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... the caprices of small samples 
have to be 'taken iriia account;:.' 
F.Mosteller, i.W.Tukey 

The most popular type of regression model used for handling problems that cannot be 
described by straight lines is the polynomial model, in which the dependent variable is 
related to functions of the powers of the independent variable. 

A one-variable polynomial model is defined as follows · 

Y = Oo + OtX + OzX
2 + ... + Or~_r + c,, (1)' 

' ' ' 

where y represents the dependent variable, x the independent variable, c; ::::l .N(O, u2
) 

is a random error term and oo, o 1 , ••• , Or are the unknown regression parameters. The 
highest exponent, or power, of x used in the model is known as;the degree of the model, 
and it is customary for a model of degree r to in'dude all terms withJower powers of the 
independent variable.· In selecting- a polynomial model, the goal is usually to select ·the. 
polynomial model of lowest order that adequately represents the trend in the plot.· 

Polynomial models are primarily used as means to fit a relatively smooth curve to a set 
of data but the degree of polynomial required to fit a set of 'data is not. usually known a 
priori; : :· · · ·· · . · · ·· ' . · · · . . . ' 

There are'sevenil approaches to determining the right degree of the p~lynomiaL 
~- ., }··· 

The partial sums of squares, that do not depend on·the order in which the independent 
variables ·are listed in regression model, ate used in linear- regression· procedures. · For 
fitting polynomial m~dels by linear regression procedures sequential sums ofsqiuires may. 
be used [6). · · 
It is customary to build an appropriate polynomial model by sequentially fitting equations 
with higher order terms until a satisfactory degree of fit has been accomplished; In other 
words, it is started by fitting a simple linear regression of yon x. Then a model is specified 
with linear and quadratic terms, to ascertain if adding the quadr~tic term improves the 
fit by significantly reducing the residual mean square. The process can be continued .by 
adding and testing the ~ontribution of a cubic teriri, then a fourth pp~er term, and so on, 
until no additi~nal terms are need~d. · .. · . • .· · ·. · · . · -· 

Another method for ch~cking the appropriateness of a _model i~ t~ pl~t the residual values. 
The residual plot can show a systematic pattern when the specified degree of polynomial 
is inadequate. - - . . 

1The author is grateful for support by the Russian Fundamental Science Foundation under grant 
95-01-01467. 
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Modern regression. techniques solve the problem of estimating the degree of polynomial 
by introducing a. penalization function ((1], [2], [3], [7]). If the penalization· function is 
appropriately chosen a·consistent.estimatorfor the degree can be found: These techniques 
may be not satisfactory for sm~ll ·number of observations. 

We present a. new approach to -deterinining the degree of regression phlyhomial: Tli~ main' 
tool of this approach is the discrete projective transformation ([4], [5], [9]). One of the 
main features of this transfo-rmation is the fact; that the DPT decreases the degree of the 
polynomial by two w~ile the derivation only by one. '' 

Th~ simulation result from seCtion 2 shows the.'dependence of an application of penalizac 
tion functi~n on tlie number·of observations. We introduce in section three the DPT, give 
the basic definitions and properties. In the·next two sections we investigate the DPT of' 
polynomials and the aspects_ of numerical calculation of DPT. The section si)\ is devoted 
to the use of DPT in estin1ating the'degree of regression polynomial on a real set of data. 
The last section consists of conclusions. 

2' - Penalization functions 

For given pairs (xt, Yt), (x2, y2), .. ; , (xn, Yn) the regression parameters a 0; at, ... , , a;· 
can be easily· estimated by the least squares· method (LSM) .. The main problem is to esti- · 
mate the degree r of the polynomial, i:e. the n~tmber r + 1 of parameters ~0 , a 1 ; ••• , , ~r· 

~" . . ' 
' .\ '; ' 

The modern rriethods solve the problem by introducing" a. jwna.lization -function qn(k ) .. 
Akaike was one of the first statisticians, that .used penalization functions. His FPE and 
AIC criteria [1], [2] were proposed to estitn~te the degree of a stationary autoregr~§sive· 
process in time series analysis. 

Assume that 0:::; r:::; R, where R is a given number. Denote s%-an estimator of o-2 , where 
the model (I) -takes. into. account k + !,-parameters. The random behaviour -of s% does. 
not allow to determine the beginning of the asymptotically conRtant part of the function 
s%, · k = 0, 1, 2, .... ,· R. The penalization function takes into account besides sz -the ~umber· 
of the parameters too and it is the product · · 

. Yn(k);, sz(l+qn(M) 

which is ana(yzed. The function qn(k) pemilizes the growing number k of para.rnete.rs in 
the model. If the number of pani.meters in the model is small and.insitfficient, k <.r,._the 
estimated residual variance s% is large. If we take too rriany p~.ranieters, k > r; th~n ·the 
penalization function causes. that the considered product 9n(k) increases. 

