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! .:Introduction 

Consider the linear time-invariant system { F, G, H} sp~cified_ by 

(1.1) '. x = Fx + Gu, y = ff x, 

where X is an n-dimensional state vector, u is p~dimensional input vector, and, 
F, G and H are real constant n X n, n X p and p, X n matrices respectively. The 
transfer function matrix is the P.X p rati.onal matrix. · · 

(1.2) Z(s) ~H(sl .:...'P)-1G. · 
The realizati~n--{F,G,H} is called minimal, if the. tr~~sferfun~tion matrix Z(s) 

· has no pole-zero cancellation. Recall that Qcon,;,, (G, FG, ... ,Fn-IG] and 

·· . · 1IF ... '[ H ·i 
. Q~= HF"-' 

. . . , r . , . . , . . . 
characterize controllability and observability by fullness of their ranks, and that the 
linear system {F, G, H} is minimal if and only if it is observable and controllable. 
(Anderson andVongpanitlerd [2, P: 98]). ·• • · . · . 

. Two linear systems {F, G, H} and { F; G, H} are called equivalenf,'if there exists. 
.. a nonsingular n x n matrix T satisfying '. 

(1.4). F==r-1FT, ,G=T.:.10, · H=HT. 

• In this article we prove the necessary and sufficient conditions for controllability, 
observability and minimality by applying the Jordan canonical form of matrices. 
We start from discussing an interesting useful example (Scherer and Wendler [1]), 
which clear~ up the problem at once. · 

2 NumericalExample . · 

Consider_ the linear. system (1.1) resulting from an RLC network, ·where . , 

·.,..a.00.1 o .. ·o 0 0 O.oOt . , 1 · 

[

; -20.0 00/01 , . 0 , 

(2.1) F= . 0 . 0 -2o0 
· 0 0 .-0002 

0 _ 0 l . [ O.o 

1

. [-0.1 .

1 
oo/ 0.2 0. , G = . ~o .. , HT = . -~2 . 

0 0 . . Oo0.2 · · . .· 1 
0 · 0 0 , 0 0 , , 03 ... , , , 1 

· (here and below T: is the sign of transposition) ~nd o 0 , o.1 , o.2; o.3 are positive real 
numbers. The tra~sfer function·· 

(2.2) Z(s)= a.;(s+a.o)4 ·_·;a3 . · 
, .. · s(s +a.o)4 -:. ---; . 
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shows a pole-zero cancellation. 
The matrix F has two different eigenvalues 

. At = -oo, A2 = 0 

of multiplicities 4 and 1 respectively. We reduce F to the Jordan form: 

J = r-1FT. 

The matrix F has block-diagonal form and we find the Jordan form of the blocks. 
The first block B1 takes the form of the Jordan box . 

[ 
At At ] . 
0 At 

with respect to the basis 

e1 =· [ 
1 

] , e2 = [ O ] . 
0.1 . -01 

Here e1 • is eigenvector: B1 e1 = At e1, and e2 is adjoint vector: Bi e2 = Ai e2 + At e1. 
The vector e2 is generating vector of invariant two-dimensional eigenspace: 

e1 = (B1 - A1/)(e2/A1). 

Symmetrically the block B2 takes the same form as B1 with respect to the basis 

e1 = [ 1 
] , e2 = [ O ] . 02 -02 

Hence 

E, = , t 1 , E, = 1 t 1 ; & = 1 l. J , E. = -i. 1 ; E, = m · 
are bases of the invariant eigcnspaces for F. The second eigenvalue A2 = 0 has clearly 
eigenvector Es, which at the same t.ime is generating vector of one-dimensional· 
eigenspace. So the matrix, reducing F to the Jordan form, is · 

Calculating gives 

T = [Ei, E2, E3 , E4, Es], det T = 0.10.2 =/- 0. 

T-' = [ i 0 
-l/0.1 

0 
0 
0 

0 0 0 
0 0 0 
1 0 0 
1 -l/0.2 0 
0 0 1 

r-;: .,._ ' -=; T • ... • i 1.,-1.1. .. i, .... 1 .. ~A ~~1')1' \ 
y 'ilat!,;!i~~ "CCJH~A:lilla!I 
i 6WSSlWOTEK.4 



The Jordan form of F is 

[
-;o 

J= 0 
0 
0 

-oo 
-oo 

0 
0 
0 

0 
0 

-oo 
0 
0 

0 0 
0 0 

-oo 0 
-oo 0 

0 0 

We must verify the fullness of rank of 

In this case 

Qcon = [G, JG, ... , J 4 G], 

Qabs = [H, HJ, ... , iJ J 4f, 

a= T- 10, 

H = HT. 

' -1 T T G = T G = [oo, 0, oo, 0, 03] = [b1, b2, b3, b4, bs] . 

Remark, that G = I:J=l bjE/ (bec~use of T- 1r ~ I). So the vector Q has zero 
components with respect to the first and the second generating vectors in the basis 

· of eigenvectors and ajoint vectors . Now consider 

H =HT= [0, -o1, 0, -o2, 1] = [d1, d2, d3, d4, ds]. 

