one can hardly neglect the contri
bution from the E i * Ец part. 

Prior to determining the relative probabilities for these 
isomers to be populated, we note that the effective barrier 
Ef lies only 0.5 MeV above the upper limit of the region 
of two-quasiparticle states in the second potential well. 
Since it may be assumed that the spin projection onto the 
symmetry axis of the nucleus Kj in the energy region 
(Ец* Ef) is a good quantum number, the selection rule 
with respect to Kj is of great importance to the y -tran
sitions populating the isomeric states. This selection 
rule leads to the fact that among the states following 
the evaporation of the last neutron, only those with large 
Kjvaliies populate the two-quasiparticle isomer, while 
the states with small Kj values disintegrate directly into 
the ground state of the second potential well or via the 
/3-and у -bands lying somehow below the region of 

two-quasiparticle states. Like in ref. hi we assume 
the isomer ratio to be equal to the ratio of probabilities 
for states with Kj i К and К j4 К to be formed in the region 
(Ец* E f). It should be noted that this assumption in the 
isomer ratio calculation is in good agreement with the 
experimental results on the two-quasiparticle isor-er 
in !7-«Hf (ref. hi). 

To calculate spin orientation for the two-quasipar-' 
ticle state, a more detailed description of the character 
of у -transitions in the region of two-quasiparticle 
states is required. The decay of states with J,Kj >K to 
a two-quasiparticle state proceeds either through the 
intermediate quasiparticle bands (AJA0,AKj=/0)or the 
rotational levels of one and the same band (AJ^0,AKj4)). 

On the basis of the results of an analysis made in 
refs. / e , 9 / o n e c a n describe the character of these 
transitions in the following way: 
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1. Each of the | J ,KJ>(KJ->K ) s ta tes produced following 
neutron evaporation decays to a two-qu4sipart ic le i somer 
by the only cascade of у - t rans i t ions . 

2. The number of у - t rans i t ions in each cascade is 
considered to be the minimum possible one. 

3. As to cha rac t e r of these t rans i t ions , two var iants 
will be considered, a) Only El t rans i t ions with band 
changes (AKj=l,AJ=l)occur in the f i rs t s tage ofthe cascade. 
This p roces s l as t s until the quantum number К j becomes 
equal to the projection of spin К of the two-quasipart ic le 
i somer . Afterwards the rotation E2 t rans i t ions (AKj=0, AJ=2) 
within the band corresponding to the i somer take place, 
b) All the у - t rans i t ions a r e dipule (E l and Mi). In this 
case the o rde r of sequence of El and Ml does not influence 
the calculated r e s u l t s , which follows from eq. (11). 

3. Determinat ion of I somer Ratio and Spin 
Orientation for a Two-Quasipar t ic le Isomer 

Nuclear s ta tes in different s tages of ' be react ion a r e 
defined by energy E, spin J and spin projection onto the 
beam direction Mi. As has been mentioned above, s ta tes 
in the second potential v/ell of the nucleus A a re a lso 
charac ter ized by spin projection onto the nuclear symmetry 
axis Kj . For determining the i somer rat io and spin 
orientation for a two-quasipar t i d e i somer one should 
calculate success ive ly production probabil i t ies for dif
ferent nuclear s t a tes after each of react ion s tages . The 
dependence of compound-nucleus production probabil i t ies 
on spin j c and the spin projection onto the beam direction 
Mj c has the following form 

= C < 7 ( J c ) / ( 2 I 0 + l ) , 

where С is a normal ized factor, lo is the target nucleus 
spin. The compound nucleus c ro s s section c c is de te r 
mined by the formula 

l M j c l < - i 0 

(1) 

7 



2 2] +1 Jc + 'o 

«U-'Tfrrvl-^1-*- ( 2 ) 

Here % is the wave length of a -particles, Tj (e ) is the 
penetrability coefficient of a -particles with energy ea 

through the target nucleus. 
As is generally done in isomer ratio calculations / 1 0 ^ 

in calculating the distribution of probabilities of compound 
nucleus production after neutron evaporation, it is assumed 
that each evaporated neutron carries oftf a certain average 
amount of energy. Then the probability for a residual 
nucleus to be formed in the |Ejs, J 2 . M J 2 > state after 
evaporation of a neutron from the | E] , J ( , M j > state can be 
calculated by the following formula ' 

0 (E gJ j э 1 3*+* 
?E2W3; N J.MJ, O^J,) " Pl4J.MJi 1 + П/Г. 4 ' I ^ - K 

(3) 

