


Construction of a simple normal form of the resolvent matrix is a principal
point of stability investigation for difference initial-boundary value problems. In
our previous work [1] we proved the theorem on existence of a quasi-Jordan normal
form of the resolvent matrix in the case when all the eigenvalues of the characteristic
matrix form a unique parabolic class. In this work we show by concrete example how
the quasi-Jordan normal form is constructed in the presence of uniform parabolic
blocks. The basis of generalized analytic eigenvectors for the resolvent matrix (of
order 12) is coustructed from the corresponding basis for the characteristic matrix
(of ovder 4). In the general case an interesting relation for the primitive roots is to
be proved. We do this at the end. ‘

We consider a difference system with the characteristic matrix

D(c®) = E+ G =24 e7%) 4 Ay(e® -3¢ +3 - ¢77),

a« -1 0 0 000 8
, {0 a« 0 0 o g oo
G“ooza-L’Az‘O()ﬂo
0 0 0 2« B 0 0 0
Put ¢t = ¢'® — 1. We have that
(D—E)/(—4s1n2¢) G+ tA,.

The eigenvalues of G + tA; are solutions of the following equation

a—p —1 0 gt

0 a+pt—yu 0 0 _
det 0 0 20+ fFt—p -1 -
At 0 0 20— p

= (a+ ft — p) (20 + Bt — p)[- A" + (a = p) (20 — p)] = 0.
The eigenvalues of D(e*) are A; = 1 — 4sin? 925 ti, 1=1,2,3,4, and

- 3a [o? 3a  « 43242
= — —_— T = — —1/1 - s
#L3 2 :‘1: 4 + ﬂ 2 Z&: 2 + az

p2 = a4 B, pug = 2a+ Bt
If a>443,then |p;| < 2.5c, Re(y;) > 0.5a for all ¢ = €' — 1, || < 2. This gives

BAEES (1 —4sin® = s Re(p,))2 + (4sin? é Im(p))? <

<1 —4sin? ga + 16sin* §(2.5a)2,
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which implies |\;| < [1 — 10« sin? %| . When 10a < 2, ¢ = 0 is the unique deter-
mining point for the considered matrix D : [A;(¢4)| < 1, for ¢ # 0.

Eigenvectors of the Characteristic Matrix

The right calculating shows that in the vicinity of ¢ = 0 the matrix D is trans-
formed to the view

Hi1 1 0 0
Mo . Qf 0 Ha 0 0
D=F —4sin 510 0 w 1|
0 0 0 Ha

2
m=a-Liio@), w=atst,

2
ps =20+ —t* + O(%), 4 =2a+ Bt
o

The corresponding basic vectors are

1 (B]e*)t + O(t?)
0 _ ~1
T (Blatrow) |0 AT | @8fad)t+ o) |
(B/a)t + O(t?) (B/at)t + O(2)
(B*/)t* + O(t%) (=B/a)t + O(t?)
0 0
€3 = 1 y €4 = 0
Bt — (B2 [a)t?* + O(t3) —1

We present here only the principal parts of the expansions of eigenvalues and eigen-
vectors. On the whole all expansions here have integer powers of ¢ only. They can
be found by simple iterations from the corresponding relations defining 1 and e;.
The structure of D and ; expansions show [2,3,4], that D"(e'¢) generates bounded
semigroups in the space L, and in the uniform mietric: [[D*(e*)|] < ¢. Here ¢ is a
positive constant, independent of n.

Eigenvalues and Eigenvectors of the Resolvent Matrix

The resolvent matrix here is a matrix of order 12, depending linearly on spectral
parameter 2 :

—A7'AT —A7Y (Ao —2I) ~AFA,
M(z) = [ 0 0
0 1 0

e

[— e .

A s L 5 g 35

Here ALy = G - A,, Ay =T —2¢ + 342, A1 = G —3A4,. The eigenvalues of the
resolvent matrix are solutions of the determinant equation, which in the case of
z=11is det[G(x — 1) + Ay(k — 1)%] =

= (k= 1)*(B(x = 1) + @)(B(k — 1) + 20)[20* — (s — 1)?] = 0.

