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1. INTRODUCTION 

The spaces with different (not only by sign) contravariant and covariant affine connections 
and metrics [(Ln,g)-spaces] have, on the one hand, all properties necessary for their use as. 
models of the space-time [2]- [4] and, on theJ other hand, they have interesting properties 
which distinguish 'them from the ustiaf spaces with one affine connection and metrics 
[(Ln,g)-spaces]. A.t the same time, they provide a differential-geometric background for 
considerations analogous in some sense. to that of the hi-connection theory of gravitation 
[1]. 

Contravariant and covariant tensor fields considered over (Ln, g)-spaces have as in 
(Ln,g)-spaces tensor bases constructed by means of tensor products of bases of one and 
the same vector space [tensors of 0 1 ,(M) are constructed by the use of a 0 1 tensor 
product of basic vectors of T,(M), tensors of 01 ,(M) are constructed by the use of 
01 tensor products of basic vectors ofT; (M)]. If the tensor basis of a tensor at a given 
point x E M are constructed by means of basic vectors of two different vector spaces at 
x EM, i. e. if the tensor basis can be represented in the form 

[0"(ea)]0 [01(efi)] , k, lEN , 

where 
0"(ea) = ea, 0 ea, 0 ... 0 ea. , ea, /:r: E N,(M) , 

01(efi) = efi• 0 efi> 0 ... 0 efi• ' efii f:r: E L,(M) , 
dimN,=k, dimL,=l, i=l, ... ,k, j=l, ... ,l, 

and a tensor I< in the given basis at a point x E M can be represented as 

K, =[{A B(x).eAJ:r: 0 eB f:r: , 
eA/:r:=(ea,0ea1 0 ... 0ea.):r:, e /:r:=(efi'0efi>0 ... 0efi•),, 

then K, is called mixed tensor field of rank ®" 1 at a point x E M. If N, ( M) =: T, ( M) 
and L,(M) =: T;(M), the K, is called mixed tensor field with contravariant rank k and 
covariant rank I at a point x E M. 

Definition 1. A mixed tensor field K with contravariant rank k and covariant rank I. 
A tensor field K: x-+ K,(M), K,(M) = K(x) E ®" 1 fr(M) {or K,(M) E (k,I),(M)J, 
®" 1(M) = [®"T(M)] ® [®1T"(M)]. 

2 

© O~beAIIIHeHHbiH IIIHCTIIITYT stAepHblx lllccneAOBaHIIIH. Ay6Ha, 1998 

In a co-ordinate basis a mixed tensor field K can be written in the form 

K=KAB.8A0dxB, 8A=8;,0 ... 08;., !· 

dxB = dxi• 0 ... 0 dxi• , A= it··.ik , B = it--~i1 . 

In a non-co-ordinate basis K will have the form 
.. · A ' .: .. B .· .. ·. · ; .. :. ,;, 

K = K B·eA 0 e , eA = ea, 0 ... 0 ea. , 
eB=efi•0 ... 0efi•, A=at ... a~c, B=f3t···f31· 

(1) 

(2) 

Mixed tensor fields of one and the sariui type. (with _equal c~n~ravariant rank and equal 
covariant rank) fulfil relations determined by the prop~rties cif the tensor product 0 and 
by the properties of the vector spac~s· to which th!densorfields appear as sections: 

1. (K1 +K2) 0 V = Kt0 V +K2@ V, Kt, K2 E 0" 1(M), V E 0; m(M) [distribution 
law with respect to 0"1(M)]. . ·. · . . . . 

2. [{ 0 (Vl + V2) = J( ® Vt + [{ 0 v2 , .Vi I v2 E 0i m (M) [distribution law with respect 
to 0im(M)]. . . . ~· . . . 

' 3. a.K 0 V = a.(K 0 V) = I< 0 a.V ,'a E R [or C, or cr(M)], J(. E 0" 1(M), 
V E 0i,;..(M):. · ·. ,. · 

4. K 0 {3. V = {3.(K 0 V) = {3.K 0 V , {3 E R [or C, 'or cr(M)], K E 0" 1(M), 
V E 0i,n(M). . • 

5. Kt·+ K2 = K3 , K; E 0" 1(M), i = (2, 3. ' · 
6. (a+ {3).I< = a.K + {3.K , K E 0" 1(M), a, {3 E R [or C, or cr(M)J: ·. >:i 
There are some special.tensor,fields related to the action of the contraction operator 

on mixed tensor fields. ' "· 

2. SPECIAL MIXED TENSOR FIELDS 

2.1. Kronecker tensor field. . 
Definition 2. Kronecker tensor field I<r. A mixed tensor field of second rank which 
components in a given basis are equal to the Kronecker symbol 

T? _ ia. ,o. d j _ a ,o. {J nr-9j· 1'<>' X.-9{J·~a"<Ye I Kr E 0 1 t(M) , 

g; = 11, i = j 
jO, i.f.j 

9p = jl, a= {3 
I 0, a#= {3.: 

The properties of the Kro~ecker ·tensor K r are determin.ed by its specific constant 
components in a co-ordinate or.iri a non-co-ordinate basis 

(a) 

(b) 

! f , I : ; -~ ! ' ' ,. {J a' .. {J' . 
l\r=g$.ea®e =9[J•·ea•0e =e~0e0 = 

= g}A0 ,dxi=: g}:.a;.,(i) 'dxi' =·8; ® d:<. 

j', . -·1 

S(I<r) = g$.S(ea 0 ef3) = g$.S(ea! ~fi), = g'p:ffJ.a = r a'=]. 

, Kr(u)=Sfi-y(Kr0u)=Sfi-y(9p·~a0ef3,u'Y.e1)=, 
=g$.u'Y.S(efi,e-y).ea =g$.u'Y.ffJ1 .ea = u'Y.r-y.ea =::/~-y-u'Y.ea = 

=ua.ea=U I ua=fa~.u'Y I. ·u, uET(M).· .· 

---~ .. .,...."" ....... - ' 

: '·: t ;::;.:~~i.!.~!i ill4:Th1JY I 
t"" .~ S1-J:~J_":~ -13.,., .J.\'7!'H·~"!."I' " 's~isjy~·c;,-r~;;;·-~ . 
··- --
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(c) 
p(Kr) = sYa(P® Kr) = sY;,(p-re"'~ 0gf;.ea ® e.B) = 

= P-y·9p·sY ~(e"'~, ea).e.B = P-y·9p·f"Y a·e.B ='= P-y·f"Y p.e.B = 
= P[i·e.B = p, Pfi = f"Y .B·P-y , , p, p E T*(M). 

If s = c, then the properties of K r determine the well known properties of the 
Kronecker symbol: ' 

where 

(a!) 
(bt) 
(c!) 

C(Kr)=gf;.g~=n, dimM=n. 
(Kr)c(u) = u , u E T(M). 

Pc(Kr)::::; P,, ~ET.*(M), 

(Kr)c(u) = c.B -y(Kr ® u) , pc(I<r) = C"'' a(P ® Kr) . 

(4) 

c.B -y is the contraction 'operator C acting on th~ basic veCtor fields ~.B and e-y. 

Action of the covariant differential operator on the Kronecker terisor field. 
The action of the covariant differential operator on the Kronecker tensor field is determined 
by the general conditions for its acting on mixed tensor fields. On the grounds of the 
specific constant components of the Kronecker tensor, the covariant derivative along a 
basic vector field determines the relations between the components of the contravariant 
and the covariant.affine connections. 

The covariant derivative of the components of the Kronecker. tensor field along a basic 
vector field determine the relation between the components of the covariant affine con
nection P and the components of the contravariant affine connection r by the condition 

P;t-y + ff;-y ~ 9ph 
. r• • P}k + ik = 9j;k 

(in a non-co-ordinate basis), 
(in a co-ordinate basis). 

