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1 Introduction 
In this paper we found a very interesting connection between Killing-Yano 
tensors[!] and Nambu tensors. Nambu mechanics is a g~neralization of classi
cal Hamiltonian mechanics introduced by Yoichiro Nambu[2].The fundamental 
principles of a canonical form of Nambu's generalized mechanics ; similar to 
the invariant geometrical form of Hamiltonian mechanics , has been given by 
Leon Takhtajan [3).In [4) was demonstrated that several Ham.iltonian systems 
possessing dynamical symmetries can be realized in the Nambu formalism of 
generalized mechanics. Nambu's generalization of mechanics is based upon a 
higher order (n ~ 2) algebraic structure defined on a phase space M. 

Let M be a smooth manifold of dimension n with metric 9ab· 

An r-form field (1 :=::; r :=::; n) TJa 1· .. ar is' said to be a Killing-Yano tensor[l] of 

valence r iff • 
\7 (a1 'T/a 2r··ar = 0 (1) 

here \7 a denotes the covariant derivative and the! parenthesis denote complete 
sumrrietryzation over the components indi~~s'.Acco~ding to (1) the (r -1) form 

field · 
lal "'ar-1 · = 'T/al"'ar-lmP~ 

' '· I' 

(2) 

is parallel transported along affine parametrized geodesics with tangent field 
pa. A symmetric tensor field I<a 1· .. ar is called a Killing tensor of valence r"iff 

\l(al Ka2"'ar) = 0 
,: 

(3) 

This equation (3) ensures that I<m 1 • .. mrPm1 
• • • pmr is a first integral of. the 

geodesic equation. These two generalizations of the Killing vector equation are 
related . Let TJa

1
· .. ar be a Killing-Yano tensor, then tensor field 

I<ab = 'T/a;,
2 

... mr"'m: ... ·mr bis symmetric and proves to be a Killing tensor.~~lled 
the associated Killing tensor. Therefore · ·· · 

lml·"mr-l[ml·"mr-1 = "'ml ... mr-la'T/m2"'mr bPaPb (4) 

is the quadratic first integral generated by I<ab· 

We point out that a Killing-Yano tensor fp.v with covariant derivative zero 
generate a Nambu tensor and any Killing-Yano tensor of order higher than 
two is a Nambu tensor.Because of this very important result all Killing-Yano 
tensors with covariant derivative zero have the same physical and geometrical 
signification. We found that all IGlling-Yano t~nsors fr.om fiat space a Nambu 
tensors. In the case of Kerr-Newmann metric and Taub-NUT metric we found 
that all Killing-Yano tensor or' rank two generate a N~mbu' t~nsor of rank three. 
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2 Nambu Mechanics 

Miscalled a Nambu-Poisson manifold [3] if there exists a Rcmultilinear map 

{, ... ,} : [C<""l] 0 -+ C""(M) (5) 

called a N ambu bracket of order n such that V it, h · · · , hn-
1 

{!1, · · · 'fn} = (- t(u){fu(1)• · · · 'fu(n)} (6) 

{f1h,!J,···,Jn+I} = f1{h,h,···,fn+t} + {it,!J,···.fn+1}h (7) ., 
and 

{ {!1 
+···+ 

= 

'· · · .fn-1,Jn},fn+I, · · · ,hn-d + {/n{/1, · · · fn-1.fn+I},fn+2, · · · ,J2n-d 
Un, · · · .J2n-2 {it,···' fn-1, Un, · · · 'hn-d} 
{!1, · · · .fn-1' {in,···' hn-d} (8) 

The dynamics on a Nambu -Hamiltonian manifold M(i.e. a phase space) is 
determined by n-1 so called Nambu-Hamiltonians H" · · · Hn_ 1 E C""(M) and 
is governed by the following equations of motion 

dt ={f,H"···,Hn-d,VfEC""(M) (9) 

The Nambu bracket isgeometrically realized by the Nambu tensor field 71 E 
AnTM, a section of then-fold exterior power AnTM of a tangent bundle TM, 
such that 

{it,···' fn} = 71{ dit, · · ·, dfn} 
In local coordinates (x1 , · · ·, xn) it becomes 

(10) 

· i .:.;"( ). a a 
ry=ry 1 

. X--. A···A--. 
OX'1 OX'" (11) 

The fundamental identity (8) is equivalent to the following algebraic and dif
ferential constraints on the Nambu tensor 71;1 ···in 

where 

Niti2"'initi2"-in + Niti2i3"·ini1hia···in = 0 

Nit i2···ini1i2 ... in 

+ 
= 'l/'1'2"'in'l/il '"]n + 'l/jnili3'"in'l/itj2'"jn-li2 + ... 

