


1 Introduction

In this paper we found a very interesting: connection between Killing-Yano
tensors[1] and Nambu tensors. Nambu mechanics is a generalization of classi-
cal Hamiltonian mechanics introduced by Yoichiro Nambu[2].The fundamental
principles of a canonical form of Nambu’s generalized mechanics | similar to
the invariant geometrical form of Hamiltonian mechanics , has been given by
Leon Takhtajan [3].In [4] was demonstrated that several Hamiltonian systems
possessing dynamical symmetries can be realized in the Nambu formalism of
generalized mechanics. Nambu’s generalization of mechanics is based upon a
higher order (n > 2) algebraic structure defined on a phase space M.

Let M be a smooth manifold of dimension n with metric gas-
An r-form field (1 € r < 1) Toy'a, is said to be a Killing-Yano tensor(1] of
valence r iff e = . : P

V(a1 Nagyar = 0 : ‘ : (1)

here ¥/, denotes the covariant derivative zigd'thé%i)grehfthesis denote cor’npvletey'
summetryzation over the components indices. According to (1) the (r—1) form
field o ' i o o

lo)apr = 77u1~-~gr_1mpﬁ (2)
is parallel transported along affine parametrized geodesics with tangent field
p®. A symmetric tensor field Kq,..q, 18 called a Killing tensor of valence rlff ‘

V(a1 I{Gz'"ar) = 9 ) . ‘ (3)
This equation (3) ensures that Koymip™ oo p™ is a first integral of: the
geodesic equation.These two generalizations of the Killing vector equation are
related . Let 74,0, be a Killing-Yano tensor, then tensor field
Kab = Namgom T2 ™7 18 symmetric and proves to be a Killing tensor called .
the associated Killing tensor. Therefore '

g I = T 2™ 507 (4)
is the quadratic first integral generated by Kas. . .
We point out that a Killing-Yano tensor fu, with covariant derivative zero
generate a Nambu tensor and any Killing-Yano terisor of order higher than
two is a Nambu tensor.Because of this very important result. all Killing-Yano -
tensors with covariant derivative zero have the same physical and geometrical
signification. We found that all Killing-Yano tensors from flat space a Nambu
tensors. In the case of Kerr-Newmann metric and Taub-NUT metric we found
that all Killing-Yano tensor of rank two generate a Nambu tensor of rank three.
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2 Nambu Mechanics

M is:‘caue(‘i a Nambﬂ-l_’oisson manifold [3] if there exists a R-multilincar map

o L) 1 6P o o) 5)
called a Nambu bracket of order n such that ¥ i, 2 fanoa
{f11’f"} :(—)P(o){fd(l)i"'1fo(n)} . (6)

{f1f21f37' "1fﬁ+1} = fl{f27f3""1fn;§-l} + {flva,"' ',‘fn+l}f2‘ (7)

and

{{fl 7""fn-—1,fn}afﬂ+i7"' 7f2n—1} + {fn{fla' "fn—l:fn+l}7fn+27"' vf2n—1}

+eeet {fn,;"'7f2n—2 {fla"'7fn—a{fn7"'7 -1
= {fl;"'7fn—1,{fﬂ1"'1f2n—11}} fzn }}

The dynamics on a Nambu -Hamiltonian manj i
& anifold M(i.e. h i
fletermlned by n-1 so called Nambu-Hamiltonians H;, ( i alpe ag’i?ﬁ;():e) lj
is governed by the following equations of motion . .
df
; a = Ut HoVf € 0°(01) ©)
1‘7}3; Eambu b.rack;e‘t is geometrically realized by the Nambu tensor field n €
, a sect - i " ‘
o thot ection of the n-fold exterior power A"TM of a tangent bundle TM,
| | Ui Jul = n{dh, -, df,) (10)
In local coordinates (z?,---, z") it becomes
’ . ,"..;; SN/ g
= p't"in — A A ———
The findame = (z)axil hoh Ozt ()
- Lhe tundamental identity (8) is equivalent to the follow i i
ferential constraints on the Nambu tensor - '(;n e algebral(; <