The proof of the last statement follows from the relations· 

\i'{Kr = V"{(gf;.ea ® e.B) = 9pf-y·e"'~.ea ® e.B = 
=V'{(g~.8;®dxi)=g};k·e.8;®dxi, eET(M), 

9pf-y = C-y9p+ f6\·9~ + PJ-y·9't = P;t-y + f.f;-y ' 
e-y9p = 0 .. (in a non-co-ordinate basis), 

9~;k = 9~,k + rik .g~ + PJk·Yi = r~k + Pjk , 
9},k = 0 (in a cO..:ordinate basis). 

(5) 

(6) 

(7) 

(8) 

From (7) and (8), it follows that. the necessary and sufficient conditions for the exis
tence of a covariant affine connection 'p different only.by sing from a contravariant affine 
connection r (i. e. P;t-y = -f$-y• Pjk = -r}k) are the conditions 

9pf-y = 0 (in a non-co-ordinate basis), 
g);k = 0 (in a co-ordinate basis). 

(9) 

From the properties of the Kronecker tensor field and its covariant derivative along an 
arbitrary given contravariant vector field e we can find relations between the components 
of the Kronecker tensor and its covariant derivative. 
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In a co-ordinate basis 
i l - i . i k - i" . 

9t·9j;k - 9j;k • iJ..(9j·9t );m - 2.gl;m • 
(10). 

i k ·_ i k . i k ' . . i k .:..... i . 'i k 
(9j·9l );m- 9j;m·9l + 9j·9l;m • iJ.-(9j·9l );m- 9j;m·gf + 9k·9l;m • (11) 

V'dCik(Kr0Kr)]=Y'(Kr, S=C, 
· (;i lc(Kr0Kr) = Ci k(g~.a; 0dxi0 9~ .ak 0 dx1

) ·, 
(12) 

Ci k(i<r 0 "\]{J{r) =· Y'('Kr , ' S = C, ' 
Ci k(Kr 0 V'{Kr) = Ci k('g~.a; 0 dxi 0 Yt.m-em .ak 0 dx

1
) , . ' 

(13) 

C; 1(V"{K 0 Kr) = J<Ak ~;i·ei.aA 0 dx8 ®8k, s;::;. c, 
. [{Ai B;j·9~ = KAk·B;j ' 

Kr=g~.8k0dx1 , K=KAiB.8A08;0dx8 =KcB.8c0dx
8

. 

(14) 

9~;k = Pjk + r~k is called covariant derivative of the components 9p of the Kronecker 
tensor K r in a co-ordinate basis. • 

Sp~cial c~JSe: i i .,;,_~.P:g~ :8 = d'~' .c:· 

9~;k = Pjk +f~k = 'P,k·Y~, V'{Kr = l/J(e).Kr, ¢(e)= 'P,k-ek. (15) 

The last relation follows from th~ condition for f; i : f; j,k = P1~ .f' i + r~k .Ji t and its 
explicit form. · · 

' ' ). \ 

Acti~n of the Lie differential operator onthe.Kronecker tensor field. The 
action of the Lie differential operator on the Krone~ker tensor field K r is' determined by 
its action on the tensor basis of K r . . 

£{Kr = £dgf; .ea 0 e.B) = (egf;).ea 0 e.B+ 
+ 9p .(£{ea 0 e.B + ea 0·£{e.B) = 9p .(£{ea 0 eP+ ea 0 £{e.B) = (16) 

= £{ea 0 ea + ea ® £{ea ' egf; = 0 . 

On the other side, ... , ; !'' 

9p·£{ea = (- gf;.eaC +gf;.e".C6a "'~).e-y = 
~ -(ep~"'~- e" .C6p "'~).e~-~··£(ep ·, . 

gf; .£{e~ = 9$ .k.B -y(~).e"'~ = ka p(~).e.B = · 
[ ~:a (Pa · + ro C ·a:) ""'~] p · £ a · = ef!..., + ,B-y (!_-y + (!_-y . ., .e . = {e , 

£{Kr = £{ea ® ea :+- ea ® £{ea = -(eaef.:.. f.-y .C-ya .B):e'p ® ea+ 
+ ea ® [ef!..~a: + (P/t-y + r~-y -t C(!_-y 'Oj.~"'~].e.B = (£{gf;).ea ® e.B , 

£{9p = -(ep~~ ,-~"~:.G-yp-a)+ ep('! +(Ph +r~-y + Cp-y 
0}-e"'~ , - . . .. - -

£ a- a t:"'' "'~(t:a "' ·a t:6)·+. a'(6 . T.. 'f t:6)'..:.. {9p-9,Bh'" -9p-o.., h-.L-y6 .... 9-y•O.., /f!..-.(!_6 ...... -. 
= 9pf-y'~-y- (~a /.B- Tp-y a-~"'~)+ (~a/(!_~ '!b a:.~"~) . 

In a co-ordinate basis 
. . .~ ~ ~ . \ ~ 

£{Kr == (£{g~).8; ® dxi , 

£ i - i t:k k ("i .., i t:l) + i (t:k "' k "') -{9j-:- 9j;k'" - 9j . ... ;k- .Lkl .... 9k· ... ;i_- .Lt_l .... -
·_. ( t:k ("; "' ; "') +(t:i T 'tt:l) - 9j;k·O.., - ... ;j- .Ljl .... ... ;i_- t_l .... . 
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(18) 

(19) 

(20) 



Special case: /i i = e"' .g; : S = e"' .C: 

f . k- -<p k 
J. - e . ·9j ' 

i- i k 
£{9j -:- 9j;k·~ J £{Kr = '\l{Kr. (21) 

Action of the curvature operator on the Kronecker tensor field . The action 
of the curvature operator on the Kronecker ·t~nsor field 'determines the relation between 
the components of the contravariant and the covariant curvature tensors. 

In a co-ordinate basis ' · · . ' . ' 

[R(8k,8t}]Kr = [R(8k,8t)](g; . .a; ® dxh= (Ri jkt+ pi ikl).8; ® dxi = 
= (g;;l;k- Y};k/- 9;;m·'llk m):8; ®dxi, 

Ri. · pi. _· i .· . ,· i r, m 
. Jkl + Jkl- 9j;_l;k -.9j;.k;l- Yj;m· lk ' 

P':ikl = -R' ikl + Y};t;k- g_i;k;l-:- 9J;m·'llk m · 

(22) 

(23) 

Action of the deviation operator on the Krone'cker tensor field . The action 
of the deviation operat~r on the Kronecker tensor field. determines the relation' between 
the Lie derivatives of the contravariant and the covariant affine connections. 

In a non-co-ordinate basis 

[£f(~,e-y)]Kr = [£f(~,e-y)](g$.e,.'® ef3) = 
=g$.[£r(~, e-y)](e,. ® ef3) = 9p .{[£r(~, e-y)]e,.} ® ef3+ ( 

" · {[£r(c )] /3} " £ r6· · 13 . . " £ p/3, 6 . 24) tg13 .e,.® . .,,e-ye =g13 . { ,..y.e6®e +g13 .e,.® { 6-y·e = 
. (£ f" £ P" ) . . f3 ' = { /3-y + { /3-y .e,. ® e , 

where 
[£f(~,e-y)]e~ = £€r~-y.e6, [£r(~,e-y)jef3;;, £{Pf.y.e6

. (25) 

In a co-ordinate basis 

[£f(~. 8k)]Kr = (£{r~k + £{Pjk).8; ® dxi . (26) 

The action of the covariantdif£er~ntial operator on a product of an invariant (invariant 
function, form-invariant function) and the Kronecker tensor field is determined by its 
action on a product of a function and a mixed tensor field . . 

'\l{(L.Kr) = ('\1€L).Kr+ L.'\1€Kr = ((L).Kr+ L.('\1€Kr), 
. L'(xk') = L(xk)E(~r(M)', (27) 

where L(xk) is invariant function 'with respect to diffeomorphisms,. which are local 
transformations of the co-ordinates. { x"'}. ·. 

In a co-ordinate basis 
. . 