•• • ' • ' > • - \ ~ ' • • 

The riumber of parameter~, which mini~ize~ the product, is taken as a.it esti!TI~toi of t-he 
dimension of the model. Different authors use different penalization functions.· If the 
penalization function is appropriately chosen, e.g. [3] . . 

qn(k) = kcN-{J, 
I 

c = 1, /3 = 4' 
the estimator is consistent·. . .......... ,-----·"""----~ .. -. ....._~ ~ 
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In [3] simulated data were used to investigate the dependenc~ of the above. criterion on 
the c, /3, a 2 and regression c~efficients~ Ou'r simulation. study '~hO\VS th~tth~~~· is 'a 

·dependence on the number n. of observations too. We. present the results. from simulated 
data in tab.· 1. We simulated a mod~! . ' · · · _ '- . 

y = -x + 15x2 
- 10x3 + x4 

.:... x5 + e, 

with Xt = -0.5, step h = 0.1 and pseudo random number~ e ~ N(O, 0.52 ) •. 
• > ' ,. ' ·_ ' : • ~ • • - •• ' ; • • ";- • • ~ • ' • 

As we see, if e.g. n = 24, then the criterion, based on the minimal value· ofgn(k) 
s%{1 + kN-0

·
25

) gives the degree' 5 only for ev~ry third simulated sample .. 

• Tab. I The number of samples with corresponding tested degree by penalization func. 
Degree 1. 2 3 4 5 6 7 8+ Number of 

Sample size simulated samples 
40 0 0 0 0 96 '4 0 0 100 
32 0 0 0 0 94 4 1 1 100 
24 0 0 0 55 33 8 2 2 100 
16 0 0 78 5 5 5 2 5 100 
12 0 0 49 9 10 7 8 '17 100 

3 DPT 
J 

The discrete projective transformation was introduced and its basic properties studied in 
[4], [5]. This section is devoted to the description of DPT on the base of these works. 

• j . : . ·~ L , , 

If We choose Xo _and fix on a Curve of an arbitrary Continuous function f(x) two different 
points (xo +X; f(xo +X)) and (xo + L; f(xo + L)), then the discrete projective transfor
mation maps any point P1 =: P(x; f(x)) (riot equa!'-with'the prev'ious ones) of the cur~e 
onto the corresponding point Ph = P(r; h(r)) on the. curve of a new function h(r) of 
simpler geometrical structure 

V: P1.,......... Ph, 

where T = X - :Co. We will assume that throughout the paper Xo = 0 . 

NOTATION Let us introduce for (my T_ 1= Xi= L, r, X, L E R the following notations 

TL 
P:>. = P1(r; X,L) = (X- r)(X- L)' AT 

PL =: P2(\;X,L) =·(L- X)(E~·r)' 

. · . ·XL. ·. · 
pT·= P3~Tj x,_L) = (r-::-: X)(r "7 L)' 

and under the addition co~dition P3·/o the notations. . ' 

-
dt(r;X,L)·= _Pt 

P3' 
d2(r;.\i'L) = .::_P2 

pj' 

3 

d3(~; X, L) = .!.. 
Pa 

(2) 



We mention that "the f~nctions d!' d2, d3 a~~ defln~d only for nonz;ro ).. a~d L. 
:. ,.._ ·, '• -; • • ' ' .' •••• •• • • • • ,. + 

The tross~r.;_tio functions p;,d;; i ::;:: 1, 3 play a key" role in the definition of 'DPT. and .its 
inverse transformation. · · · · · · · · 

DEFINITION 1 Let A =j; L. 

a) The DPT of ah 'a~bitrary differentiable fun~tion j(x) is dnalytii:ally "defined as Joi~ 
lows . · 

V[f(x)] = r(x) = h(r) = (P,F), 
. .' . • -Y~ • 

where(·,·) denotes the dot product and 

. (3). 

• 
.·: P = [p.hPL;PT], . .. F = [f(..\),J(L),J(r)]: (4) 

b) The inver:_seDPT is defined by 

v-l [h( T )] = f(::r) = (D, H),~ 

where: 

D = (di,d2,d3), H =.[f(A),j(L),h(:r)]. (5) 

Before investigating the main features of the DPT we give the basic properties of the 
cross-ratio functions p; and d;, i = 1,3 : ' ' · 

~.a). p; apd d; are .independent of scaling (a; compres.sion.-and stretching) i.e .. for 'any. 
k=f;O_. · ..•...• ·~:. , .' 