Nitiz=indiszin + NAviztainisjags-egn 0
where - "
Nuizingijzejn . nilfz---fnﬁir"jn + nfﬁixi'a'“"nniljz-"jn—li'z + i
+ n{nlzla-"in-ﬁx nj;jz"'jn—ﬂ'n . njvl"2i3"'innjljz"'jn;lin ' (13)
and one differential 2] |
o Dirindiin . kiged g weej Fnigeei .
o =g 2 rra&anlz Iyl o antz---ln—x kaknmz'"jn—n'n
— nJlJT"Jn-l kaknjnfzia---in =0
= (14)

Na}:i bien shown [6] that the algebraic equations (12) and (13) imply that the
nan uthensors are decomposable (as conjectured in [5]) which in particular
ns that they can be written as determinants of the form

i1eevin ha .
= 1 tna
n €ayeanV c..pindn

(15)

(8)
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3 Nambu and Killing-Yano tensors

In this scction we present the connection between Killing-Yano tensors and

Nambu tensors.

Theorem 1

If a manifold M of dimension N admits a Killing-Yano tensor 1, with
covariant derivative zero then we can construct Killing-Yano tensors of order
n ’ ' B '
mpow, . piiran (16)

23 RAar 71 S
1 = Coyanll

withn=3,---N -1
Proof.
Let. 7, be a Killing-Yano tensor with covariant zero then we have

Dan = 0,Dp* =0 (]T)

On the other hand n#*"#» from(16) is antisymmetric by construction. Then
the corresponding Killing-Yano equations are o ' '

I)Aﬂm--~un + 1)u17l/\~~~p,. =0 ) . (18)

From (16) and (17) we can deduce immediately (18). For'n = N the cor-
responding Killing-Yano tensor is proportional to ¢ ..i,.
QLED. '
Using the fact that for every Killing-Yano tensors 1., we can associate a
constant of motion we have the following conserved quantities I, K3 K4, K,

where K* = (;bp“pb fori=3,---N.
Theorem 2

If 7]““'“‘ is a Killing-Yano tensor with covariant derivative zero then it is a

Nambu tensor

Proof.
If 5, is a Killing-Yano tensor of order 2 then from Theorem 1 we can construct

a Killing-Yano tensor of order r
trir

.,Il"l"'lln — (il““n"“l‘.‘ ceeq . ‘ (19)

Let suppose that 7z ** = 0. Then we have the following relations:
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et ‘ an n— lk[kanm in+ +I‘1n J1e rn.] .
—- ,7.11 Jn-xk[FJn mipize tn+lvn 77_7'- m] : (‘)l)

"On the other hand (12)is becomes zero when g1 is given by (16).Using this
fact in the case when the background has no torsion we found after caleulations
that (21) is identically zero.QED

When a Killing-Yano tensor is a Nambu tensor it has the same geometrical
interpretation.For every Killing-Yano tensor we can associate a constant of
motlon K = K,p*p®,where K, = Namgeem, 27,

Using Theorem 2 we put the algebraic Lonstramt (14) in the following form

t2-inj1jn . _ kig--i 71323 Jnkiz.i J1J2  n=1i;
D . = nnvn n_"ltﬂn_ ylvkn]2 n~1%2
. Iniziz-in 1k Jnt2i3-in_1k
toet oy Vil
pl1iain-1 Yrrpiriziin = (22)

4 ;Examples

4.1 Flat Space |

A very interesting example is the flat space.
Let £7*! be a Euclidean space and z*(A =1 --- n+1) an orthogonal coordinate
system. Killing-Yano equations have this form:

(9(,‘_)(,,])‘Q...,,,1 =0 : - (23)

~ After calculations, from Killing-Yano equations we have the following general
solutions

f"l “Vn .T: glllllvz lln+h|/1 “Un (24)

whcre Guvg vy, and vy, are constant antisymmetric tensors.In the flat casc
all the Killing-Yano tensors are Nambu tensors because relations (12) and (14)
are satisfied. In this case the associate Killing tensor is