"VdL.Kr) = (L.g});k.~k.8; ® dxi = (g}.L,k +L.g})J.~k.8; ®dxi, (28) 

(L.g});k = g}.L,k + L.g};k , L,k = L;k , 

(L.gf)J = L.gf;j + L,; I L,; = (L.gf)J - L.gf;j . 
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(29) 

(30) 

The action of the Lie differential operator on a product of an invariant function and 
the Kronecker tensor field is determined by its action on a product of ·a function and a 
mixed tensor field · · · . · 

£€(L.Kr) = (£{L).Kr + L.£{Kr = (~L).Kr + L.(£€Kr) , 
L'(xk') = L(xk) E cr(M) . 

In a co-ordinate basis 

£€(L.g;) = L,k·~k.g;+ 
i k i .i k i i k + L.[gw~ - {~ ;i - Tik .~ ) + (~ ;t.- Ti.k .~ )] . 

Special case: i j = e"' .g; : S = e"' .C: 

£dL.Kr) = "VdL.Kr) , 
£dL.g;) = (L,k..g; + L.g;;k).~k = (L.g;);k.~k. 

(31) 

(32) 

(33) 

2.2. Contraction tensor field. The functions·.!" f3 ( xk) ·and /i i ( ;;k) obtained. as a 
result of the action of the contraction operator on basic vector fields of non-co-ordinate or 
co-ordinate basis have transformation properties of components of a mixed tensor field over 
the manifold M. On this basis the notion of contraction tensor field can be introduced. 

Definition 3. The mixed tensor field Sr = /" 13 .e,. ® ef3 = Ji i .8; ® d~i is called contrac
tion tensor field Sr. 

From the action of the Kronecker tensor field Kr o~ itself, i. e. from 

Kr(Kr) = (g~.e,. ®e~)(g~.e., ® ef3) = s~ .,(g~.e,. ® e~,g~.e., ® ef3) = 
= g~:g~.S(e~ ,e.,).eo ® ef3 = g~.g{J.r .,.e,. ® ef3 = !" 13.e,. ® ef3 = Sr , 

the relation between Kr and Sr follows 

Sr = Kr(Kr). (34) 

The components of the.contraction tensor field Sr obey the conditions for the com
mutation of the contr;:ction operator S with the covariant differential operator 

e-y/" {J = Pt-y./6 13 + f~-y:f" 6, 
i _·"i I l i f j,k- P,k.f i + rjk·f 1 . (35) 

The action of the covariant:' differential operator on 'the contraction tensor field Sr is 
determined by its action on mixed tensor fields a§ well as by th~ relations which have to 
be obeyed by th~ components of Sr in <l. given basis. 

The action of the Lie differential operator on the contraction tensor field Sr is deter
mined by its action on mixed tensor' field of rank'(!, I) [or 01 t(M)]. 

In a co-ordinate basis . 

Sr = f; i·ai ® dxi 1 £{Sr = (£{/i j).8; ® dxi 

£ / i - Ji ck fk (ci "' i cl)'+ /i (ck 1' k cl) { j- j;k·<, - j· <, ;k- l_kl :" k· <, .;t_- i_l .... . 
(36) 
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The action of the curvature operator on the contraction tensor field Sr is determined 
by its standard action on mixed tensor field of second rarik (1, 1). At the same time, on 
the basis of this action, the integrability conditions for the equations of the components 
of the contraction tensor field can be found, if the components of the contravariant and 
covariant affine connections are considered as known (given) functions. 

In a co-ordinate basis 

[R(8k, 8t)]Sr = [R(8k, 81)](li i·8i 0 dxi) = 
= (Jm i·Rimkl+ J.i m·pm ikl).8i 0 dxi = 

= (/i j;l;k- Ji j;k;l- li j;m·Ttk m).8i 0 dxi , 

Ri pi li I; •'' I; .,.. m )kl + jkl = j;l;k - _i;k;l + j;m·'-kl , 

Ri )kl =1m j·Ri mkl , pi jkl = Ji m·pm jkl · 

After some computations we obtain the conditions 

(R" iJ-yo-9'; + P"' u-yo·Yp)-1"" = R" f3-y6·l"'" + P"' u..,o.f" 13 = 
= Rc; f3-yo + P"' p..,o,~ 0 . 

In a co-ordinate basis, the last relation has the form 

(Rm , ; + pi m) In _ nm , I; + pi 1n , _ ;kl·9n nkl•9j _. m - . ;kl· m nkl· J -

= Ri ikl + pi )kl = 0 . 

From the integrability conditions for the equations (35) 

i j,k,l- li j,l,k = 0 ' 

where 
li i,k,l = (P~k,l + P/,k.P::;).r i + (f'Jk,l + fj1.r;:,l)f n+ 

+(P~ 1 .fj1 + P~k·fJI).r m , 

after some simple calculations we can find the relations 

I; i,k,l- lii,l,k = Rm ili<-li m + pinlk·r i = 
= -(Rm ikl·l; m +pi nkl·r il = 0 · -

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

Therefore, the conditions ( 40) appear as integrability c~nditions for the equations 
(35), determining the action of the contraction operator if it commutes with the covariant 

, differential operator. These condition; can be found directly from the conditions (41), if 
the structure of the components of th.e contravariant' and the covariant curvature tensors 
is well known, or they can be obtained if the conditions, following from the commutation 
relations between the contraction operator and the covariant differential operator, are 
impose on the components of the. contraction tensor. . 

The action of the deviation operator on the contraction tensor field is determined by 
its action on mixed tensor fields of second rank (1, 1). 

[£r(~, 8k)]Sr = (11 i·£~rik + li z.£~Pjk).8i 0 dxi . (44) 
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2.3. Multi-Kronecker tensor field. 

Definition 4. The mixed, tensor field M K r = g~ .eA 0 eB = g£ :8c 0 dxD is called multi
Kronecker tensor field of rank l (A = il···il, B = h···il, C = kl···kl, D = ml···ml, 
I= 1, 2, ... , N, l =rank g;{). 

The properties of the multi-Kronecker tensor field are determined by the properties of 
the multi-Kronecker symbol. If we introduce the abbreviations 

MKr=g~.eA0e~. K=Kcv.ec0eD, 
rank MKr = l, rank K = 0 11(M) = (l,l), 

(45) 

the properties of M K r can be proved: 
(a) CB c(M J(r0K) = K = CB c(M Kr, K). CB cis the contraction operatorS= C 

acting on the indices B and C and CB c ( eB, ec) = g~. 
(b) CD A(K 0 M Kr) = K. 
(c) CA D(M Kr 0 K) = K = Kc v.eD 0 ec. 
(d) CA B(M Kr) = n1 

, n = dimM. 
(e) SAB(MKr) = g~.SAB(eA,eB), SAB(eA,eB) = IBA., IB A::::; lj'i,···lj' in 

-1 i, lj' SA (MT.~) ~I =gj,· i., B 1\.r = . 
(f) CB c(M Kr 0 M Kr) = M Kr. 
If we introduce the abbreviations 

MKr=g~.eA0eB, rankMKr=l, 
K=Kcv.ec0eD, rankK=(l,l), 

then the properties of the multi-Kronecker tensor fi~ld can be proved: 
(a) V'dCB c(MKr0K)] = cB c(MKr0V'~K) = V'~K, (g{I<

0 
B)h = g{Kc Bh = 

/{A Bh• (g~.J<C B);k = g~;[{C B;k::::: /{A B;k· , ' , 
(b) CD A.(V'{K 0 M Kr) = V'dCD A(K 0 M Kr)] = V'~K, 
CD A(I< 0 M Kr) = K, (KG D·9~)h = j{C Dh·9~ = J{c Bh• 
(J<A C-9~);k =/{A C;k·9~ = J<A B;k· 

2.4. Multi-contraction tensor field. 

Definition 5. The mixed tensor field 

MVr = SBa A!3.eA 0 e13 0e8 0 e"';,:::: 
= SBi Ai .8A 0 8i 0 dxB 0 dxi , 

A= i1 .. :iz, B = i1· ... jz, 
8A = 8;

1 
0 ... 08i1 , dxB = dxi~-0 ... 0 dxi• 

Definition 6. is called multi-contraction tensor field of rank l + 1. . ' . ·. . 
The properties of the multi-contraction tensor field MVr are determined by the prop-

erties of the multi-contraction symboL · · '' 
Let 

MVr=SBaAfJ.eA0e{J0eB0e"', ·Q=Qcv"~.ec0eD0e..,, 
A= al···al , B = fh ... f3l , C = /l···ll , D = ol···ol , 
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be given. The the following relations are fuffilied for the tensor product MVr 0 Q 

D D C., •' B' 
CA (MVr0Q)=SBa P.Q .D"~.ep0e 0e"0ec0e...,, {46) 

CA DB c(MVr 0 Q) = SBa Df3.QB D "~.ep 0 e" 0'e..., = 
= Oa"~13 .ep 0 e" 0 e...,' Oa "({3 = SBa Df3.QB D...,. 