Besides the principal eigenvalue & = 1 (of multiplicity 8), we get 6, =1 — %,
03=1=2y, v=a/p; 612 =124 1/2v . This implies relations 6, + 0, = 2,

b — 0; = 2¢/2y. Using formulas for eigenvectors of the characteristic matrix, we
obtain forinulas for [E), B, B3, By, &, &2, E3, &) vectors of the primitive basis nj,
corresponding to the principal eigenvalues & = 1 of the resolvent matrix.- We denote

J} 9 . .
= 81—7E3+£E4, = 82—%E1~—§E3+£2b4, = 83+BE4, Fy= g4+—B-E1
o « (64 . o (64 [0

The basic vectors corresponding to the principal eigenvalues are

[Eh E27 E37 E4a F17F23 F3,F4] =

(15 0 t0: 0 12: 0 :0: o]
0 : —1 0 : S0 =2 0 :

0 1 0 0 : 0 2 0
0 0 0 : -1 0 : 0 : -2
1 0 0 1 : 9 0 0
0 : -1 :0 0 : 0 : —1 0 0
0 0 1 00 1 0
0 0 : —1 0 : 0 0 : -1
1 0 0 0 0 0 0
0 : -1 :0 0 0 : 0 0 0
0.0.1.03030.0.0
[0 0 50:-1:0% 0 0 0

The eigenvectors corresponding to 0,605 4 are
®2 = B3 — 2vF3 + 44°(0,0,1,0,0,0,0,0,0,0,0,0]",
P34 = 0341 — Ey+ (034 — 1)(034F) — Fy) + 27%[03,4,0,0,1,0,0,0,0,0,0,0, 0]".

Sign * transforms row-vector into column-vector.

The basic vectors are expanded in basic vectors E;, &;. From these expansions
we can find easily basis of vectors [¥, , *, , 0, 0,0,0,0,0,0,0]. Such vectors are in
ME;, ME;. The following relations

¢35+ O,
4~?

1 E3
= 57—,_,(E1 - E4) + F1+1,0,0,1,0,0,0,0,0,0,0,0]",



O3 — By 1
27200 —0,) 2
are true. As a result we obtain the following expansions for the basic vectors:
[ g B
1203 2a%  2a?

p Bop B P
—{—-——E;g —_ 'ﬁEzi o gl + 29 4,

201
.8 p? [ B
[0)0) 1’070’070,070’ 07070] = :1.(!—2(1)2 - EEE3 + %Eti + 2_6;837

(Ei + F1) +11,0,0,0,0,0,0,0,0,0,0,0]"

[1,0,0,0,0,0,0,0,0,0,0,0]" =

(@3"@4)‘{*( )El

- . ﬁ3 /32
[070707 170,0’07()’0707070] - _m(®3 - (I)4) + 4—013(@3 + (1)4)
: 3 2 IH)
LR VS N R N I
Tt (G T B (Gt g T a@) P (- )8 -

Therefore the resoivent matrix takes the following form in the primitive basis
(we mark elements of order O(z — 1) by ¢ and omit elements of order o(z — 1)):

0 Ly Ly .
M(e¥)y=|0 Gi+pA  $C =
0 %D  Gy+¢B
(i 0 0 0 0 0 0 0 0 0 0

0 wy, 0 0 0 0 < 0 0 0 0

0 0 wy O 0 ¥ 0 v 0 ) 0 Y

0 0 0 w, 0 % 0 0 0 0 %

0 0 0 0 k1o 1 0o 0 0 ¥
o 0o o o 0 x 0 1 0 0 0o o0 )
1o 0o 0 o k2 9 0o 0 0 ¥

0 0 0 0 0 0 0 & 0 0 0 o0

0 0 0 0 0 % 0 K3 () 1 P

0 0 0 0 0 % 0 9 0 katy 0 1+

0 0 0 0 0 0 0 v ke 0

0 0 0 0 0 % 0 ¢ 0 0wty

}‘ 1/)N ,l/_.'3/2

with agy = —1 + B (202), dyy = ~3%/(202) and so on. Note. that blocks Ay, By
are nilpotents.