V s тг (Dc 'd i j , м м -M ) 
e=u rs| " 2 ' J 2 J> J 2 

Here N is some unessential factor, Ej and Ё 2

 а г е 

the average excitation energies of the nucleus prior to 
and after neutron evaporation (E|=E +_F + B„, where 
n n is the neutron binding energy), fj (e n ^ _is the pene

tration factor for a neutron with energy e n , С is the 
Clebsch-Gordan. coefficient, fi(E,J)is the nuclear level 
density parameter, which is of the following form 

Q (E,J ) = Q(E) (2J + 1) exp —: , W 
2a2 

where сг2= вц Т/ h2,Tand 9y are the temperature and 
moment of inertia of the nucleus with respect to the axis 
parallel to the nuclear symmetry axis. The expression 
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(—,—г, / ^ — V , i n еЧ- (3) takes into account the spin 1 + 1 f / Г п ь ,j 

dependence of the two competing processes, neutron 
emission and fission. Like in r e f . / n / , the quantities 
(Tf/Ii)Ej a r e calculated using the Fermi gas model for 
the nuclear level density 
, V, v [2a/2(E-Bf-Ef()-l] , % 
( Т ^ Е Г « - - Г = В 7 П П Г — е х р [ 2 а « E - B - - E " ^ -

f '• (5) 
-{E - B f - E j , ) ' 2 ) ] . 
Here a is a spin-independent factor, a is the level 
density parameter of the Fermi gas model, E R and 
E f, are the effective rotational energies of the nucleus 

after neutron evaporation and at the saddle point, res
pectively, Br is the fission barrier height. For the case 
where the nucleus is in the first potential well (the 
A+2 nucleus) the first barrier height can be taken for 
Bf.The effective rotational energies arf defined by the 

equations 

Е П= ТЕГ" J ( 6) m^] 

and 
+ 2 + 2 

E f = — V ( J 2 "K2

f ) + — , Kf (7) 
R 2в1 f 20*11 f 

where 6 .̂ is the moment of inertia of the residual 
nucleus, %l and 6fi are the moments of inertia of the 
nucleus at the saddle point, K£ is the root-mean-square 
projection of the nuclear spin at the saddle point at the 
corresponding excitation energy E-B-The value of K zcan 
be calculated using the known Gaussian distribution over 
spin projection at the saddle point 

_ S K 2 e - * 2 / ' K 2 

K2 . 2 i j ^ J _ _ _ (8) 
i e " K 2 / 2 K o 

Kj=0 
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where-jr» = -5г(-^? —Sf)- T h e d a t a o n t h e parameters? can 
K„ ' ®|| *\ 

be taken from measurements of the angular distribution 
of prompt fission fragments (see, e.g., ref. /12/). 

According to the model shown in fig. l,the A + l nucleus 
is produced after evaporation of a neutron in the first 
potential well. The transition of this nucleus through the 
first barrier into the second potential well can be 
described as follows. At the excitation energy typical 
for the A + l nucleus, which is of the OTder of 10 MeV, the 
states in the first and second potential wells are expected 
to be mixed to a large extent. Therefore, it may be assumed 
that the probability of locating the A + l nucleus in one 
or the other potential well after neutron evaporation will 
be proportional to the appropriate level density. 

As has been noted above, the quantum number Kj plays 
an important role at the final stage of isomer state 
population following the formation of the л nucleus in 
the energy interval (En , E j ) , and the isomer ratio is 
determined as that of probabilities for the formation of 
states with Kj ^K andKj< Kin this energy interval, i.e., 

J *J }Ж J i K j i К J * J 
1 р,к г p I K + 2 x p I K 

, K j < K J K J J < K J K J J > K K j < K J K J 

where Pj KJ is the probability for the nucleus to be 
produced in the state | J ,Ki > after evaporation of the last 
neutron. Since the probability of neutron emission accom
panied by the formation of the | J, Kj> state is independent 
of the quantum number Kj , the value of P j K , (or 
Pj кj м j ) will be proportional to the density of the state 
with spin projection Kj at a given spin J • It may be 
assumed that in the region E n , E{ the Gaussian 
distribution of the level density over Kj, analogous to the 
distribution at the saddle point, also holds, i.e., 
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P J Kj M j - P J Иj 7 e - K 2 / 2 K 2 t - ' ° 0 ) 

K7=O 
where the pa ramete r КД has the same sense a s the 
parameter Kgin formula (8). 

The distribution Pj Kj MJ is used to calculate the 
nuclear spin orientation of the two-quasipart icle s ta te . 
A change in spin orientation by у - t ransi t ions from the 
I J 'Kĵ > state to the IJ"Kj">state is described by the follow
ing formula 

where A is a normalizing factor, L is the у - t r a n s i 
tion multipolarity. It is seen from eq. (11) that a change 
in nuclear spin orientation does not depend on the quantum 
numbers Kj', KJ " or transition type (electr ical or mag
netic). This substantially simplifies the calculation using 
the model described in the previous section. On the basis 
of the recur rence formula (11) one can calculate the func
tion that descr ibes spin orientation for a two-quasipar
ticle i somer . Finally, the angular distribution of fission 
fragments from this i somer ic state can be calculated 
by a formula from ref. 