{47) 

The properties of the components of the multi-contraction tensor field MVr could be 
used in the construction of a Lagrangian formalism for tensor fields over differentiable 
manifolds with contravariant and covariant affine connections. 

By the use of the tensor fi~lds ' 

A{3 B~ a C D MVr=SBa .eA0ep0e _0e , Q=Q D"~.ec0e,0e...,, 

the following relations can be found: 

VdCA DB c(MVr 0 Q)) = CA DB c(MVr 0 VEQ) , 

wher~ Oa -y/3 = SBa Df3.QB D "~. 
In an analogous way, 

Pa -yf3 fp = (ScaAf3_pc A "~)tP= Scailf3_pc A..., fp, 

where MVr E 0k+l k+l(M), P E 0k+l k(M), A= ctl ... ak, C = f31···f3k· 

£dCA DB c(MVr 0 Q)) = CA DB c(MVr 0 £EQ) , 
,, . ' ;, 

£EQa "1/3 ;;= £E(SBa DP;qB D "~) = SBa Df3.£EQB D 'I 

In a co-ordinate basis 

Q; ki ;I = (SB; Di .QB D k);l = SB; Di .Q8 D k ;I , 

9~·Qikj ;I= Q; kj ;1·9~ = Q; kj ;k = Q; lj ;I= 
= (SBi Di .QB D k);k = SB; Di .QB D k ;k , 

P; ki ;I = (Sc; Ai .Pc A k);l = Sc; Aj .Pc A k ;I , 

(48) 

(49) 

{50) 

(51) 

{52) 

1-k· -k· I -k· A' C k A' C k 
9k·Pi 3 ;I= P; 3 ;1·9k = P; 3 ;k = (Sc; 3 .P A );k = Sc; 3 .P. A ;k , (53) 

£EQ/i = SB; Di .£EQB D k' £EP; ki = Sc; Ai .£Epc A k ' (54) 

where 
Q;ki = SB;Di.QB Dk, P;ki = Sc;Ai_pc A k. (55) 

By the use of the special mixed tensor fields different structure can be found, connected 
with a Lagrangian formalism and its applications in theories constructed on the grounds 
of tensor fields over differentiable manifolds with different contravariant and covariant 
affine connections [2) - [6). 
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3. SYMMETRIC TENSOR FIELDS 

Let B be a covariant tensor field· of rank k : B E 0k { M): 

B = BA.dxA = Bc.ec =.B;, .. i:.dxi' 0 ... 0 dxi• = Ba, .. a.:e"' 0 ... 0 e"• 

and let B be a contravariant tensor field of rank k: BE 0k(M): 

:_B -BAa. _B.ce -IJi, ... i•a,;., ""a -B"•···"•e. R> "" = · A ==. · C == · it VY ••• VY i~c == · a 1 '<Y ••• \61 ea" 

For every covariant (or contravariant) tensor field a full symmetric covariant {or con
travariant) tensor field , B {or , B) 

,B = f!JJ, ... i.)·dxi• .... dxi• = B(a, ... a.)·e"• .... e"•, 
,B = B(i, .... i•l:a;, ... a;. = ]j(a, ... a•l.e01 .... e"• 

(56) 

can be found. The components of ~B (or ,B) are not changing under a change of the 
order of the indices. The same is valid for the basic tensor fields:• They do not ·change if the 
place of the basic vector fields [(dxi' , ·e"') or (a;,·; e01 )) in. the tensor basis [(dxi 1 

•••• dxi•, 

c"• .... e"•) or (a;, ... a;., ea 1 •••. e"•)) are changing their places. · 
B(i, ... i.) are the components of the full symmetric covariant tensor field ,Bin· a co

ordinate basis. They can be constructed by the use of the s. c. symmetric Bach brackets 
[7) (p. 41). The following decomposition formulas are valid for the symmetric Bach 
brackets: 

B(i , ... i.) = t-[B(i,i, .. :;._.)i• + B(i::_, ... i•-:i•)i•-• +B(i,i, ... ;._.;._, ;.);._, + {57) 
... + B(i,i 3 ... ;.);.) - (B(i, ... i._.)i• )(i, ... i•) · 

The transposition (interchange:of pairs) of indices does not change the value of the 
corresponding components of B: . ' 

B(i,i, ... ii.) = B(i,i, ... i~) = B(i,i,: .. ;._.;.) = B(i,i 2 ... i•i•-d . (58) 

Since a permutation of symbols may be obtained from a sequence of permutations [8) 
(p.93) the components of ,B does not change under a change of the row ofcthe indices (a 
change of the order of the liasic vector fields building the corresponding teilsor. basis). A 
full symmetric co-ordinate (or non-co-ordinate) tensor basis is denoted as dx(A) 

dx(A) = dxi•.dxi, ..... dxi• , 

a<A> =a;, : .. a; •.. 
e(A) = e"' .e"' ..... c"• 

f(A) = ea 1 .: •• e"• . 
. (59) 

Remark 1. If some of the indices are not included in the procedure of symmetrisation 
they are put between straigJ!t lines: (i1i2···l i1-1i1i1+1 I il+2···ik)· 

If we consider the procedure of a symmetrisation· as an action of an operator Sym 
(called symmetrisation operator), then we can defin~ th~ ·operator Sym and its action in 
the following way [8) (pp. 88-91): 

Definition 7. Symmetrisation operator. The operator 
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Sym : B -t SymB = ,B , B, ,BE 0k{M} , 

Definition 8. is called symmetrisation operator. 

Here, 

B = B;
1 

••. ; •• dxi• 0 ... 0 dxi• = Ba, ... a •. e"'• 0 ... 0 e0
• , 

,B = B(i, ... i.)·dxi• .... dxi• = B(a, ... a.)·e"'• .... e0
•, 

. . .. 1 E . 
'• 1k-dx .... dx - 1 . 

. k. 
•.. (i, ... i.) 

. . 1 
B(· · l - - "'""' B· · '•····k - k!" ~ ••. -lA: , 

(i, ... i.) 

dxi 1 0 ... 0dxi•, (60} 

0'1 O'k - 1 '"""" ' O't O'k e .... e -kf· LJ e 0 ... 0e 
(a 1 ... a•) 

1 
B( l-- "-' B a •. . ak - k!' L:J a •... o:~c , 

(a 1 ... ak) 

{61} 

(i1 .•• ik) or (o:l···o:k) denote all per~utations ~f the ,indices iz or o:z (I= 1, ... , k). Thus, 
,B is invariant with respect to the permutation of the indices in a given co-ordinate or 
non-co-ordinate basis. · 

Analogous considerations and formulas ~an be found for contravariant tensor fields: 

Sym: 7J -t SymB = ,73, B, ;IJ E 0k(M) , 

where 
7J = 7J•, ... i•.a;, 0 ... 0 a;.= B"'• .. ·"'•.ea, 0 ... 0 ea. , 

,B = [j(i, ... i•l.a;, .... a;. =_7J(a, ... a.).ea; .... e"'•, 

-<· .> 1 E -· . B •• ··'"' ==- B'•···'"' k!' . . ' 
(i, ... i.) 