So H has zero components di, d3 : (H, Ei) = 0, (H, E3 ) = 0, i.e., Jl is orthogonal to 
E1 and E3 (the first and the second eigenvectors). 

Using simple relation 

[ 1 l]k=[l k] 
0 1 0 1 ' 

we get 

b2 -oob2 oo2b2 · -oo3b2 oo4 b2 
Qcon = b3 -ao(b3 + b1) oo2(b3 + 2b4) -ao3(b3 + 3b4) oo4(b3 + 4b4) 

[ 

b1 -oo(b1 + b2) ao2(b1 + 2b2) -aa3(b1 + 3b2) ao4(b1 + 4b2) 

- b4 -oob4 ao2b4 -oo3b4 ao4b4 
bs O O O 0 

· Note, that the rows, correspondiitg to the generating vectors (with numbers 2,4,5), 
are proportional to b2, b4, b5 • So it's necessary for the controllability, that the vector 
G has nonzero components with respect to all generating vectors (in basis of eigen
vectors and adjoint vectors). In the considered example this is not true: b2 = b4 = 0! 
But if even b2 , b4 were 11onzeros, the second and the fourth- rows, corresponding to 
the different generating vectors with the same eigenvalues -o0 , are proportional. So 
the second necessary condition for the controllability is following: each ,\ eigenvalue 
of F must have only one eigenvector. If,\ has multiplicity q > 1, then it must have 

. ·---~---- ·4· 
-. .; ';. .~;·:: .... ~ ,; 

i ,~~:i,~Zt:·._ ~'- ·;.--, 

l 
t, .... 

·,P 

... 
f 

on the diagonal of J the unique Jordan box (of order q). In the considered example 
At = -oo of the multiplicity four has two Jordan boxes of second order. 

Now turn to observability. In the considered case 

I 
d1 d2 

-ood1 -oo(d1 + d2) 
Qobs = oo2d1 oo2(2d1 +d2) 

-oo3d1 -oo3(3d1 + d2) 
oo 4d1 ao 4 ( 4d1 + d2) 

d3 
-aod3 
aa2d3 

~ao3d3 
ao4d3. 

d4 
-ao(d3 + d1) 
o 0

2(2d3 + d4) 
-a0

3(3d3 + d4) 
a 0 

4
( 4d3 + d4) 

ds] o· 
0 . 
0 
0 . 

Now tne:Columns corresponding to the eigenvectors (the first, the third and the fifth 
columns) are proportional to d1,d3,d5 • So for observability H must be nonorthogonal 
to all eigenvectors of F. But in the considered example it is wrong: 'd1 = d3 = 0! 
But if even they were nonzeros, the first and the third columns, corresponding to the 
different eigenvectors with the Sll,me eigenvalue -o0 , are proportional. So the second 
necessary condition of observability exactly the same as in the case of controllability: 
each eigenvalue of F must have only one eigenvector. 

We used here the Jordan form with -o0 # 0 on the second diagonals of the Jor
dan boxes. Let Ej(ci) be the generating vector of the Jordan box of order qi with 
Cj # 0 on the second diagonal and the corresponding generating vector of the canon

ical Jordan form is E;(l). The following relation is true: Ej{l) = Ej(ci)/(c}'-
1

). 

So the conditions of nonorthogonality to all generating vectors hold with respect to 
any Jordan form (any nonzero ci), in parcular with respect to the canonical Jordan 
form (Gantmacher [3, VI, §6.3, p.153]), when all Cj = 1. · 

3 Main Results 

Before presenting theorems let us formulate three conditions, which gives· a 
possibility to say more short. We consider the linear system {F;G,H} ·as in (1.1). 

Let F has the Jordan canonical form J with respect to the basis E 1 , ..• , En and 
let there are s Jordan boxes Ji, j = 1, ... , s. The Jordan box Ji is in q3 rowes of 
J with the numbers µi, µ3 + 1, ... , (;. In particular J1 begins in the first row, i.e., 
µ 1 = 1 and J. ends in the last row, i.e., (. = n. The basic vectors EJi.,, ... , Ee, are 
connected by the relations: 

FE,,,= AjEµ,; 

FE,,,+1 = >.iE,,,+i + E,,,, 

FE,,,+2 = >.iE,,,+2 + E,,,+1, 

FEe, =>.;Ee,+ Ee;-1• 

Thu~ E,,,,j = 1; ... ,s, are eigenvectors. The relations above imply 

Ee;-1 = (F - >.;I)Ee,, 
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Ee;-2 = (F- >.jl)2Ee;, 

., 
Eµ; = (F - >.il)q;-i Ee;-

Here I are the unit matrices of orders qi = !i - µi + l. So vectors Ee;, j = 1, ... , s, 
generate "Jordan chaines of vectors" (Gantmacher [3, VII, §7, p.188]) which are 
bases of cyclic invariant subspases corresponding to Ji. We call them generating 
vectors. The union of "Jordan chaines" is the Jordan basis. 

Condition 1. Each eigenvalue of F has only one eigenvector (or, equivalently, 
each eigenvalue has only one generating vector: in the case of simple eigenvalue the 
eigenvector is the generating vector of the one-dimensional eigenspace at the same 

- time). 