Separation of the Matrix Jordan Boxes

We remove the block D in (1) by performing a number of similarity transforma-

tions. First we reduce the blocks Gi4+ A, .Gy 4+ ¥ B to the block-triangular form.
These blocks have the folloving structure

G+ 4 A { wd + v AL + 1‘"”3/2[{}1
x y =

1 + 1‘/,',4[2 + 1/"3/2[1)112
vdar + 42 RY,

Kol 4 1h Ay + 32 R},

I+ 4p By + /%2 R2,
wal + 9 By + 32 RE,

Here Ay = A+ A+ A =N = l: 01 } N2 =0, B = {0 1 }‘

, _ sl By + (1',3/23‘121
(r) + «Z B = [ 'gf'BQl n ,}y3/2]f§1

0 0 0 1
. 0 0 ;
,{ 1?]2 = 13”, B)] = /V, lf)z = 0 1 N B”/V = B”N = B)-z/\’ = 0

Calculation shows that

§ 1 ol,.. 11 o
Ly,J«a+um[_X ']

takes block-triangular form, if X satisfies the following matrix equation
(51— k) =N — > PRLIX = _p N — VRRY — X(vN + 2R )+
+X(T + 9N+ 2R X,
We solve this equation by the simple iteration method, starting from X =0 :
(61 = k)l = N —gPPRYIXH = g~ g2 Ry X4 (N 4 g3 14
X (I + 9N + 2Rl X7,

Calculation gives

‘\,| =

Ry + O(?), Xy = Xy + O(y?/?).

K1 — Ky K1 — Ky

Stmilarity transformation

I 0 0 0 ¢6 0
07 0 00 0
0 I 0 0 0 (,,)
00 X I 0 0 -
00 0 0 7 0
00 0 0V J



with p
A b IN h3/2 R} .
X = =2 o,
K1 — Kq K1 — Ry
YN W32 R o/
YV = — 2 _ [} 21 + O(u,).j/z)

K3 — K4 K3 — R4

reduces the diagonal blocks Gy + A, 7y + ¥ B to the views
[ 1]+ (K1 — £2)7TIN + O(2) I+49A;,+ O(U)a/z) J

0 h')[ - ‘lz)(l\'/] — /CQ)_IN + O('l,/’)
kol + V(s k)N +O() 4By + O
0 kgl — (K3 — kg) "IN + O(2)

respectively. The principal parts of the rest blocks remain unchanged. -By analogy
we can remove the block ¥ D. First we transform it to the block-triangular form. j

Similarity transformation . )
I 00 000 )
07 0000 ‘
00 7 000 . !
000700 (3)
00 00T 0O (
006 Z 00 1 !

with ; 52 E

K/ 1
Z=- D, N+O
K1 — K4 nt (f»‘l - f€4)2("€3 - f€4) + (1/))

reduces the block D to the view

~Z 4Dy Dz + O(H*?2)
0 Z + Dy, '

The principal parts of the rest blocks remain unchanged. But the main diagonal
blocks are not block-triangular now: they take the form

—

ml+p(s — k) N+ OW) [ 49N +O(5¥?) {
O(h3/%) Kol — (k1 ~ k)TN 4+ O(y) | f
ksl + 1p(k3 — kg)"IN + o) I+ By, + 0(1/)3/2) . ‘
O(¥?) £al — (k3 ~ k) TIN + O(¥) | i
The next step is similarity transformation '
100000
07 0 000
00 7 0 00
006 0 I 00 4)
00U 0710
60 0 V 0 1[I

with
pou PN D
(f1 = &a)(k1 ~ k3) (k1 — Ka)(K1 — K3)2(K3 — Ka)

PN _ Da
* ) * O(\/J)’ V= (K1 ~ Kka)(K2 — Ka)

(k1 — Ke)2(ky — k3)(K3 — K4
+0(/y).