[j(a 1 ... a.) = _!_ "'""' -B a, ... a. 
k!' LJ 

(a 1 ... a•) 

1 
a;, .... a;. = kf· L a;, 0 ... 0 a;.1 , 

(i, ... i.) 

ea,····ea. =·kf· ·L ea, 0 .;.0 e"'• 
(cx, ... a.) 

(62} 

(63} 

(64} 

Remark 2.;. The action of the symmetrisation operator Sym can be extended to every 
geometrical object and on the whole to quantities having indices of one and the same 
type. 

The symmetry property· of a covariant (or contravariant) tensor field is independent 
of the change of the tensor basis or the co-ordinates of the manifold. This is obvious from 
the construction of a full symmetric tensor field. 

Example 9. Full symmetric covariant tensor field of rank 2: · B = B;,;,.dxit 0 dxi•, 
BE 02(M). . 

,B = B(;,;,).dxi•.dx;,, B(iii.) = !-(B;,;, + B;,;,·), 
dxi•.dx;, = !.(dxit 0 dx'• + dxi• 0 dx;• . 
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Example 10. Full symmetric covariant tensor field of rank 3: B = 8; 1 ;,;, .dx;,' 0 dx;• 0 
dx;•, BE 0a(M). 

,B = B(i,i,i,)·dxi•.dxi•.dxi• , · 
B(i,i,i,) = 3\.(B;,;,;, + B;,;,;, + B;,;,;, + B;,;,;, + B;,;,;, + B;,;,;,), 

dx'• .dxi'•.dx;• = _!_.(dxi• 0 dx;, 0 dxi• + dx;, 0 dxi• 0 dxh+ (66) 
. . 3,2 . . . . . ' . ,. . . • + dx''.0 dx'• 0 dx'• + dx'• 0 dx'• 0 dx'• + dx' 3 0 dx'• 0 dx'•+ .. 

+ dx;, 0 dx;• ~~xi') . . . 

The full symmetric tensor fields obey the rule of a symmetric algebra [8] (pp. 87-91). 
The symmetric multiplication "." is · 

(a) Commutative: ,A.,B = ,B.,A .. 
(b) Associative: (,A.,B).,C = ,A.(,B.,C). 
(c) Distributive: (,A+ ,B).,C = ,A.,C + ,B.,C. 
,A, ,B and ,C are full symmetric covariant (or contravariant) tensor fields. For 

designation· of the' set of all full symrr'!etric • covariant (or contravariant) tensor fields of 
rank k we will use the abbreviation '0k (M) [or' 0k (M)]. 

The symmetrisation operator acts as a linear operatoron tensor fields 

Sym(o:.B) = o:.SymB = o:.,B , o: E R (or C), 
Sym(et.Bt + {3.82) = o:.SymBt + {3.SymB2 = o:.,Bt + {3.,82 , (67) 

B; E.0k(M) , i = 1, 2., . a, {3 E R (or C). 

Sym commutes with the covariant differential operator and with the Lie differential 
operator'' 

Sym o"Va, = '\1 a, o Sym , Sym o £a, = £8, o Sym· :' (68) 

Proof: 

Sym["Va,B] = Sym["Va,(B;,,,.; •. dx;• 0 ... 0 dxi•)] = 
= Sym[B;, ... ;.;i·dxi• ®.··· 0 dxi•] = B; 1 ,,.i.;i·dxi• ..... dx;•. = 

= B(i, ... i.);i·dxit.; ... dxi• = B(A);i·dx<A} . " 
- t- i ' ' '1 ': ' ·' . (. 1 ,- • 

'\1 a,[SymB] = '\1 a.lk!·l::(i, ... i.) B;, ... ; •. k!·l::(i, ... _i.) dx'• .0 ·.~· 0 dx.~• ]= , 
- .!.. "' B· · · · .!.. "' dx'• ""' ""'dx'•+ - k!. L..(i, ... i.) .......... k!. L..(i, ... ;.) 'CI ••• 'CI 

+Jh. L(i, ... i.) B;, ... i.: tr·l::(i, .. .i.) '\1 a, ( dx;• 0 ... 0 dxh) = 
- I "' B ' ·1 "' : d A+ 1 "' :· B 1 "' '<"7 ( d A) -- k!· L..(A) A,i· k!· L..(A) X k!· L..(A). A· k!· L..(A) v a; X -
_ 1 "' 8 · 1 "' d A 1 "' 8 1 "' · ·rA d n _ - k!· L..(A) A,i· k!· L..(A) X + k!· L..(A) A· k!· w(A) Bi· X -
_ 1 "' 8 1 "' d A' . 1 "' . 8 1 "' rB d A _ -k!·L..(A) A,i·k!·L..(A) ~ +k!·L..(B) B·k!·L..(B) Ai• X-

- 1 "' ·B 1 , "' d A+ 1 "''B f (B) 1 "' . d A -, - k!·.L..(A) A,i· k!· L..(A) X k!· L..(B) B· Ai ·k!· L..(A) X -
1• " · (B) j· (A) '(A) • ·.~ .. i . i = [B(A),i + r (A)i .dx = B(A);i•d.x =;= Be;, .,.h);i .~X ~ ..••. dx • ' 

. • (B) (B)' . ' 

·.(69) 
.'l) 

(70) 

because off Ai = f(A)i' .. . .· . . .. 

The proof also follows f~om 't,he linearityjnope~ty. of th~ o~~rators Sy~ and '\1 a, 

"V a.[SymB] = "V a.(Jh.Jh .. l::(A)(l) -l::(A)(2) BA(l)· dxA(2l] = 
= ti·ti·l::(A)1t) ·l::(A.)(2)BA(1);i· 'dxA(

2
) = 

= ti·l::(A)(1) BA(1);i·ti·l::(A)(2) dx (2
) = Jh-l::{Al B..\;i·ti· L(A) dxA = Sym("Va,B) , 

(71) 
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where (A)(1) means the permutations (A) of the first term BA(l) :::; BA and (A)(2) 
means the permutations of the second term dxA( 2) = dxA in the sum. 

The proof for Sym o £a, = £a, o Sym is analogous to that for Sym o \1 a, = \1 a, o Sym. 

4. ANTI-SYMMETRIC TENSOR FIELDS. DIFfERENTIAL FORMS 

One can construct a covariant or contravariant full anti-symmetric tensor field in analogous 
way as this was done for a symmetric tensor field. 

Let B be a covariant tensor field of rank k: 

B - B d, A - B c - B· · d ;~ o. o. d ;• - B a, o. o. a, - A· X - c.e - 11 ... s~c· X '<Y···\()1 X - cq ... a:~c·e '<Y···'<Y~ 

and let 1J be a contravariant tensor field of rank k: 

1J:::; 1JA.aA:::; 1JC.ec:::; 1Ji, ... i•.a;, ®: .. ®a;.= 1Ja, ... a•.ea, ® ... ®ea. 

For. every covariant (or contravariant) tensor field a full anti-symmetric covariant (or 
contravariant) tensor field aB (or aB) . 

aB ="B[i, ... i.]·dx;, /\ ... /\ dxi• = B[a, .. ."a•]·ea' /\ ... /\ ea• , 
aB = 1J[i, .... i•l.a;, " ... "a;.= 1J[a, ... a•l.ea, " ... "ea. , 

(72) 

can be found. The components of aB (or aB) are changi~g or not changing their sign 
under a change of the order of the indices after an odd or even permutation respectively. 
The same is valid for the basic tensor fields. They change their sign (respectively their 
orientation) if the places of the basic vector fields [(dxi 1 , ea') or (a;., ea 1 )] in the tensor 
basis [(dxi 1 •••• dx;• , ea 1 •••• ea•) or (a;, ... a;., ea 1 •••• ea,)] are changing after an odd permu
tation of their indices. They do not change if the places of the basic vector fields [(dx;' , 
ea') or (a;., ea1 )] in the tensor basis [(dx;• .... dx;• , ea' .... ea•) or (a;, ... a;., ea, .... ea.)] are 
changing after an even permutation of their indices. 