Koy = f‘;;'zmu..f"""""b + Jovgen [0,
_ o g g .
= 292(Gaauy- a9 18 T Goavgwn g aﬂ)
a i bp vp et
+ z (ycu')uq---u,,bu2 v b+ Gabiy vy by a+ gbauz---unbvz v at Gaavy vy by b)

A bbb 4 oy 7275 (25)

Because euclidean space has dimension n we have n-2 Killing-Yano ten-
sors with valence r = 3---n.Then we have n-2 constants of motions K, with
¢ =3,---n associated with Killing-Yano tensors.If we take into account and
the Hamiltonian H we have n-1 constants of motion.

This property is very important and make the natural connection with Nambu
mechanics.

4.2 Taub-NUT metric

In the Taub-NUT geometry fourtKilling-Ya.no tensors are know to be exist [8].
In this case in 2-form notation the explicit expression for the f; are [8].

fi = dm(d + cos8dp) A dz; — €% (1 + ZTm) dz; Adzy - (26)

Y = 4m (d + cos0dip) A dr +4r (r + m) (1+ L) sinfdd Adp  (27)

The symmetries of extended Taub-NUT metrlc was investigated in [9]. Let
consider ¢ = 1 in (26)

From Theorem 1 and Theorem 2 we found that the mdependent com-

ponents of Nambu’s tensor 52 are 77124 134 and 5?3
1 _y sin @ '  cosp
T T N msn (r + 2m)?’ 7 rmsin? 0(r + 2m)?
sing ,
T (29)

r2m(r + 2m)?sin

When 7 = 2 we obtaining the follpwing results.

NIV cos@ ¥ g ‘ sm(,o
rmsin 0(r + 2m)?’ rmsin? O(r + 2m)2
4sin ¢

234 _ . 29

7 r2m(r + 2m)?sin § u (29)
For i=3 the independent components for Nambu tensor of order 3 are 713 fld

7?34
4cosf cosf’ B

134 _ i 234‘_,__4 : _ B R 30

7 rmsin?® 0(r + 2m)?)’ 7 r2m'sin? 0(r + 2m)?" | (30)

Killing-Yano tensor Y from (27) has not covariant derivative zero but it
generate a Nambu tensor of order 3. In this case we have the following nonzero
components for the Nambu tensor 7 ‘

234 2(rt + 4r3m + 6r2m? + 4rm® + m?)

_ : 31
m3r2[—sin? 6(rt + 16m1) + 8rm cos? §(r? + 3rm + 4m?)] (31

4.3 Kerr-Newmann metric

The Kerr-Newmann geometry describes a charged spinning black hole; in a
standard choice of coordinates the metric is given by the following line element:

A . 2,04 12 sin(8) - . 2 PP g e g
ds” =~ [dt — asin®(O)dg]” + =5 [(* + o*)dp — adt]" + Tdr® + p°df (32)



Here
A =12 +a® — 2Mr + Q% p* = r* + a® cos’(0) - (33)

with @ the background electric charge, and J = Ma the total angular

momentum.
Killing-Yano tensor for the Kerr-Newmann metric is defined by

1
§fu,,dz“ Adz’ =a cosfdr A(di—a sin’0d¢)
+r sin0df A [—adt + (r* + a®) d¢) (34)
This Killing-Yano tensor have not covariant derivative zero but again gen-

erate a Nambu tensor of order 3.
Tt has the following nenule components

6 0 cin dgTr? 6 3 fg?
1aa cos®Osinda’r o5 8 cos® fa (35)

= stn20(r? + az)z’n - sin? 8(r? + a?)?

A very interesting problem is quantization of Nambu mechanics when
Nambu tensor is Killing-Yano tensor. There exist different approaches to-
ward a quantization of Nambu mechanics, such a deformation quantization
in the spirit of [8] and Feynman path integral approach, based on the action
principle for Nambu mechanics 3]
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