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1 Introduction 

Recently. was demonstrated that for a given manifold 9~"v which admits a Killing 
tensor·K~"v we have two types of dual metrics [1]. In [2] a geometric duality 
between a metric 9~"v and its Killing tensor K~"v was diss.cused. The relation was 
generalized to spinning spaces, but only at the expense of introducing torsion. 
The physical interpretation of the dual metrii:s was not clarified [2]. Qn the· 
other hand the geometrical interpretation of Killing tensors was investigated 
in [3]. In [1] geometric duality betwee~ 9~"v ~u'd a Killing tensor K~"v· In this 
case the dual spinning space was constructed without introduction of torsion . 
An interesting class of metrics with Killing-Yano tensor are Einstein's metrics 
of D or N types in Petrov's clasiffication. . 

Taub-NUT geometry is involved in many modern· studies in physics. For 
example the Kaluza-Klein monopole of Gross and Perry [4] and of Sorkin [5] 
was obtained by embedding the Taub-NUT gravitational instanton;iritJ five-' 
dimensional Kaluza-Klein theory. Remarkably, the same object has re-emerged 
in the study of monopole scattering. In the long distance limit, neglecting radi­
ation, the relative motion of the BPS monopoles is described by the geodesics 
of this space [6][7]. The dynamics of well-separated monopoles is completely· 
soluble and has a Kepler type symmetry [8, 9, 10, 11] 

On the other hand the geodesic motion of pseudo-classical spinning parti-
cles in Euclidian Taub-NUT were analised in [12]. · 

Symmetries of extended Taub-NUT metrics recently ~ere investig~ted in 

[13][14][15] . '· 
The aim of this paper is to investigate generic and non-generic symmetries 

of the dual metrics. In section one we present briefly: sorrie notio-n's 'about 
geometric duality. In section two we ihvestigate the symmetries coresponding 
to Taub-NUT dual metrics. · 

In An ex a 1: we present the graphics of the curvature ;in the case' of two · 
pairs of dual metrics.' In' Anexa 2 we write·'down Chrisfoffel sy~bols'·and the 
scalar curvature-for dual metrics. The calculus for all Taub~NUT cietri~s~ere 
provided but due to their huge and complicated expressions w~ cannot write . 
them out in this paper. Nevertheless w~ present two quite interesting cases . 

2 .Geometric Duality 
; . ' .) ·'"· . ' 

. ' :.. ~ .. 

The importance' of symmetries iri th~ descripti~n of physica!syst'e~~ ~~~· h~rdly 
be overestimated. In the case of dynamical systems iri particular, continuous 
symmetries determine the structure of the algebra of observables by Noether's 
theorem, giving rise to c6nsiarits of motion i~ classical ~nechanics and quau'tum 
micibers labeling stationary states ih quantum theory~ Iri a geoni.etrica:l ~\!~: 
ting, symmetries are connected with isometrics associated with Killing vectors 
and, more generally, Killing tensors on the configurations space of the system . 
An example is the motion of a point particle in a space with isometrics [16], 
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which is a physicist's way of studying the geodesic structure of a manifold. 
Contact with the algebraic approach is made through:Liecderivatives and their 
commutators. In (16) such studies were extended to spinning space-times de­
scribed by supersymetric extensions of the geodesic motion, and in (17) it was 
shown that this· can give 'rise to interesting new types of supersymmetry as 
well. 

· Let a space with metric 9"" admits a Killing tensor field I<".,. A Killing 
tensor is a symmetric tensor which satisfies the following relation: 

D>.f<l'v + Dl'f<v>. + Dvf{>.l' = 0 (1) 

where D w • . denote covariant derivatives .. The equation of motion of a particle 
on a geodesic is derived from the action 

S Jd 1 . ·v 
.=:= T29"vx~'x · 

The Hamiltonian has the form H = t9~-<vP"P" The Poisson brackets are 

(2) 

' {x~,_p"} = o; (3) 

The equation of motion for a phase space function F(x,~) can be computed 
fromthe Poisson bracke~s with the Hamiltonian 

F= {F,H} (4) 

From the covariant co~ponents I<"" of the Killing tens~r one ca~ construct a 
constant of motion K, 

1 I' v 
J< = 2J<I'.,p P (5) 

It can'be easy verified that 
{H,K} ,;(j_ (6) ':, 

We have two different ways to investigate the symmetries of the ·manifold. 
First, we consider the metric 9"'" and the Killing tensor I<~'" and second ·we 
consider I<"" like a metric and the Killing tensor 9"". In this paper we will use. 
the duality which exist between 91-<.,and I<"" (1] .. Killing's vectors equations in 
the dualspace have the following (orm (1]. 