'B[i, ... i,] are the components of the full anti-symmetric covariant tensor field aB in 
a co-ordinate basis. They can be constructed by the, use of the s. c. anti-symmetric 
Bach brackets [7] (p. 41) . The following decomposition formulas are valid for the anti
symmetric Bach brackets: 

B[;, ... i,] = t-[B(;,;2 •.• ;._,)i•- B[;1 ; 2 ••• ;._ 2;~Ji•-• +.B[;,;2 ••. ;._.,;._,;•Ji•-• + ... + 
+ (-1)"- 1 .B[;2 ; 3 ••• i.]i.J = (B[;, ... i._,J;.)[;, ... i.], or 

(B;,[;2 .•. ;.J)[;, ... i.J = B[i, ... i.] = t-[B;,[;, ... i,J- B;2 [;,i, ... i.] + B;,[;,; 2;, ••. i,J+ 
+ ... + ( -1)"-: 1 .B;,[;1 ••• ;._,J . ' 

(73) 

We can consider the operation of the anti-symmetrisation as the action of an operator 
called anti-syinmetrisation operator (alternating operator) [8] (pp. 91-97) that maps a 
covariant (or contravariant tensor field) into its full anti-symmetric (skew-symmetric) part. 

Definition 11. Anti-symmetrisation operator. The operator 

Asym: B-+ aB = AsymB , BE ®k(M) , aBE a ®1< (M) := A"(M) , 
aB = B[i, ... i.]·dxi' /\ ... /\ dx;• = B[A]·dxA = 

= B[a 1 •.. a,]·ea' /\ ... /\ ea• = B[c)·ec , 
(74) 
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Definition 12. where 

1 ""'.• .,., 
B[;,: .. ;.J = kf· L..J -·sgn(it .. :iSB;, ... ;~:::::: B[AJ 

(i, ... i.) 

·I 

B[a 1 .• a.)= kf· L sgn(aJ ... ak).Ba 1 ... a. = B[c], 
(a 1 •.• a•) 

d ;, di•-
1

"""'· (" ")d;, d;· x 1\ ... /\ x - ki' L sgn z1 •.. Zk . x ® ... @ x 
(i, ... i.) 

cq CXk _ 1 ~ a1 a,. e 1\ ... /\e -kf· L..J sgn(a1 ••• etk).e ® ... @e 

(a 1 ... a•) 
·'1 

is called anti-symmetrisation operat:;r. 

if 

(75) 

(76) 

(77) 

(78) 

The sum is over k! permutations (iJ ... ik) [or (a1 .... etk)] of the nur~b~~s fro~ '1 to k. 
In an analogous way one can define the action of the anti-symmetrisation operator Asym 
on contravariant tensor fields. The set' of all covariant full anti-symmetric tensor fields of 
rank k over the manifold M is designated with the symbol A"(M) or with a ®k (M). We 
will use further the generally accepted symbolA"(M). For the set of.all contravariant full 
anti-symmetric tensor fields of rank k over M the indications a®" (M) or Ak(M) can be 
irtroduced. We will use the indication ,Ak(M). 

Remark 3. In the symbols®" or ®k the upper or lower indices k are used with respect to 
the components of the tensor fields of rank k {i.e. ®"'means a set of contr~varian·t te~sor 
fields of rank k (B E ®" : B = B;•:--;• .a;,® ... ®a;,) in contrast to ®k that means a set of 
covariant tensor fields of rank k (C E ®k : C = Cj, ... j, .d.xi• ® ... @ dxi•)}. In the symbols 
A" or A" the upper or lower indices are introduced with respect to the basis of the tensor · 
fields ,of rank k {i.e. Ak means a set of full anti-symmetric contravariant.t~nsor:fields of 
rank k (BE®": B = nit- .. i•.a;, ® ... wa;,) in contrast toA",.tJJatmeansa_set of full 
anti-syf!lmetric covariant tensor fields of rank k (C E ®k : C = Cit---i• .dxi•, ® ... ® dxi•)}. 
Many authors use instead of®" and ®k the abbreviations (k,O) or (O,k) and instead of 
A" and Ak they use A(O,k) and A(k,O). 

;,j ' 
The property of anti-symmetry of a full anti-symmetric tensor field B (or. B) is inde

pendent of the change of the tensor basis as well as the change of the co-ordinates of the 
manifold. It appears as an· intrin~ic property of the anti~symmetric tensor fields. 

The external (ext~rio~) product of two full anti-symmetric tensor fields is defined [8] 
(p. 94) as - ' 

a A/\ aB = a(aA ® a B) . (79) 

The full anti-symmetric tensor fields obey the rules ot an anti-symmetric algebra (ex
terior algebra, Grassmann algebra). The anti-symmetric multiplication (exterior or alter
nating, Grassmann, wedge product) [/\] is 

(a) Anti-commutative: aA /\ aB = (-l)k.·1 . 0 B /\ aA, aA E A"(M), aBE A1(M) [or 
aA E ih(M), aBE A,(M)]. 

(b) Associative: (aA /\ aB) /\ 'aC = aA /\ (aB _/\.a C). 
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(c) Distributive: (a A+ a B) 1\ aC = a A 1\ aC + aB 1\ a C. 

0
A, aB and aC are full anti-symmetric covariant (or contravariant) tensor fields of the 

type respectively 

a A= A[i
1 

... i.)·dxi 1 1\ ... /\ d.z:i• = A[a 1 .•. a.)·e" 1 1\ ... /\ e"• , k = 1, ... , N , 
aA = A[i, ... i•l.8;, A ... /\ 8;. = Al"•···"•l.e,., A ... /\ e"• . 

(80) 

Remark 4. For designation of the set of all full anti-symmetric covariant (or contravari
ant) tensor fields of rank k we will use the abbreviation Ak(M) [or Ak(M)]. 

Definition 13. Differential form. 
Ak (M) is called differential form. 

A full anti-symmetric covariant tensor field 0 A E .-

Definition 14. k-form. A differential form aA of rank k: aA E Ak(M) is called k-form. 

The operator Asym obeys the relations: 

Asym(A ®B)= a(A ®B)= aA A aB = AsymA A AsymB, 
A E ®k(M), . BE ®1(M), 

Asym(a.B1 + {3.B2) = a.AsymB1 + {3.AsymB2 =·a.aB1 + f3.aB2 , 
B; E ®k(M) , i = 1, 2 , a, {3 E R (or C), 

Asym(f) = id(f) = f , Asym(dxi) = id(dxi) = dxi , Asym(e") = e" . 

Example 15. A= A;
1
;,.dxi1 ®dxi,, A E®2(M). 

AsymA = aA = A[;.i~]·dxi•_A dxi 2 
, • • • 

A · - 1 (A· · A· · ) dx'' • dx'>- 1 (dx'• o. dx'• ·d ,, o. dx'•) 
[11i2]- 2· 1112- 1211, , ", - 2· 161 - X \01 

(81) 

(82) 

(83) 

(84) 

The properties and applications of the differential forms are considered in the theory 
of the differential forms (9]. 

The anti-symmetry of the tensor fields leads to· specific forms of the action of the 

operators acting on tensor fields. 

4.1. Action of the contraction operator on a contravariant vector field and a 
full anti-symmetric tensor field. 

Action of the contraction operator S on a contravariant basic ~ector field 
8j and a full anti-symmetric covariant basic tensor field dx A. Let we consider 
now the action of the contraction operator S on 8i and dx A. 

d~A-di1 1\ /\di•- 1 "' (' ')di1 ® ®di• X - X ... X - ki' LJ sgn Z1 ... Zk . X ••• X 

(i, ... i.) 