,., 
p;(kr; k>., kL) = p;(r; >., L)), } 

,d;(k;r;k>.,kL);, d;(r;A,L)), 

b),'pi a~d a: p~~sess'th~ p~op~rt.y of no;m·allzation 
• j<.;' .•.· •. ' :- , :· .. ,, _._, - -

'· •. 3· •.,:• • 3 ' 

i = 1,2,3; 
o:' 

LP;=1, 
i=l . 

Ld;=T; 
·i=l 

c) for r = 0 we hav~ 

/ ·- . ' P3 = d3 = 1 and 
PI ;,;, P2 ,;, dl = d2 = 0; 

. . . . . 

• d) the graphs of p; imd d;, i ·= 1,3, for X= -land L .= 1 are iri Fi.g, 1 ,2. 

Taking into account the property b)of functions p;,i = 1,3, w_e get from (3) the 

DEFINITION 2 The DPT of any differentiabie function f(x) fm· any A=/; L may be defined 
as · · ·· ·I· · · · ~- -

V[f(x)]::::: r(x) =:='h(r) :::.--.2!:_ _J(r) ...,.--j(A) + ~ .. "J(L)- f(r), '·J· ( ) 
·. A-L·· T-A L-A·· L-r + r. (6) 

4 . 
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Formulae (3), (6) define the DPT for all r, except ~f i,~~ vaiues: r = A_ and r = L. From 
the second definiti~n we get due to the differentiability J() the DPT.at poi~ts X'imdL' 

and 

where 

h(A) =lim h(r).= -uj'(A) t l'JA2 + f()..), 
T-..\. , ~ · _," - I " , '. . 

h(L).= lim h(r.) = uf'(L)...., VJL 2 _+f(L)
1 T-L . . • 

AL 
tt= L->. and 

f(L)- /(A)
vi = (L- A)2 . 

(7) 

(8) 

From defi-nition 2 and the property c) of p; we get iminediat.ely one of the basic properties. 
of DPT: -

· V(f(O)) = f(O)., 

Le .. the point (0, f(Ojj is a~ immovable. p~f11t for DPT. _ 
The further two main features of DPT. ar<:> the linearicity 

V[afi(x) + bf2(x)] = aV[f1(x)] + bV[!J(.r)] = ahJ(r) + bh2 (r). 

where a,b E Rand /1. / 2 are arhitrarydilfl"rf'ntiable ftlnctions. ami thP df.'crease of the 
degree of power function by 2 

V(.rn) ;7 g( r, r 2
, •••• r"-2

), . 11 2': :3. 

The latter property we formulate as (see (·I)) 

Lemma 1 Let A =f; L. Then 

a}forn=1,2 
V(;rn) = 0, 

b) and for any naluraln 2': 3we hat•e 

n-1 n-i-1 

.V[;rn) = ALr L)..i-1 L Lk-lr"-:i-k-1. 

i=l k=l 

(!J) 

We mention that from the propPrt.y ,) of p; it. follows immediat.cly_ that for any const.ant 
cER . . . . . . -

V(c] =c. 
Hence and from the linearicity of DPT ":nd Lemma 1· we get in particular: 

V[a + b.r) = a, 

V[a + h.r + c,r2
) = ci 

. 
Corollary 1 LetLlf = (/()..)- /(O),J(L) -f(.O), f(;r) :.._ /(0)). u:htTr /( r) j_, 1111 urbilmry 
polynomial of degree lrsslhan·3. Then the t•rclot·s [> mill ~f un r>l'llwgonal 

(P,t!.f) = 0. 

5 



4 DP::r' of polynomials 

Let us introduce for the right hand side.of (9) the notation · 

-n-1 n-i-1 

Gn(x;..\,L) = ..\Lr L,\i-1 L Lk-1Tn-i-k-1. 
i=1 ,k=1 

: -· -
As we can see from the next lemma, Gn = Gn(x; ..\, L) may he computed by recursion. 

Lemma 2 Porn;::: 3 

Gn = x(Gn-1- ..\Gn-2)·~ L"-3 + ..\Gn-r, 

where Go = G1 = 0. 

For the derivation of matrix equation for the DPT of polynomials it is very important the 
representation of Gn by power functions .x•. 

Lemma 3 For n ;::: 3 
n-3 

' ~ ~ l Gn(x;..\,L) = LX;Yn-3-i(..\,L),. (10) 
i=O 

where 
' '· i' 

g;(,\,L) = LLi-i..\i, j = O,n -3. (11) 
i=O 

Remarks: 

1. There is a single recursion relation for g;: 

Yo = 1, 

g; = Yi-1,\ + Li, i = 1,2, ... (12). 

2. Although the g;, i = 0, 1, ... are independent ~f n, the coefficients Yn-3-i by x' in 
(10) depend on n. ' . 

forrinilae foi'g;(..\,L) an.d G~(i:;.\;L),'n';, 3,8 are in Tab.2 ~rid 3'respe.cti~ely: 

Tab.2 Formulae for g;(..\,L) ~nd g;(-L,L), i = 0,5 
i . . ~ , , g;(..\,L)- ,.· •.. ,. . ' g;('-L;· L) · ~' -. 