D"x" +D., xi'+ 2!{6
" D5I<".,x" = 0 (7) 

where x, are Killing vectors in dual spaces. : 
We suppose that metric 9"" admits a Killing-Yano tensor' f".,.A Killing­

Yano tensor is an antisymmetric tenii()r (17] which satisfies the equations . 

D~J"" + D"fv>. = 0 (8) 

Hence the existence of a Killing Yano tensoi- of the boso~i~ manifold. is 
equivalent to the existence of a supersymmetry for the spinning particle with 
super~harge · · ·. . . . . . 

~ .. \' 
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where H ""~ · = f"v;~ · and, semicolon. denotes, covariant derivative. :Then the 
coresponding Killing-Yano equation in the dual space has the form 

I • • 

. '. ' . . . . 6 . • - . ' . '' . ' ' ' . 6'· .• ; ,. '~- - • ; 

D"fv>. + D.,f"~ + J.,D6l<">. + 2/f D,I<.," + f"D5I<v>. ='0 (10) 

where D represents the covariant derivative corresponding to 9~-<v: . . 
The metric 9!-<v and the dual 'metric I<I'V have the samegem!ric symmetries 

if and only if 
Dd~l'v-i.6 = 0 . (11) 

t.: 

3 Generic and non-generic symmetries 
. . .. · . . . . j '- •.. r l . · .. 

The four-dimensional Taub-NUT metric depends on a parameter m which can 
be positive or negative, depending qn the application; fo~ m > 0 it represents 
anonsingular solution of the self-dual Euclidean equation and as such is in­
terpreted as a gravitational instanton. The standard form of the line element 
IS 

ds 2 ( 1 + 27) (dr2 + r2d8~ +r2 sin2 8dc.p2
) 

+ 4
m

2

/(dtf;+cos8dc.p? 
1 +2m r 

The Killing vector~ for the ,metric {12) hav~the following form: 

where 

D(ll = 

n<2J 

D(3l 

n<4J 

D (aJ - R<"l" a a - 1 · · · 4 
- . "'' - ' ' 

a 
atf; 

a 
ac.p 

. a · · . ·' " a cos 'P a 
sill c.p ·a8 + cos c.p cot _8 ac.p - sin 8 atj; 

a - . · a sin'cf> a 
- COS t.p a8 + Sill t.p cot 8 ac.p - sin 8 atj; 

• 1 . 

" 

(12) 

(13) 

(14) 

{l5) 

(16) 

(17) 

D(1l which generates the U<1l of ..\ translations, commutes with other Killing 
vectors.Th~ remaining three _vect?rs oh,ey all: SU(2) alg~b~a wit~ ., 

•h 

·i!i. . ~ J?.(21, n<Jl] ~: .~ n<4J, et,c ... _· '·;: ,,.(18) 

In the Taub-NUT geometry four Killing-Yano tensors are know to exist [18]. 
\' 
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In this case in 2-form notation the explicit expressions for thef; ~re [18]. 
' 

J; = 4m(dt/J + cosOdcp) 1\ dx;- Eijk (1 + 
2~) dx; 1\ dxk (19) 

Y =;4m_(dt/J +cos Odcp) 1\ dr + 4r (~+m) ( 1 -t' :Y ~inOdO 1\ dcp (20) 

fdi + f;f; = -26;;,fdi- !;!; = 2e;;dk (21) 
I 

A symmetric Killing tensor with respect to this metric is represented by 
the quadratic form 

.; 

dK 2 
= (1 + 

2~) (dr2 + :
2

2(r + m)2 (d~2 + sin2 Odcp2
)) 

4m2 • 
+

1 2 
I (dt/J+cos0dcp) 2

_. + m r · 

,:,· 
(22) 

The inverse matrix of the covariant form from (22) gives the dual line 
element 

ds2 
( 

2m) ( m2r2 ) 
1 +---;:-' dr

2 
+ (r + m)2 (dlP + sin

2 
Odcp

2
) 

4m2 

+ I (d'fil+cos0dcp) 2
• 

1 +2m r · 
(23) 