/ 2 / 
21 

W (в) = 2 n A2v,P2l /(cos<?) (i2) 
where 

1 K-M 
V H ? . / - " f

M C ( H v M - M ) C ( I I 2 i / , K - K ) , (13) 
(K = I ) 

4. Numerical Results 

The numerical calculations of the fission ratio and 
the angular distribution of fission fragments have been 
carried out for the two-quasiparticle isomer 2 3 8 Pu , 
produced in a reaction of the type (a , 2 n ) / 4 ' 5 ^ In these 
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calculations the level density parameters of the Fermi 
gas model were taken from the systematics of Gilbert and 
C a m e r o n / ' 3 / , while the fission barrier parameters 
employed were taken from the paper of Britt et al. / 1 4 / . 
The penetrability coefficients for a -particles and neut
rons have been calculated using the optical potential /lS.ie/. 
The data on the nuclear moments of inertia were taken 
from the calculation of r e f . / 1 7 / . F o r the parameter K§ 
corresponding to the Kj distribution at the saddle point, 
we used the experimental data listed in ref. ' l 2 / . T h e 
parameter К ft (eq. (9)) is varied within reasonable 
limits near the value of KQ corresponding to the region 
of two-quasiparticle excitations (2K^=25 ref. /12/) at 
the saddle point. 

5. Calculated Results and Discussion 

Figure 2 shows the calculated results for the 2 3 8 P u 
isomer ratio. The numerical results are in good agreement 
with experimental data / 4 / i f the two-quasiparticle isomer 
spin is assumed to be equal to4 (l=K=4).The experimen
tal results are lower than the calculated ones at the 
a-particle energy ia = 24 MeV, which is apparently 

attributed to the inapplicability of this model to energies 
close to the reaction threshold (see Section 2). As might 
be expected, the calculated results are slightly sensitive 
to the fission barrier parameters, since we deal here 
with the ratio of cross sections for formation of two 
isomeric states in the same potential well. The dashed 
curves in fig. 2 show to what extent the calculated results 
are sensitive to the parameters describing the nuclear 
level density. The parameter Kjj ^ eq. (10)), corresponding 
to the distribution of the level density over Kj in the 
region (En , Ef), proves most crucial in this respect. 
However it is seen from fig. 2 that an uncertainty in 
the choice of values for this parameter does not influence 
the results of spin assignment for the two-quasiparticle 
isomer on the basis of the experimental data on isomer 
ratio. 
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Fig. 2. The energy dependence of the isomer ratio for 
238 p u . Circles are experimental data taken from ref. */. 

The energy dependence of the anisotropy of the angular 
distribution of fission fragments from the two-quasi-
particle isomer is shown in fig. 7. It is seen from this 
figure to what extent the calculated results are sensitive 
to variations of the parameter K .̂ and to the nature of 
the у -transitions populating the two-quasiparticle isomer. 

The anisotropy experimental values f o r 2 3 8 m ' P u / 5 ' c o r 
respond to the very low spin of the two-quasiparticle 
isomer, (I-K -1,2),and coi.tradict the results based on 
isomer ratio measurements (i-K»4).Under the experimen-

13 



Fig. 3. The anisotropy of the angular distribution of 
fission fragments from the two-quasipariicle isomer of 
гзари. Experimental values are from ref. 'S / .Solidcurves 
correspond to calculation version b), dashed curves stand 
for version a). 
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tal conditions described in ref. / 5 Л the effect of hyperfine 
nuclear interactions on the angular distribution of "fission 
fragments does not seem to play an essential role. There
fore, this discrepancy is most likely to be associated 
with the probability for decay of the two-quasiparticle 
isomer to the ground state of the second potential well, 
which was neglected in the angular distribution calcula
tion. This decay channel yields the isotropic angular 
distribution of fission fragments. There is no difficulty 
in estimating the relative probability Г / Г of this decay 
channel. If one assumes that the two-quasiparticle isomer 
has spin 1 = K=4, the experimental data on the angular 
distribution/ 5/suggest Yy / Г ~2/3. 

In conclusion it should be noted that the calculated 
results presented in figs. 2 and 3 may be helpful for 
estimating the spins of other two-quasiparticle states 
produced by reactions of the type (a,2n). 

The author is deeply grateful to Academician G.N.Fle-
rov for his interest in the work and Yu.P.Gangrsky and 
N.Vilcov for helpful discussions. 
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