0 1 1 
1 ..\+L ''- f ' ' 

0 
2 ..\2 + ..\L + £2 £2 i 

3 ,\3 + ,\2£ + ..\£2 + £3. 0 
4 ,\4 + ..\3 L + ..\2 £2 + ..\ £3 + £4 

' 
£4 

5 ,\5 + ,\4£ + ,\3 £2:+ ,\2£3 + ,\£4 + £5 '0 l,,. 

6_, 

,rr 
'i 

~ 

,· 

t 
J\ 
( 

Tab.3 Formulae for Gn(x;X,L) and Gn(x;;-L,L), n = 3,8 .. 
n Gn(x;..\,L) . , , .. Gn(x; -L,L) 
3 Yo= 1 .. ... 

1 
4 x+g1 =x+..\+L 

, .. ·' X 
5 x

2 
+ ig; +g2 ::::= x2 + x(..\ + L) + ..\2 .+:..\£ +L2 .. £2+x2 

6 x3 + x2g1 + xg2 + 93 
·• : x£2 +x3 

7 x4 + x3g1 + x2g2 + xg3 + 94 L4'+x2L2+x4 
8 x5 + x~g1 + x3g2 + x2g3 + xg4 + 95 x£4.+ x3£2 + x5 

'Fro:U Lemmas 1 and 3 we get the expansion of DPT xn by Ilower,functioris x~. . ' •: .. 

·Lemma 4 Let ,\ =/= L. Then for any integer n ;::: 3 we have 

· n-2 

V[x"; ..\, LJ := V[xnJ = :L>idin(~, L), (13) 
~ i=l :. ) 

where 

d;n(..\;L) = ..\Lgn-2-i(..\, L), i = 1, n- 2, 

end g· is defined by (11),(12) (see also Tab.2}. 

Formulae for d;n, i = 1;6, n = 3,8 and for.D[x"] are inTab.4-7; 

Tah.4 d;n(..\,L), i = 1.5.n =3. 7 . ' 

1 n 3 4 5 6 7 
1 ..\L ,\[;g1 ..\Lg2 ..\Lgj ..\Lg4 
2 ..\L ..\Lg1 ..\Lg2 ..\Lg3 
3 ..\L ..\Lg1 ..\Lg2 
4 ..\L ..\Lg1 
5 ..\L 

Tab.5 d;n(-L,L), i = 1.5.n = 3. 7 
in 3 4 5 6 7 i 

1 -L• 0. "7£4 ' 0 -£0 
2 0 .... £2 0 ....c.£4 0,; 
3 0 • 0 -£2 0 -£4 
4 0 0 0 . ..:..£2 0 
5 0 ' 0 0 0 -£2 

Tah.6 The DPT of power function V[x"; ..\; LJ. 3, 6 .. 
n V[x";..\;LJ ' .. ,·' .. '.' 
3 Lx,\ 
4 x 2..\L + (L + ..\)L..\x ' 
5 ..\Lx

3 
+ (L + ..\)L..\x2 + (£2 + ..\L + ..\2)£..\x . .. . . . .... 

6 ..\Lx4 + (L + ..\)L..\x3 + (..\L +£2 + ..\2)£..\x2 + (£3 +'..\£2 + ,\3 + ,\2 L)L..\x 

7 
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Tab.7 The DPT of power function,>.= -L 
n V[xn;-L,L) 

I 

3 ....:L2x 

4 -L2x2 

5 -L2x3- L4x· 

6 -·L2x4- L4x2 

7 -L2x5- L4x3- xL6 
8 -L2x6- L4x.4- L6x2 

From Lemma.4·one can easily get the . •' 

Corollary 2 For>. -/; L and n 2:: 3 P[xn) can be presented by the recursion formula 

~' 1-

V[xn) = x(V[xn-I] + >.Lgn-3). 

From lemma (4) we can derive the DP'r of polynomial of degree r 

~~ .; ; 
f,(x) = l.l'ro + a,tX_ + a,2x2 + ... + a,,xr 

. in matrix fqrm. 

Theorem 1 Let >. -/; L. Then for any integer r ~ 0 

V[f,(x)) = f:(.r) = Xr T L\Ari 

where the vectors Xr and A, are defined by 

Xr 

Ar 

(1,x,x2, ... ,xr)T, 
. . . T 

= ( O'ro, O'rt, O'r2' · · ·, O'rr) ' 

L\- = [- 1 o;_ ]· 
0, n· ' 

(15) 

(16) 

(17) 

the vector:O, consists of zeros and the nonzem elements d;i oj matrix D are defined by 
formula (14) {see also Tab 3,4}. 