7]~ni2i3 •··in-1 it7]~lj2'''jn-1 in _ '17jni2i3 ···in7]iti2 ···in-1 in 

an'd one differential [2] 

D i2···inil···J·n. ki2···in 0 i1i2···in + ·+ ini2 .. ·in-1k0 i1i2· .. in.-1in 

(12) 

(13) 

: = ., k'l/ • • • ., k'l/ 
'l/ith···in.:.ik0k'l/ini2ia .. ·in = 0 (14) 

It has been shown [6] that the algebraic equations (12) and (13) imply that the 
Nambu tensors are ~composable (as conjectured in [5]) which in particular 
means that they can be written as determinants of the form 

71 i1···in _ ~ VitO] inOn 
., - '--ot···an ·· ·v (15) 
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3 N ambu and Killing-Yano tensors 

In this section we· present the connection between Killing- Yano tensors and 

Nambu tensors. 
Theorem 1 
If a manifold :\t of dimension N admits a Killing-Yano te!1sor ''"" with 

covariant derivative zero then we can construct Killing-Yano tensors of order 

n 

with n = 3, · · · N - 1 
Proof. 

1]1-li" .. Jl.r _ (Ot···Cl'n 1]/J.l Ot·, .. 1]Jlr0n 

Let Thw be a Killing-Yano tensor with covariant zero then m· han• . 
Ih'l/1w = o, Dv(" = o 

(16) 

( 17) 

On the other hand ry 11 ' '" 11" from( 16) is antisymmet ric by construct ion. Then 
the corresponding Killing- Yano equations are 

J)>.'l/1'1 '"iln + [)IIJ 1/>."'iln = 0 (IS) 

From (16) and (17) we can deduce immediately (18). For n = S th<• cor
responding Killing-Yano tensor is proportional to < ;1 ... ;,.. 

QED. . 
Using the fact that for Pvery Killing-Yano tensors 111" ... 1,, we can associate a 
constant of motion we have the following conserved quantities //, /\:1

• /\··&, · · · /\. s. 
where J<i = [{~bPaPb for i = :J, · · · N. 

Theorem 2 
If 17;1 ... ;" is a Killing- Yano tensor with covariant derivative zero t hl•n it IS a 

Narnbu tensor 

Proof. 
If 71

1
w is a. Killing-Ya.no tensor pf order 2 the11 from Thmrem I we can construct 

a Killing-Ya.no tensor of order r 

11 1-'l"""l'n =:: .c. . I/J-'1i1 ... 11 1trir 
• '--11···1n "I 

( 1 !l) 

Let suppose tha.t. \h1Ji1 ... ;, = 0. Then we have the following relations: 

07/i, ... ;, . . 
--- - 1,'1 1710L01 ° 

0 

!.l k -- kmTJ n- • • • I''" 1J'1'""' 
UX km · 

(20) 

The fundamental identity have the following form 

J)i2·"inJI'"jn := ki2"'in[rjl nl"']n + ... rjn I jl'""']+ 
1J km11 km I 
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···+ 7]in···i,._,k[f{';,7Jm···in + ... + r~~l]j,···mj 
7]j, ... j,._,k[rr:,7]mi,i,···in + ri~l]in···m] . (21) 

On the other hand (12)is becomes zero when 7]~" 1 ···J"r is given by (16).Esing this 
fact in the case when the background has no torsion we found after calculations 
that (21) is identically zero. QED 

When a Killing-Yano tensor is a Nambu tensor it has the same geometrical 
interpretation.For every Killing-Yano tensor we can associate a constant of 
motion K = KabPal,where Kab =:; 1Jam,···mr1Jm,···mr 6. 

Using Theorem 2 we put the algebraic constraint (14) in the following form 
··' 

Di>···inii···in _ 1]ki>···in\J1]J1i2 .. -jn + 1]j,.kiJ•··i,.\JkT]jii2 ··Jn-1'2 

+ ... + 1Jj,.;,;, ... ;,._,k\lk7Ji"i,i, ... ;,._,k 

1]iii>···in-I kv kl]j,.;,;, ... ;,. = 0 (22) 

4 Examples 

4.1 Flat Space 

A very interesting example is the flat space. 
Let En+t be a Euclidean space and x.\(,\ = 1 · · · n+1) an orthogonal coordinate 
system. Killing- Yano equations have this form: 

O(J"JVI)V'J···Vn = 0 (23) 

After calculations, from Killing-Yano equations we have the following general 
solutions 

fvt···Vn = XV 9vvl I-'2'"Vn + hvi ···Vn (24) 

where 9vv,···v,. and fvv,···v,. are constant antisymmetric tensors.In the flat case 
all the Killing-Yano tensors are Nambu tensors because relations (12) and (14) 
are satisfied. In this case the associate Killing tensor is 