PN Dy 2N
(k1 — Kq)(r2 - Ka)2 (k3 — Kq)  (m1 - K4)2 (k2 — Ka)(K3 — Kq)
Remark that U,V are matrices of O(1), but their principal terms are equal, so
U -V = 0(/¥). We used here simple relations N Dy = N, DN =0,
K1 — k3 = —(Ky — K4). As a result the blocks D, Gy + 1A take the form
0 VOR k1] + (k1 — £2)7IN + O(9) I+ peN + O(y3/?)
oW o | 0@ k2l — (k1 — 52) LN+ O()
with ¢ = 1 — /[(k1 — K£4)(k2 — £4)]. The principal parts of the rest blocks remain
unchanged. .
At last we do similarity trasformation

U=—

I 00 0 00 P
07 0 0 00
007 0 00
000 7 00 (5)
000 W IO
000 0 01
with
W = 1/11/2R 1/13/2NR
e K2 — K3 (fiz - ﬁs)z(ﬁa - K«4) ’
YW N PINWIN 12
W=W + + 0 .
" (k2 = ka)(k1 — k2) | (k1 — ma)(kz — Ka)2(Ra — Kx) @)
ow*?) 0

After this the block D is [ 0(1/)3/2) 0(1/13/2) ] . _

Thus we removed terms of order % in the block D and in lower, left angles of
the main diagonal blocks we have now matrices of order O(4*/?). In the same way
we can remove step by step the terms of orders O(4/*/2), O(%?) and so on, in order
to reduce at the end the resolvent matrix to the block- triangular form:

Q YRy PR3
0 G YRy |, (6)

0 0 G,

where §) and the pricipal terms of R,5 are the same as in original form (1) and

G = | Bl el — )N+ O() I+$N + O(3%?) ]
‘_ S0 kol = P(r1 — k3) "IN+ O() |



G, — { w3l F (k3 — £g) "IN + O(1)) I + 1By + O(4%?)
0 I€41 e ’t,[)(l‘ig - K,4)_]N + O('I/)) ’
We explain shortly, how the terms of order O(l/)k), k > 3/2 are removed. Let the
resolvent matrix has been transformed to the view with main diagonal blocks

Gk — [ frd +p(k1 — 82)'N + O(3) I+ 9N + O(3/7)

1 1/)’“14’2‘1 kol — (k) — K2)7'N + Oy |’
gk _ l: I€31 + 1[)(/‘23 - K4)_1N + O('l[)) ] + 1//'312 + 0(1//'3/2)

2 YvEBE Kad —p(r3 — £4)7'N + O(v)

and let the block 1*D* (D* is not power of D here) stays on the place of ¥ D. We
perform one after another similarity transformations (1)-(5) with

k Ak k1 N Ak Ak N QF+I N AR N
X = — 7/" 21 + 7/" ( 21+ Ay ) _ P 21 +0(1/)k) — 0(7!)Ic—(1/2))~

(k1 — K2) (k1 — Kq)? (K1 — Kg)®

V= — Y* B, 7/’k+1(NB-§1 + B; N) _ 2N B N

+O0(pF) = Oy~ (72,

(KB - N4)- (1‘53 - K4)3 (Ns - 1‘54)5
7 =D, PN DY PEIDE N
(k1 = Ka) (K1 — Ka)2 (k3 — K1) (K1 = £)2(R1 — Kp)
2R INDE N o
_(Kl e P :21)(&3 7 + 0(1/)k) - O(y,k (1/2)),
z bNZ BZN
U— -
+(’€1 —~ K3) + (81— £3)% (k3 — Ka) (81— £3)2(k1 — K2)
WAINZN _ _
_(m — n3)3(f~:1 — Kz)(f‘is — M) + O(,/,k 1/2) - 0(1/)'“ 1)7
V—_ Z n YwNZ _ YIZN
(k2 = K4) (K2~ Ka)2 (k3 — Ka) (K2 — K4)2(R1 — K3)
21/)2NZN _ _
(NZ—K,4)3(I{1 —/(,2)(/(,3-K,4) +O(,¢,k 1/2)20(1/)k I)’
wo U=V wNU-V)  pU-V)N