The result of theorem follows from the next facts: 

• the element d;k is equal the coefficient by xi in the DPT of xk - V[xk], see (13); 

• since for any constant c, V[c). = c and V'-1 (c] = c, every elenwnt of the first row and 
first column of matrix L\ equals zero except L\u(= d~) = 1; 

• if k = 1, 2, then d;k = 0 for every i, since V(x) = V[x 2 ) = 0; 

• if i = r.- 1, r, or if i;::: 2, k;::: 3 and k-, i ~ 1, the'nid;_,; =· 0; siric~ DPT'decr~ases 
the. degree of power funCtions by 2. . . · 

8 

I~ 
l· j i,. 
• 

"·' 1 

J r.. 

I 
~ 

.. 
The scheme of the matrix L\ is · 

- ·• ','·" ·",}'.' 

0 0 0 

0 0 0 >.L 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

I. o o o- o 

1 -· 0 0 0 . 0 .0 0 ·.· -
dt,3 d;,4 dt:s · dt.6 1.··_ ·--· 0 0 0 

0 0 0 0 d2,4 d2,5 ,d2.6 

L\=10 0 0 .. 0 0 ·d~.s 'd3.:··~-~ 
0 0 0 ::0 0 0 d4.6 

0 0 0 0 0 0 0 
I .. · 

o ·o o· 0 0 0 0 

0 0 0 

>.2L+>.L2 ).3L+>.2L2+·>.L3 :>.4L+).3£2+>.2U+>.L4 

. >.L 

0 

0 

0 

·o 

,\2L -t ,\L2 

>.L 

0 

o" 
0 

,\3 L + ,V U + ,\ L3 . 

,\2L + ,\U 

>.L 

0 

.0 

For>.= -Land r = 8 we get (see also Tab.5) 

I 0 0 0 . 0 0 0 0 0 

0 0 0 -L2 0 -L4 0 -L~~ 0. 

0 0 0 0 ,-£2 0 -L" 0 -L'; 

0 0 0 0 0 -L2 0 : -L" . 0 

L\= 0 0 0 0 0 0 -£2 0 L" -- . 
o o o· · .o • 0 0 0 ' -J.2 ' () 
0 00 0 () 0 0 () -U .. 
0 0 0 0. 0 0 0 0 ()· 

0 0 0 0 0 0 0 (). () 

Let us see two examples on the DPT of polynomials ·.' 

"' 

•; '·. 

V[fs(;)J = J;(:r) = ao+ , 

+:r (>. La3 + (-'2 L+ >. L2) a~+ (.\3 L + >.2 L2 +.\ L3) as+ (.\4 L + .\3 L1 + >.1 L3 + >. L4) as)+ 
+x2 (.\La~+ (.\2L+ ).L2) as+ (.\3L + ).2L2 + .\L3) as)+ 
+:r

3 
(>.Las+ (>.2L+ .\L2

) as)+ :r4>.La6. · 

This DPT in case>.= -L'is reduc<'d to 

V[J6(x)J = f;(,r) = ao + x ( -L2
o3- L4os) -i- .r2 

(-L 2a4 - L4o,;) - .r3 L2o 5 - ,r4 L 2os 

9 



The 'evaluation of DPT of higher orders i'~ done recur~ively. We·show h'O\v is computed 
the k-th DPT Y 4 k on the base of the k::... 1-th DPT: · - -· 

First of all the fu~ction J(k-IJ
4(x) must-be computed analytically from the. definition 1 

or 2 (formulae (3), (6) respectively). The function J<k-tl4(:r) is needed to evaluate Jk.;(.\) 
k (L) . I h d . . dJ<•:-•l•<xl . ' I L . . .. and J ~ , _more prec1se y t e envatwn dx m A anc . · · · · . 

We have 
J<k-tJ4(~) =. V[j{k-t)4(;)] = (P, pk-2), 

where Pis defined by (4)-and • · 

Fk-2 - [ (k-2)4 (k.-2)4 f(k-2)4( )] - Yt '>Yn , X • 
t ;; 

The k-th DPT of Y is equal 

where 

and 

yk4 .= (Jk4(.\), y;k4, y;k4, ... , y~~;. jk4(L)f; 

fk4(.\) 

Jk4(L) = 

Vk-1 

y*k4 

dJ(k-1)4(.\) +'. \2 + (k-1)4 
--:U d Vk-JA 1/] , 

. , X. -· 
dlf(k-tl4(L). 

u . -v L2+y<k-l}4 
' ' dx 'k-1 ' ' n ' 

(k-1)4 (k-_1)4 
Yn - Yt . 