J(ab = Jav2···vnfv2···Vnb + Jbv2···vnJV2···Vn a 
0 {J( V2···Vn + V'J•·•Vn ) 

X X 9aov2 ···Vn 9 b{J 9bo"2 ···vn9 a{J 

+ X
0

(9a<>I/2""'VnbV>···Vnb + 9obV'J···VnbV'J•••Vna + 9boV'J•""VnbV'J•••Vna + 9c.aV'J·""VnbV'J'··Vnb) 

+ b b V>···Vn b bV>···Vn (25} bv2· .. Vn a + ali2···Vn b ~ 

Because euclidean space has dimension n we have n-2 Killing- Yano ten
sors with valence r = 3 · · · n.Then we have n-2 constants of motions [{~b with 
i = 3, · · · n associated with Killing- Yano tensors .If we take into account and 
the Hamiltonian H we have n-1 constants of motion. 
This property is very important and make the natural connection with Nambu 
mechanics. 
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4.2 Tanh-NUT metric 

In the Taub-NUT geometry four Killing-Yano tensors are know to be exist [8]. 
In this case in 2-form notation the explicitexpression for the J; are [8]. 

J; = 4m(dljJ + cosOdr.p) 1\ dx;- fijk (1 + 
2~) dxi 1\ dxk (26) 

Y = 4m (dljJ + cosOdr.p) 1\ dr + 4r (r + m) (1 + :) sinOdO 1\ dr.p (27) 

The symmetries of extended Taub-NUT metric was investigated in [9]. Let 
consider i = 1 in (26) ·· 

From Theorem 1 and Theorem 2 we found that the independent com-
ponents of Nambu's tensor 7];,;,;, are'7]12\ 7]134 and 7]234 · 

_ sin r.p 134 __ 
4 

cos r.p 
-

4
rmsinO(r+2m)2'7]- rmsin20(r+2m)2 

sinr.p = - 4 -:--:--'-____:_.,..--____,. 
r2m(r + 2m)2 sinO 

7]124 

7]234 (28) 

When i = 2 we obtaining the following results. 

7]124 cos r.p 134 . sin r.p 
= -4 . 0( 2 )2' 1J = 4 . 2 0( )2 rmsm r+ m rmsm r +2m 

4sinr.p 
(29) 7]234 

r 2m(r + 2m)2 sinO 

For i=3 the independent components for Nambu tensor of order 3·are 7]134 a~d 
7]234 

134 4 cos o_ 234 . . cos o ( ) 
1] = - 1] = -4 30 

rmsin2 O(r + 2m)2)' r 2msin2 O(r+ 2m)2 · 

Killing-Yano tensor Y from (27) has not covariant derivative zero but it 
generate a Nambu tensor of order 3. In this case we have the following nonzero 
components for the Nambu tensor 

2(r4 + 4r3m + 6r2m 2 + 4rm3 + m4) 7]234 = . (31) 
m3r 2[- sin2 O(r4 + 16m4) + 8rm cos2 O(r2 + 3rm +4m2)] 

4.3 Kerr-Newmann metric 

The Kerr-Newmann geometry describes a charged spinning black hole; in a 
standard choice of coordinates the metric is given by the following line element: 

D. · sin(Of · . p2 . 
ds 2 = - 2 [dt- asin2(0)dr.p]

2 
+ --2- [(r2 + a2 )dr.p- adt]

2 
+ A dr2 + p2d02(32) 

p p ~ 

;5 
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Here 

~ = r 2 + a2
- 2Mr + Q2

,/ = r 2 + a2
cos

2
(0) (33) 

with Q the background electric charge, and J = M a the total angular 

momentum. 
Killing-Yano tensor for the Kerr-Newmann metric is defined by 

~ fJJ.vdxJl. /\ dxv = a cos 0 dr /\ ( dt - a sin2 0 d<f>) 
2 .~ 

+r sinO dO/\ [-adt + (r2 + a2
)d</>] (31) 

This Killing-Yano tensor have not covariant derivative zero but again gen

erate a N ambu tensor of order 3. 
It has the following nenule components 

cos6 0 sin {)a 7 r 3 r 6 cos3 Oa3 

7]134 = '7]234 = --;:-----
sin20(r2 + a2 )2 sin2 O(r2 + a2 )2 

(35) 

A very interesting problem is quantization of Nambu mechanics when 
Nambu tensor is Killing-Yano tensor. There exist different approaches to
ward a quantization of Nambu mechanics, such a deformation quantization 
in the spirit of [8] and Feynman path integral approach, based on the action 

principle for Nambu mechanics [3]. 
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