S(8j,dxA) = S(8j,dxi 1 1\ ... l\dxi•) = 

S(Bj,~· 2: sgn(i1 ... ik).dxi'® ... ®dxi•)= 
(i, ... ;.) 
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= 

= 

S(8j,dxA) 

where 

kf· L sgn(i1 .. .ik).S(8j,dx;1 ).dxi2 ® ... ®dx;• =' 
(i, ... i.) 

~- -~ sgn(i1 ... ik).S(8j, dxi').(k ~ 
1
)! .dx;, ® ... ® d~;. ~ 

<·······) . 
1 "' . k' LJ sgn(il(i2 ... ik)).S(8i, dx''). 

(i,(i, ... ;.)) 

1 "' . . . 
· (k _ 

1
)!' LJ sgn(i2 ... ik).dx' 2 ® ... 0 dx'• , 

(i, ... i.) . . ' 

1 "' . . . . k' LJ sgn(il(i2 ... ik)).S(8i, dx'• ).dx' 2
./\ ... /\ dx'• , 

(i,(i, ...•• )) 

. 1 "' dx;, 1\ ... /\ dx'• = (k- 1)! . . L.J. 
(s, ..... ) 

sgn(i2 ... ik).dx;, ® ... ® dx;• , 

Therefore, 

S(8j,dxA) 

S(8j,dx; 1 ) = /; 1 i. 

1 k' . 2: sgn(i1(i2 ... ik)).j; 1 j.dx;'l\ ... /\ dxio = 
(i,(i, ... i.)) 

(i• j.dx;, (' ... /\ dx;.)(;.;, ... i.) 

.· (86) 

,(87) 

(88) 

Action of the contraction oper~tor S on a contravariant vector field ~ and 
a full anti-symmetric covariant basic ten~~r field dx A. Let ~ = ~; .8; = ~" .e0 be 
a contravariant vector field [~ E T(M)] and dxA = dx;' 1\ ... /\ dx;• be a tensor basis of 
rank k. Then 

s(~, dxA) = s(~i .8i; dxA) = ~i .s(aj, dxA) = 
- d .!. "' (. (. . )) Jh . i2 ;. --<, ·k· LJ sgn z1 z2 ... Zk . 3 .dx 1\ ... 1\dx ;-

(h(i, ... i.)) 

1 "' . k' LJ sgn(i! (i2: .. ik)).f'' i·e :dx;, 1\ : .. /\ dx;• = 
(it(i, ... ;.)) . 

1 "' -k' LJ sgn(i1 (i2; .. ik)).~i•.dx; 2 1\ ... /\ dxi:_ 
(i,(i, ... i.)) • 

= (~'•.dx;, 1\ ... /\ dxh)[; 1; 2 ... i•l , · .:i __ •- ·....:.. ,-;, . d 
., - J:'> • (89) 
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Action of the contraction operator S on a contravariant vector field ~ and 
a full anti-symmetric covariant tensor field a A. Let ~ = ~;.a; = ~"' .e0 be a con
travariant vector field[~ E T(M)] and aA = A[A]·dxA = A[i, ... i.)·dxi• 1\ ... /\ dxi• be a full 
anti-symmetric tensor field of rank k. Then, 

S(~, aA) = S(~i .{)j, A[A]·dxA) = ~i .A[A]·S({)j, dxA) = A[A]·S(~, dxA) = 
- A fit ci dxi, A A d ;. ~ A ,;, d ;, A A dxi• -- (i, ... i.)· j·<,. · "···" X - (i 1 .•. i.)·<,. · X "···" -

= A[J ... ;.]·~i .dxi2 1\ ... /\ dxi• = A[;. ... i.]·S(~, dxi 1 ).dxi2 1\ ... /\ dxi• . 

(90) 

Action of the contraction operata~ S on a contravariant basic vector field {)i 
and an external product dx A 1\ dx B of tyVo full anti-symmetric covariant tensor 
bases dx A and dx 8 • Let dx A = dxi• 1\ .. ; 1\ dxi• and dx 8 = dxit 1\ ... 1\ dxi• be two 
full anti-symmetric covariant tensor basis of rank k and l. Then 

and 

dxA 1\ dx 8 = dxit 1\ ... /\ dx;. 1\ dxi• 1\ ... /\ dxi• 

s~aj,dXAI\dx 8)=S(8j,~· L sgn(il···ik).dxi'0 ... 0dxi"l\ 
(it ... ;.) 

1 " . . 1\ [!· ~ sgn(i! ... jl).dxl•0 ... 0dxl•) = 
(j. ... j,) 

-kf· L sgn(il···ik).S(8j,dxi•).dxi2 0 ... 0dxi•l\ 
(i •... i.) 

1\ k L sgn(i! ... jl).dxit 0 ... 0 dxi• + 
(i •... j,) 

1 " . +kf· .L.... , sgn(il···ik).dx'• 0 ... 0 dxi"l\ 

(••···'•I 

1\ ( -1 )k. h. L sgn(i! ... jl) .S( {)i, dxi•) .dxh 0· ... 0 dxi• = 
(j. ... j,) 

. = s(&j, dxA) "dx 8 + ( -1)k .dxAA s(aj, dx 8
) . 

Therefore, 

s(ai, dxA "dx 8 ) = s(ai, dxA) "dx 8 + ( -1)k .dxA "s(ai, dx 8
) . 

(91) 

The contraction operator S acts on a basic contravariant vector field and an external 
product as a differential operator not obeying the Leibniz rule but obeying the rule for 
anti-differentiation. 
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·Action of the contraction operator S on a contravariant vector field ~ and 
• an external.product dxA l\dx 8 . of two full.anti-symmetric co~ariarit te~s.or 
bases dx A and dxB. By the use of the above relations we can now find. the explicit 
form of the expression S(~,dxA 1\ dxf3) ·.• . .. :;; . 1 

S(~, dxA 1\ dx 8 ) = $(~i .8j, dx A 1\ dx 8 ) = ~i .S({)j ,,dxA 1\ dx 8 ) =. 
= ~~.[S({)j,dxA) t\'dx~J+ (-:1)k:dxA 1\ S({)j,dJ38 )]= . . .. 
= S(~i .8j, dx A) 1\ dx D + ( -1 )k .dx A 1\ S(~i .{)j, dx 8 ) ~ . 

= s(~,dxA) "dx 8 + (-1)k.dJ:A AS(~,dx 8 ) . .. " 

Therefore, 

s(~. dxA "dx 8
) = s(~,dxA) "dx 8 + (-l)k .dxA "s(~. dxf) . 

'\ - " . - ' Jl, 

(92) 

(93) 

Action of the contraction operator S on a contravariant vector field ~ and 
an external product a A 1\ aB of two full anti-symn;_etric c'ovarianf tensor fields 

• aA and aB. · .. Let aA = A[A)·dxA = A[i, ... i.)·dxi:,/\ ... /\ dxk and .aB==. B[B)·dx 8 = 
B[j,: . .j,],dxJ• 1\ ... /\ dx11 be two full anti-symmetric covariant tensor fields of r.ank k and I. 
Then, the external product aA 1\ aB can be written in the forms · 

aA 1\ aB = A[i, .. i•)·i:fxi' 1\ ... 1\'dxi• 0.Bli•···id·dxi• 1\: .. /\ dxi• = 
= A[i, .. .i.]·B[i, ... j,]·dx'' 1\ ... 1\dx'• 1\ dx1 • 1\ ... /\ dx1 ' = (94) 

= A[AJ·B[n1.dxA "dx 8 

The result of the action of the contraction operator Son~ E T(M) and a A 1\ ;,;B can 
be found by the use of the relations 

S(~, ~A 1\ aB)·= S(~i.8i;A[A]·B[B)·dxA,I\.dx 8 ) = 
= ~i .A[A]·B[B]·S({)j, dxA Ndx 8 ) = A[A]·B[n]:S(~;dxA 1\ dx 8 )::::: 

= A[AJ·B[n1 .[s(~. dxAJ "dx 8 f (-1)~ .dxA "s(~. dx 8
)] = 

= A[AJ·B[n1 .s(~. dxA) "dx 8 + (-l)k .A[AJ·B[nJdxA "S(~. dx 8 ) = 
= s(~. A[AJ·dxA) "B[n1.dx 8 + (-:-I)k .A[AJ·dx "s(~. B[n1.dx8

) = 
= S(_4· aA) 1\ aB + (-l)k.aA 1\ S(~. aB), 

in the form 

S(~, aA 1\ aB) = S(~. aA) 1\ aB + (-l)k··aJ\ 1\ S(~. a B) . 