(L- .\)2 

P (k-1)4 + p' (k-1)~ + p· }'*(k..:1)~ 
.\ • Yt L • Yn r * · • 

Y*(k-1)4 _ ( (k-1)4 (k-1)4 (k-1)4)T 
- Y2 , Y3 , • · · • Yn-1 · 

Let us now consider the situation, when 

J(x) = J,(x) = O"ro + OrtX + a-,2x2 + ... +'arr;rr. 

Let 

I'= max(r- 2k, 0). 

If for any k ~ 1 Jl = 0, then f: 4 (x) = const =. O"ro and Y~4 = ( o-,o, · • ·, a,o)Y. 

Let us have a look at the case when I'> 0. There are two ways to compute Yk4 • 

(19) 

(20) 

1. We can f~IIow the algo;ithm described above, however now the function j~k-tl 4(x) iri 
(19) does not need to be .computed analytically. 
Let (we remind that by the assumption Jl ~ 1) ' 

'J!k-l)4(x) =. J,(x) = a-,0 + a,1x + · · · + Ctvv;t:'', 

12 

where v = r-'2(k~ 1) (of course the coefficients a,o, a;,~o · · · ,n-,~ have to· be remembered). 
Then ·· • ' 

dJ!k-IJ4(x) _ J,(x) _ · · · ? - ' ~-I· :. '' ; ~; 

d = -d . - a-,1 + -O'v2X + · · · + va,,:r . . 
X X ' · -

The rest of computation is c~rried out by an~logy with the g~neral case .. J\lention must 
be made that a convenient way to nn;nimte the coefficie~ts of polynomial f~k-l)4(x) is due' 
to Lem~a 5 (see the next way). 

2. The second way, which is sirppler than the first one however it needs more machine 
operations, is to use purely the result of Lemma 5 . 
. Let · 

( 

1 x 1 x2 

X.= ~- X2 X. i ' 
1 Xn x2 n 

Then from (15) and (IS) we get that 

xt:A'(= XB 1
), 

. 
:r. ·I) x; 

r . , .rn 

y• 
yk4 x~sk-l, k == 2,3 •... 

' .. ·' 

l"< 

(21) 

:nhere ~ is given by (17), Ar by ('16) and sk-I ,;:, Li:k-l A'r. ;fhe process may be optimized 
by decreasing the corresponding dimensions of 'matrices in' every iteration step hj: ·2.' 
Consequently the dimensions of matri~es in (21) may be reduced to 

6 

Xnx(r-2k+3). ~(r-2k+3)x (r'-2k+3)• 
. k-1 
B(r:-2k+3)x I' 

The DPT in regression analysis 

The discrete projective transform~tion was defi~ed in the previous section foi· cont.inuous 
functions. From (3) idollows that the DPT. 6f dissrete points may be cml1puted too. 
Let us consider the set of data in tab.8 (see [6]). 'Our goa.! is to dPi~r.-niiu; from the discrete 
points [x;, y;], i == 1, 21 the appropriate· degree of the regression t)olynomial. 

Tab.S 
X 14 21 28 35 42 . 49 56 6:J iO Ti 84 
y 590 9iO 1305 1730 2140' 2725' 2890 3(i85 :3920' .4325 ·1·110 
X 91 98 105 112 119. 126 133 1·10 14i 15·1 
y 4485 4515 4·180 4520 45-1.5 4525 4560 4565 ·1626 ·1566 

The di~crete points may be tra.nsformated by (3) after tl;l' choice of two: basic ]JOints 

,[.\,/(.\)] an·d [L, f(L)]. The basic points may be chosen from the di~crele 'points [:r;, yi] 
and their DPT's. Unfortunately this choice has an essential drawback: by computation 
of every DPT we lose two observations.· 
Here we show another approach: the hasic points will be from th<' estin.Jal!·d polynomial 
and its discrete projective transformations. 
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From the theorem weimmcdiately get the matrix equation of the kcth DPT of'polynomial. 

Lemma 5 Let A =J L and r 2:: 0. Then for et•ery k 2::·1 

1J[1J[ ... 1J[ j.(x) ]. : .]) = 1Jk[f.(x)]':= J:"(x) = X. T Llk A •. ......_____,_.. ..__.... (18) 

k k 

Examples we show only for· Dk, beca~se for every positive natural k 

Llk = ( 1 o;) 
0. Dk . 

. ~· 

For A= -Land r = 8 we have 

0 £4 0 2£6 

2:J £4 '· 0 0 

D 2 =I :, 0 0 £4 0 

0 0 0 £4 

0 

[ 0 ~L' 0 l 
D3 = : 0 -£6 and D4 =[0). 

0 ...... 

The DPT's of order 2 and 3 of polynomialf6(x) are: 

1J2[f6(x)] = Ji"(x) = O'o + x (A2 £20's+ 2A L (A2 L +A L2) 0'6) + x
2 
A

2 
£

2
0'6.' 