(k2 — &3) (K2 — K3)2(k3 — Ka) (k2 = K3)2 (k1 — Ka)
- 2PIN(U - V)N + O(pF1) = O(wk—(S/Z))'

(K2 = K3)3 (k1 — K2)(K3 — K4)

Calculation gives that main diagonal blocks are transformed into

[ &1l +P(ky — k2)7IN + O(9) I+ 9N 4 O(y*?)
1 O(¢k+(1/2)) Kol — (k1 — k)TN + O(9) |’

wiad +b{rs — k)TN + O()) I +vBp + O(w?/?)
O(U"H(lm) Kl — (k3 — Kg) TN + O(4)

and a matrix of order O(y*+1/2)) stays on the place of D. The principal terms
of the rest blocks of the resolvent matrix remain the same as in original form (n.
Thus we proved, that the resolvent matrix reduces to the block-triangular form by
nonsingular analytic similarity transformation. We mean here rows in fractional
powers of ¥ 1 4/ = 0 is branch point. .

Remark. We can’t in general hope to find holomorphic similarity transforma-
tion even for separation blocks, corresponding to the cycles of the eigenvalues: “The
sum of the eigenprojections in each cvele is single valued at 4+ = 0 but need not be
holomorphic (it may have a pole)”[5].

The terms (not equel to 1) in blocks lying upper the main diagonal blocks can
be removed easily by using upper triangular matrix similarity transformation. First
we remove the blocks 4Rz, /Ry3 in the first row of (6) by performing similarity
transformation

| —w)! 0 0 0

I Qn Qi (1 =w) .

A ith Qs = 0 (1 — wy) 0 0

0 0 .1 T v 0 (1= wg)™ 0

" 0 0 0 (1 —ws)™!
10 —(1 —w)! 0
0 1 0 —(I —wy)™! 3/2
X PRy ¥ 00 ) | 0 + O(~7),

0 0 0 1

the matrix @y is obtained from Q. by substituting Ry3 in place of Ry;. In the same
manuer we remove: all perturbations in (6). We must move from above to below in
rows and from the left to the right in each row. At the end we construct the basis
of analytic generalized eigenvectors in which the resolvent matrix takes the simple
matrix Jordan form:

0 0
0 J, 0O
0 0 J;

Here = diag(wy, wy, ws,wy) is the same as in original form (1). The blocks J,. J,
are matrix Jordan boxes:

J . Nll + ‘¢’(N] — H,-)')—IN + ()(1/’) l
L 0 ' N-)l - ’l/)(h?l d fig)-1N + ()(‘l,/') ?
. — Ngl + 'I/J(N;; — f\'v(;)_l /V + ()(1/’) !
v 0 f.‘,,,l—1/v(,t.-3—h‘,t)_‘/\"—i-()(u") ’
In general case we use result, proved in lemma below. Above the special simple

casc of k41 =2 was used.



Lemma. The following relation

ko k
XX ..o Y pitizteti — g b = exp{—2ri/(k+ 1)},

Nn=0j32=75 N=J—

holds.
The proof is shown by induction in [ with constant m = k + [.
Remark that A** = 1. For = 1 our relation is true: ‘
k k+1
Somn = LT g e e
1 —h ' ' '

71=0

Let our relation is true for [ < n. We show, that it’s true then for I =n + 1 :

kook k
DX 0 S wtetetinn =00 = exp{—2rxi/m},k=m —n — 1.
2=0 = :

7 Jn1=Jn
After producing the first suinmation we have

L : it 7 — BFH
1T)2 1. Tin
IR DI i

51=0 j2=51 In=Jn—1

The last multiplier is zero, when j,, = k' + 1. So we can replace in original sum

k k k k+1
> 2 Z by Z Z > Z
J1=0j2=1 Ind1=7 11=0 =5, In=Jn—=1 Ing1=Jn

And we have the same after every next summation: we get function equal to 0 in
Js = k+1. So all upper limits, except the last, can be replace by k+1. Now consider
the result of the first summation:

k41 k+1 k41  pin _ pAH1
S 3 S ittt
1n1=032=5n In=Jn-1 I—h
The second part
R KD k4 k41
Sitizt4in