If we make the transformation for r to a new variable u using the relation 

r 
u =rem (24) 

we find that this metric is a particular form for an extended Tauh-NUT 
metric presented in [13, 14]: 

ds2 = F( u)(du2 + u2 (d0 2 + sin2 Odcp2
)) + G( u)(d?jJ +cos Odcp2

) (25) 

where F( u) and G( u) satisfies a very interesting relation 

G(u)F(u) = 4m2 f(u) (26) 

with f(u) having the expression 

1 r) . --
2 

2r 
f(rem = ·(.!. + ! ) r2e-m 

m. T 

(27) 

The metric has four Killing vectors like a extended Taub-NUT metric [13, '14, 
15]. Using the techniques from [1] the properties of the metric were investi­
gated. Because F(re~') and G(;;;-) have the follo'Wing expression 

F(re~) = f(re~') (1 + 
2~) . (28) 

,4 

.. 

) 

.. 

(' 

and l .. 

. 2 
·lm 

G(r6;q = 1 + 2;' (29) 

After calculations.wc have obtained the following results: The dual metric 
is not a nat m'ctric or con formally nat. It has ·no Rungc-Lenz' vectors. The 
metric do not have Killing-Yano tensors, hut admit the sam~ Killing vectors 
like Taub-NUT. We arc ready now to study u;c syimnetries of all dual Taub: 
NUT metrics 

dK(;J 2 ( 2m) ( m) . -- L+ -. -. 1 +- r;(dr2 + r_2d02 + r 2 sm
2 

Odcp
2

) + 
111 r · r . . 

. . Sm 2 • 2r. ( . 2n~) 2 • 

( I {;(dtiJ + cos0dcp)2 +- 1 +- drdr; 
r 1 +2m _r .. • . m r 

+4 (1+ 2~) .(r x dr);(dtiJ+c~sOd~) (30) 

These conserved quantities define the dual line elements 
·'-'· 

2 -1 . '{ 2m2 ( . 2m) . 2 2 2 2 2. 2 
d.S(i) = 2 ( .. , )

2 
-·- 1 +- r;(dr +r dO +r sin Odcp) 

r;- r+2m r r . . 
. .• . • • . ,. 2 ;· 

··· 8m3(1 + m/r) · 2 ·, • ( 2m) · 
+ ( I )- 7";( dl/> + cos Odcp) + 2m7· 1 +- drdr; 

1 +2m r r 

· ( .. 2m) · 
+4n12 1 +---;:-' (r· x dr);(dl/> + cosOdcp)} · (:ll) 

After calculations we found that the duai metrics from (22) and (2:J) haw 
the same Killing vectors like Taub-NUT metric because rei at ion ( 11) is identi­
cally satisfied. The coresponding metrics for i = 3 in (:JO) and (:Jl) admit two 
Killing vectors (14) and (15).• Fori= 1, 2 we have only one Killiiig \;ector ( 1'1) 
for the corcsponding mctricsfrorn (30) and (31 ). 

Non-generic symmetries arc associated \Vith.thc exisl<;nn· of Killing Yam> 
tensors For this reason we in-vestigated t:hc non-generic symm<'tries of dual 
met.rir.s (22) , (23), (30) and (31 ). 

After tedious calculations we have obtained that all dual md rics ha\'t' no 
Killing-Yano tensors.Uecausc the curvature is not. zero for all dual met rics Wt' 
have no Runge-Lenz vector. Another important observation is I hat· w(· cannot 
construct a dual spinning ~pace fordual 'l'aub-NlJT m;~tric heciu;st"tht'·n· im~ 
no Killing-Yano tensors. Our result .differs from that of (2]. 

',·\·' 
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Annexa 1 

For the metric 

· ( 2m)· ( . ·m2r2 ) 4m2 · 
ds2 = 1+- dr2 + ( )2(d02 +sin20d<p2) + . I (dl!•+cos0d<p) 2