~[f6(x)) = Ji"(x) = ~o- . 

5 The numerical realizatio~ of DPT· 
In this section we describe the numerical implementation. of DPT: of any differentiable 
function and of polynomials i.n particular. As we will s.ee the evaluati~n of DPT of poly
nomials may be realized purely numerically without any analytic~! computation. 

In numerical algorithms functions f(x) are presented over an interval [a, bJ in most cases 
with pairs [x;, f(x;)], where J(x;), i = 1, n are the function values at the 'rrieshpoints 
X;, i'= r,n. The'distance between two successive.meshpoints x;..:I·, x;, i='2,n may be 
constant or· changeable. It is supposf;d that xi: = a, Xn = fj and x; <. Xj, if·i· < j; 
i = 1, n- 1, j = i + 1, n. . 
So let us consider two vectors 

X 
y 

. r': 
(xt, X2, ••• , Xn) , 

. , . T 
(Yl!'Y2····•Yn) , 

10, 

'and 

~-!l 
~,: 
.' 

{ 
'}. 1·~. I. 

It 

-.~: 

'J, 

where y; = f(x;). Our goal is to show an effective way to compute the numerical values 
of the first, second, .. : DPT's ofj(x), i.e.: the vectors . . . :, , 

yk• = 1J[1J[ ... V[YJ .. . ]) = M•;y;~ •... ,y!•f, 
...___._._... , ..__.... I 

_k,= 1,2, .... ' 
k k 

where yf" = Jk•(x;), i = r,n and ' 

fk"(x;) == 1J[1J[ .. : V[f(x) ) ... )]. ...___._._... . ..__....' 
k . k 

By Jk•(x) is denoted the k-th DPT or the DPT of order k of the function J(x). 

The DPT of f(x) is determined by two basic points A,. L and their values of function 
j(A), f(L). Without loss of generality we take A= xi and L = xn.' 
Let us introduce three vectors · 

( 

P-\(x2) ) ·( PL(x2) ) ( p;.(x2) ) 
p _ P-\(x3) p _ PL(x3) p _ Pr(xJ) 
..\- . , L- .. ' T- • ' 

~,\(Xn-d ~L(Xn":I} ' ~r(Xn-I) 
where P-'• PL, and pT are defin~d by (2). These vectors are used without any change 
in computations of DPT of any order. It should be noted that they do not contain the 
corresponding values in the basic points XI = A and Xn = L. Th~ DPT at these points is . 
calculated by (7), (8) and at x2, X3, ... , Xn-I by (3) or (6): ' 

The first DPT of Y is given by 

where (see (7), (8)) 

y• = (f"(A),y:•,y;•, ... ,y:':2,J•(L)f, 

r(A) := y; = -uf'(A) + VoA2 + YI 
r(L) = y~ = uf'(L)- VoL2+ Yn 

' ', 

AL Yn- YI 
u= L-A'· .. •Vo= (L-A)2'': 

' and yt", y~•, ... , y~~2 are the elements of vector 

YH ::;= P,\ ·; YI + pL: Yn + pT'* Y*, 

where 
Y* = (y2,YJ, ... ,y~.:.If, 

,' ' ' ; .. ' 

',; 

by the dot · is denoted the multiplication of .vector. by scalar .and by asterisk * the multi-
·plication of two vectors by the corresponding elements. · · · · · · ' · 

( 

PTCx2)Y2 , ')·· · 
P Y

* . .. ': 
T* = • . • 

· PT(Xn-l)Y~~l)' 

11'·· 

"·-- . ---------. _:_:.___:.__ _ _:_ ____ .;.... ___ __; _ _,;.~~-,.,.::,..-~---, 



The process of the estimation the degree of polynomial by DPT consists of two parts. 

I. Computation of DPT's. 
The algorithm of computation of DPT.is the following:· 

1. we.det~rmine the initial polynomial function jk == ak,o +ak,1x + ... + C.k,k·rk of 
degree k on the base of points [x;, y;] by the least square method; 

2. with the two basic points (,\,jk(..\)] and [L, jk(L )] we compute by (:3) the fir~t DPT 
of points [x;, y;], which we denote as [d:x;, dky;]; 

3. we determine the polynomial function jk.:.·2 == a·~·-2,0 + O'k-2,J'l' + ... + a·k-2,k-2Xk-2 
of degree k- 2 by (21); 

4. with the basic points [..\,ik-2(,\)] and [L,jk-2(L)] we compute by (3) the second 
DPT of points [dZx;, dZy;], which we. denote [cW.r;, c/k4 y;]; 

5. if k- 4 ~ 1, then the steps 3, 4 may be continued; 

6. the whole process 1-5 may be repeated by higher degree k. 