T 2 2 h =0

71=0 j2=5, In=Jn-1

by induction assumption. Now we must prove, that the first part

k41 k41 k+1
P z z z JIitizte AIn—142in
Jr‘OJz—.n In=In—1

is equel to 0. After producing the first summation we get

1 k+1 k41 Ak+1 o ) h2in—1  p2(k+2)
N+t tin-1
PP DR D e
51=0 j2=73 Jn—1=In-2

10

By analogy with above we get, that all upper limits except the last in original sum
can be replace by & + 2 and the second part is equel to 0 by induction assumption

again. The first part here is

V k+2 k+2 k42 o . )
§ § L § /1_11+12+---+Jn—2 +3in-1 .
{1 =n)(1 —-1?) =, ey
=0 =g In—1=Jn=2

At the end of n—th step we have

k+n h(u+])j1 (l _ /I(k+n+‘1)(n+1))
> 2 = 2 T = 0
= =YL =Ry (L =k (=R = h%).. (1 =kt

because of n 41 =1 by asswuption and A* =1 by definition of h.
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Mocrpoettite. KBa3H)I(0p11aHOBOH nopmanbnon q)oprl pezoaneHTHon SR
, ManHleI B v onyiae napaﬁonnqecxnx Kaccos onnoponuon Cprl(Typbl S

B Haueii npenmecrsyromen pa60re [1] noxazana Teopema cyluecrsosammv
B KBazu)Kopnanoaon nopmanbnon " thopMBl pezonbsemnou ManHlel B.Cllyuae, Korga
coGCTBeHHblE ‘3HAYeHHs xapaKTepncrnqecxon MaTpHLUbL 06pa3ymr ennncrsennbm
'napa60nnqec1<nn 6nox B npeanaraemon pabote Ha Konnperuom npHMepe NOKa3aHo,
| ,'Kax CTpOHTCﬂ KBaznxopnaHoaa HOpMa.anaSi q)opma MPH:. HUTHYHH Hecxonbxux i
napaﬁomwecxnx KJ1aCCOB onHoponnon Cprl(Typbl B. paCCManHBaCMOM cnyqaev

KBa3IXOpAaHoBa  HOpManbHas dopma: peaom;sermron MATPHIUBE HMEET: 6noqno-lb

nnaronanbnyro CTPYKTYpY: -Kaxnpiit napaﬁomrqecxun 610K ‘HMeeT: Ha' JHarOHANH
| marpuuHbti )Kopnanoa sk, B 3akmoyenne nor(aabmaercﬂ cooruome}me s nep-
“8006p213l{blx Kopneu, KOTOpOC ncnonwyercn npu nocrpoenmr HOpMaJIbHOH (poprr .

L Pa60ra BblﬂOHllClla B Jla60paroprm Bbl‘lliCﬂHTCJ’leOH TCXHHKH H aBTOMaTH3aLlHH 1.
Ol/lfll/l : i

,“Serdyukova SI e R ST
: -Constructlon ‘of Quasi- Jordan Normal Form of Resolvent Matrlx :
m the)Case of Untform Parabolrc Block‘”' T =

_ In our. prev1ous work [1] we proved the theorem on exmence of a quas1-Jordan
normal form of . the ‘resolvent - matrix in- the case when all- ‘the - ergenvalues'

of the characterlsuc matrix- forma unlque parabohc class In the proposed work we"| -

show - by concrete example ‘how . the’ quasl-Jordan normal form is constructed"

_| in-the presence of uniform parabohc blocks. In. this case thie quasi- -Jordan riormal -

,form of the resolvent matrlx "has block- dlagonal structure Each parabollc block has

a matrlx Jordan box on ‘the d1agonal An interesting- relatlon for the pr1m1t1ve roots

is to be proved in the process of constructlon We do thrs in conclus1on

S -

B ~The 1nvest1gatlon has been performed at the Laboratory'of Computmg" .
;Technrques and Automatlon, JINR B T