The contraction operator S fulfils also the relation 

S(~. S(~, aA)) =\} . 

Proof: 
" 

S(~, S(~, aA))'= A[; 1 ; 2 ; 3 ... i.)·~i •. ~;, .dxi• '/\ ... /\ dx;• = 
- A . . . . ,;, ,i, d i, A A d ;. - A . . . . ,;, ,i, d i, A A d ;. - 0 
- [121113 ... 1 •)·<,.. ·<,. . X "···" X. --:'- [111213 .•. s.)·<,. ..... X " ... " X - • 
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(95) 

(96) 

(97) 



4.2. Im~er (internal) product of a contravariant vector field an_d a full' anti
symmetric tensor field. In the theory of the differential-forms one of the important 
operators is the operator of the internal product used instead of a contraction operator 
acting on a contravariant vector field and a full anti-symmetric covariant tensor-field. 

Definition 16. Inner (internal, interior) p;oduct {8] (pp. 170-173). The operator i{ for 
every contravariant, vector field e mapping a full anti-symmetric covariant tensor field a A 
of rank k (k-form) in a full anti-symmetric covariant tensor field of rank k -1 (k -1-form) 
in the form · · 

i{ : aA -t ida A)= k.A[;, ___ ;.J.S(e, dxh ).dxi, 1\ '··" dxk , 
aA E Ak(M), idaA) E Ak- 1(M), e E T(M), 

k.A[i, ... ;.] = (k~l)!. L(i, ... i.) sgn(it·--ik).A;, ___ ;. , A E ®k(M) 

is'called internal{inner; i~terior) product by e. 
The operator i{ acts on a full anti-symmetric covariant tensor field like the contraction 

operator S (compare with 

' . 1 
S(e, a A)= A[;. .. .i.J-S(e, dx'• 1\ ... /\ dx'") =.k.idaA) , 

where in contrast to ida A) the contraction operator s in s(e' a A) acts on e and dx A' 

and not only on dxi• as it is the case in S(e, dxh )]. 
The internal product has the properties: 
(a) Action on a basic covariant anti-symmetric tensor field dxA = dxi• 1\ ... /\ dxi• 

iddxA)=k.S(e,dxi•).dx;, 1\ ... 1\dxi>, 
ia. (dx A) = k.S(8i, dxi•).dxi, 1\ ... /\ dxi• = k.fh i.dxi, _I\ ... /\ dxi• = 

' 1 S(8- d h) " (. . ) d ;, ;<>. ;<Ad ;. k- 1 · J, X • L..(i, ... i.) sgn l2--·lk . X "" ... "" X • 

(b) Action on an external product dx A 1\ dx B, dx B = dxi• 1\ ... 1\ dxi• 

ia; (dx A 1\ dx 8 ) = (k + l).S(8i, dxi' ).dxi, 1\ ... /\ dxi• 1\ dxi• 1\ ... 1\ dxi• = 
= k .S( ai, dx;,) .dxi, 1\ ... 1\ dxi• 1\ dxii 1\ ... 1\ dxi• + 
+l.S( ai, dxh) .dx;, 1\ ... 1\ dxi• 1\ dxii 1\ ... /\ dxi• = 

= ia, (dx A) 1\ dx 8 + l.S(8i, dxii ).dxi• 1\ ... /\ dxi• 1\ dxh 1\ ... /\ dxi• = 
= ia; (dx A)" dx 8 + ( -1)k .dxA "ia; (dx 8

) , 

where 
S(8i, dxi• ).dxi, 1\ ... /\ dxh 1\ dxii 1\ ... /\ dxi• = 

= -S(8j, dxi').dxi• 1\ dxh 1\ ... /\ dxh 1\ dxi• 1\ ... /\ dxil = 
= ( -1)k .S(8j, dxii ).dxi 1 1\ ... /\ dxi• 1\ dxh 1\ ... /\ dxi• , 

iddxAI\dx 8 )=iddxA)I\dx 8 +(-1)k.dxAAiddx 8
), eET(M). 

(c) Action on an· external product a A 1\ aB of two anti-symmetric covariant tensor 

fields aA and aB 

ida A 1\ a B) =ida A) 1\ aB + ( -l)k ·a A 1\ i{(aB) . 
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Proof: 1,_.·'' J'-,· 

ida A 1\ a B)= i{(A[A]·dxA 1\ B[B]·dx 8 )= A[ArB[B]·iddx.A 1\ dx. 8
) = 

= A[AJ·B[nJ-[i{(dxA) "dx~ .. + (-l)k.dxA "iddx8
)] = 

=·idA[AJ·dxA) 1\ B[B]·dx 8 + (.:_:1)k.A[AJ·dxA l\i{(B[nJ:'dx 8 = 
=i{(aA)I\ aB+(-1)k·aAAidaB). ' . 

The internal product i{ acts on ~ basi~ contrava~iant ~ector field and. a~ exterri~i 
product as a differential operator not obeying the Leibniz rule but obeyingthe rule for 

· ·anti-differentiation. 
The operator i{ has also the property 

i{(idaA)) = 0 . 

Proof: 
ididaA)) = idk.A(;,~ .. i•l-ei•.dxi 2 1\ ... /\ dxi•) = 
= k.(k- 1).A[;, ... ;.1.ei•.e;, .dxi•" ... /\ dxi• = o , 

because of ei• .er, = ei, .ei• and A[;,;, ... i.] = -A[;,;, ... i.J 

The properties of symmetric and especially of antisymmetric tensor fields over (In, g)
spaces are important for the working out of the symplectic geometry of differential forms 
over these spaces. 
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Mauos C., .[{HMHTpoB E. 
( L n ' g )-npOCTPaHCTBa. CneuHaJibHbJe TeH30pHbJe OOilli I 

PaccMOTPeHLI TeH3opuoe none KpoHeKepa, KOHTPaKUHOl 
MYJILTH-KpoueKeposoe H MyJILTH-KOHTPaKUHOHHoe TeH30pHLie 
sax c KOHTPasapuauTHoii u KosapuaHTHoii aqxpHHHLIMH CM3f. 
.UeHCTBHe H COOTBeTCTBYJOIUHe npOH3BO.UHLie KOBapHaHTHOTO 
onepaTopa, .nuqxpepeHUHaJILHoro onepaTopa Jlu, or: 
II .nesuauuouuoro onepaTopa Ha STHX noilllx. PaccMOTPeHLI i 

OTHomeHID! onepaTOpoB Sym u Asym c KOBapuaHTHLIM .nuqxpe 
TOpOM II C .UHqxpepeHUHaJibHbiM onepaTOpOM Jlll 
C KOHTPaBapllaHTHOH H KOBapHaHTHOH CB.II3HOCT.IIMH. 

Pa6om BLmonueua B Jia6opaTopiiH reopeTHtJecKoii cpH3l 
6osa 0115111. 

Coo6WeHHe 06-LeJIHHeHHOro HHCTHtyra ll,llepHLIX HCCIJel{OBaHHH 

M~noff S., Dimitrov B. 
( L , g )-Spaces. Special Tensor Fields n 

The Kronecker tensor field, the contraction tensor field, 
Kronecker and multi-contraction tensor fields are determi 
of the covariant differential operator, the Lie differential OJ: 
operator; and the deviation operator on these tensor fi 
The commutation relations between the operators Sym and As 
and Lie differential operators are considered acting on symmetl 

tensor fields over ( L n , g )-spaces. 

The investigation has been performed at the Bo~ 
of Theoretical Physics, JINR. 
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