• 
r r+ m 1 +2m r· · 

non-vanishing Ch,ristoffel compone~ts are 

2 
rl = m r2 = m 

11 r(r+2m)' 12 r{r+m){r+2m) 
~' 

r3 - mz r4 - mcos(O) r4 - ___!2!. 
13 -r{r2 +3rm+2m2)' 13 -r2 +3rm+2m2' 14 -r{r+2m) 

rt _ rm4 r 3 _ (r2 -2m2)cos(O) 
22 - (r + m)3(r +2m)' 23 - sin(O)(r + 2m)2 

r4 = 3cos2(0)r2 - r 2 - 4sin2(0)rm- 4m2 
23 2sin(O)(r+2m)2 

r 3 __ (r2 + 2rm + m 2) 4 _ cos(O)(r2 + 2rm + m2) 
24 -

2
sin(O)(r+2m)2' r 24 .-

2
sin(O)(r2 +4rm+4m2) 

rt - - rm3(r2m + llr2m cos2(0) + 4rm2 + 8;m2 cos2(0) +4m3 + 4r3 cos2(0)) 
33 - r 6 + 9r5m + 33r4m2 + 63r3m3 +66r2m4 + 36rm5 + 8m6 ) 

r 2 _ r(3r+4m)cos(O)sin(O) 1 _ =---=-r_m_3_c_o_s(~0.:.,):-----::-
33- , r34 - -4--, 

(r + 2m)2 r 3 + 6r2m + 12rm2 +8m3 

r 2 _
2
(r+m)2sin(O) r' __ 

4 
m3r 

34 - ( r + 2m )2 ' 44 - ( r + 2m )3 

and.the curvature is: 

R=-2 6m2 +3rm+2r2 

· m(r3 + 4r2m + 5rm2 +2m3) 

For the metric 

. ( 2m) ( r
2 

) .· 4m
2 

· dK2 ~ 1+- dr2 +-
2
(r+m) 2(d0 2 +sin2 0d<p2

) + I (d.,P+cosOd<p?. 
·· r m . 1 +2m r 

non-vanishing Christoffel coeficients are 

r~~ = 
m n2= r(r +2m)' 

6 

m2 + 4mr + 2r2 

r(r2 + 3rm +2m2 ) 

t\ 
\f 

.•, 

')·' .. 

! \ I ·. 

'· j \ l 

rk= 

3 m2 + 4rm + 2r2 4 , · cos(0)(3m + 2r) rl3 = , rl3 = __ _,_'-0._ __ ____,_ 
r(r2 + 3rm +2m2 ) r 2 + 3rm +2m2 

r4 - m rt - r(r+m)(m2+4rm+2r2
) 

. 14 -r(r+2m)' 22 - (r+2m)m2 

r 3 _ cos(O)(r4 + 6r3m + 13r2m2 + 12rm3 + 2m4) 
23 - sin(O)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4) 

f4 _ ( COs2( 0) + 1 )(r4 + 677]r3 + 13r2m2 + 12rm3) + 4m4 
23 - 2sin(O)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4) 

4 ' 

r~ = -2 m 4 
sin(O)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4 ) 

r 4 = 2 . m4cos(O) 
24 sin(O)(r4. + 6r3m +-13r2m2 + 12rm3 + 4m4) 

r(2r5 sin2(8) + 14r4msin2(8) + 37~,;2 sin2(8) + .45r2~~ sin2(8) + 24rm4 sin2(8) + 4m5) 

m2(r3 + 6r'm + 12rm• +8m3) 

r~3 = 
r sin(O) cos(O)(r3 + 6r2~·+ 13rm2 +12m3) 

sin(O)(r4 ;t 6r3m + 13r2m2 + 12rm3 + 4m4) 

rt m3r cos( 0) 
34 = - 4-r-=-3_+_6_r-:2:-m-+-12-r-'-m-'-2 +8m3 

r 2 = 2 m
4

sin(O) ··. rt = .:_4 m3r 
34 r4 + 6r3m + 13r2m2 + 12rm3 + 4m4' 44 (r + 2m)3 

and the curvature 

6m3 + 21rm2 + 22r2m + 8r3 
R = 2--::----_:__...,.....,=---_:_---,-,:......:. ___ _ 

2m5 + 9rm4 + 16r2m3 + 14m2r3 + 6r4m + r5 
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Annexa2. 

Figure 1: Ricciscalar plot for metric (22) 

Figure 2: Ricciscalar plot for metric (23) (dual to (22) 

8 

4 Conclusions 

In this paper were investigated the generic and non-generic symmetries of dual 
Taub-NUT metric. The scalarcurvature of Taub-NUT metric is zero ,but the 

coresponding dual metrics have non vanishing· curvatures. The dual Taub-NUT 
metrics have no Killing-Yano te~s~rs. These properties t~ll u~ that we have 
no Runge-Lenz vector for dual Taub-NUT metrics. The dual metrics ]{~v and 
K,w have different topological proper\i~s. o[; th~ other hand the symmetries 
of the dual Taub-NUT metrics depend drastically. on their particular form. 
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