The sampl~ 
· d~

4 

== {[df
4

x;, ~4YJ], [d:4x2, d~4Y2], ... , (t:P,;4
;l';, df4Yn]} 

is got from {[x;, y;]} i=J,n by p consecutive DPT, where k is the degree of the initial tested 
polyriomiaL 

.The tab.9 shows the scheme of the computation. of dr- the DPT's of initial sample. 

Tab.9 The computation scheme of DPT's. 
I Degree of polynomial II 3. I 4 I 5 I 6 I 7 I 8_ I .. · L 

d~ d~ ... 
. d4 d· ~4 d~· ... .5 6 

Last non zero DPT d4 d4 d24 d24 d34 d~4 .... 3 4 5 6 7 
. Zero DPT d24 cE4 d34 d34 d~4 d44 ... 3• .4 5 6 8 

Remark: If ,\'and L are too near Xmin arid Xmax then the DPT of observatio~s from tli~· 
left arid right hand side of the interval [~min, Xmax] might be very far away from the 
axe x. The experiment shows that the distance 3h-8h from Xmi,; and Xmax seems to be 
appropriate. We. carried out the computation with ,\ == -21 and L =:' 189. 
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Fig.13 Residuum by polynomial of degree 5 

II. Hypotheses testing and graphical analysis. 

Fig.1-13 show the graphical results of DPT analysis. The plots of zem DPT and residuum 
are similar, see Fig.3-4, 7-8, 12-13. The Fig.2, 6, 11 are the.most interesting. We see from 
Fig.2 that: the polynomial of degree 3 is insufficient. The plots of the last non zero DPT, 
J:, .n~, in Fig.6, 11 reveal no patter~s, so the appropriate degree of the polynomial rriodel 
by the graphical analysis may be 4 or 5. 

The DPT analysis enables to use in addition to the visual criterion statistical criteria too. 
We can test single hypotheses, that J:: and ft~ form a parabola and a straight line respec-
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tively. The results of these statistical tests do not contradict the graphical ones. Mention 
must. be-made that the-standard -.regression criteria give _degree· 5· and the penaliz(ttion' 
criterion degre~ 6. :j 

The tab.lO shows the hypotheses for tlie last non zero DPT"s.' 

·Last non-zero DPT • 
Hypotheses 

7 CoriClu~ions ~ ! ~ 

This work is an outcome. of.study .Qn how the discrete project in• transformation ciui :be': 
used in estimating the degree of polynomial in regression models. Tlw proposed approach 
is illustrated on a real set of data. 

,. ,_ 

The special structure of the DPT of polynomials allowed us to construct a rr;lii·si!•r ;,\a
lri;r algorithm for.t.he DPTof estimated regres~ionpolynomial. 

. ' ' '' " . - ' . '- . . ; : . . ~. •. . 

As we pointed out, the main problem of the lie\;' metll~d is il;<~· rigl1t ~hoirt: ~f the basir 
points for DP'I\ In this paper we·chose the basic points ontlw <·st.imate<ht~gression (mTes · 
and thei1: DPT's. . '· 

The-:main .features· of. DP'f; analysis' 'in' 'the estimating' of the degrc:e '<lf the regression 
polynomial are: '- . · · · . : · · '; ,- .. 

• tl;e use of DPT leads to both graphical and statistical niteria:. 

• the DPT's are associated with the stages of passilge from n·gn·~sion polynomial to 
the residuum; 

• the simplest statistical criterion is based on testing of primf' hypot.lwsis that the last. 
nonzero DPT represents a line or parabola, if th<• real dPgret• r of pol};nomia:I is odd 
or even respectively; 

• the computation of DPT -of polynomial is simi;Ic am\ has a form of matrix equation: 

• unlike the.numerical'different.iat.ion t.he DPT is not. _a local,op<·rat.ion aiHI due to t.lw 
basic points ,\ and L the influence of the distance behn'<'JI the <ihsen·at ion on the 
evaluation of DPT of sample may be eliminated. . 

The generalization of the new approach to the nmlt.idimt•nsio\li\1 cast• is mHit•r inve,:t iga· 
tion. 

There arc three files: DPT.m, DPTexmpl.mws and DPTexmp2.mws on the .JE\H 
CV server. l\lapi~V Helease-1 (Windows) progrm~1s DPTcxnlpLm,,·s. DPTt•xnlp~.111\\'S 
show the use of DPT.m package of l\hplc pi·o·c,:dun·s: t.l)a.t cai·(:y ont t lw ahon· prc·~t·nt<'d 
methods and computations. -These files ca-n be downloadf'd by FTP fro;n .JINH Sf'rn·r 
cv.jinr.ru as anonymous from directory fpub/PC/maplefdpt. 
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