Condition 2. For each generating vector Ee;, j = 1, ... , s, there is fnund at 
least one column of the matrix G having nonzero component with respect to Ee; in 
the Jordan basis of eigenvectors and adjoint vectors. 

Condition 3. For every eigenvector Eµ;, j = 1, ... , s, there is found at least one 
{ of p) row of the matrix H, nonorthogonal to Eµ;. 

Theorem of controllability. The system { F, G, H} is controllable if and only 
if conditions 1 and 2 hold. 

Theorem of observability. The system {F, G, H} is observable if and only if 
conditions 1 and 3 hold. 

Theorem of minimality. The system { F, G, H} is minimal if and only if con
ditions 1, 2 and 3 hold. 

The proof is presented for the controllability only. The theorem of observability 
and the theorem of minimality are proved by analogy. 

The proof of the theorem of controllability. 
First we consider the case of p = l. The general case reduces to the considered 
one. This will be showed at the end. As above let us denote by bj,j = 1, ... , n, 
the components of G = r-1a, where T = [E1, ... , En], r-1 FT= J. We simply 
calculate 

• • • I det [G, GJ, ... , GJ"- ]. 

The Jordan canonical form J has s Jordan boxes Ji, j = 1, ... , s of orders qi = 
!i - µi + l. But in the case of simple eigenvalues ei = µ; and the Jordan boxes 

6 

.... , 

Al 

degenerate to scalar >.i. Respectively the vector. 

G = [b1,b2, • • •, bnf• 

is divided into s vectors {; = [B1 , ••• , B,], where 

Bi= [bµ,, bµ,+t, ... , be,f

As result we have that 

(3.1) 
[ 

B1 BiJ1 BiJt-
1 l 

Q 
_ B2 B2J2 B2J;•-I 

con - • . . .. 
B, B,J, B,J;•-1 

,;::t:.'.!! 

We show, that if conditions 1 and 2 hold, then det Qcon =/- 0. Let us clear up 
• • • T 

tJii:: structure of matnx rows of Qcon• Let D = [d1, d2, ... , dq] , dq =/- 0, and J be the 
Jordan box of order q. Using well known formula fGantmacher [3, VI, §7.1, p.155]) 

[ ;• u•-• cz-•;•-•+> l 
f = 0 ).k Cq-2 >,k-q+2 

k 

' 
0 0 ... 0 ).k 

C:::.t 
we get 

(3.2) [p, DJ, ... , nr-11 = 

d1 
d2 

d1>. + d2 

d2>.+d3 

dq-1 dq-1>. + dq 
dq dq>. 

d1>.q + d2c: >.q-1 + ... + dqq-1 >. 
d2>.q + d3c:>.q-t + ... + dqCf~i),2 

dq-1 >.q + dqc: >.q-t 
dq>.q .. 

d ).q-1 + d ci >.q-2 + + d C'q-1 
I 2 'q-1 · • · q .'q-1 

d ).q i d ci >.q 2 d cq-2>. 
2 - + 3 q-1 - .+ • • · + q 'q-1 

dq-1 >.q-t + dqC:_ 1 >.q-2 
~ dq>.q-1 

d1>.n-l + d2C,~-1>."-2 + ... + dqc~::>.n-q 
d ).n-1 + d ci >,n-2 + + d cq-2>.n-q+I 2 3 'n-1 · · · q 'n-1 

dq-1>.n-1 + dqC,~-1>."-2 
dq>."-1 

Turn to Qcon (see (3.1)). The row of Qcon with number j is obtained from (3.2} by 
replacing D by Bi, J by Ji, >. by >.i, q by ,qi= ei - Jti + l, [d1 , ••• ,dq) 
by [bµ;, bµ;+i, ... , be,]- By assumption dq =/- 0. We subtract from the rows with 
numbers 1, ... , q - l on the right side of (3.2} the row with number q, multipled by 

7 
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d;/dq, i = 1, ... , q - 1, respectively. As result all terms of the first q - l rows lost 
their first summands: 

0 d2 
0 d3 

0 · dq 
dq dq>. 

d2c;_1 >.q-2 + ... + dqc::: 
d3c;_1 >.q-2 + ... + dqc::; >. 

dqc:-1 >.q-2 
dq>.q-1 

d C l \n-2 + + d cq-1 \n-q 
2 ,n-1 11 • • • q n-1 11 

d Cl \n-2 + + d cq-2 \n-q+I 
3 n-1 11 • • • q n-1 11 

dqC~-1>.n-2 
dq>.n-1 

Now we remove the first summands in all terms of the first q- 2 rows by subtracting 
of them the (q - 1)-th row, multiplied by d;+t/dq, i = l, ... ,q- 2. After q-1 
such manipulations [D, DJ, ... , D.r-: . .1] is transformed to the column of matrices 
( column-matrix below) [be1 RT(>.1, qt), ... , be,RT(>.., q.)V with 

d,R'(;,q) d, I~ 0 l cq-1 >. C!=!>.n-q q 
0 cq-2 >. cq-2>-.2 cq-2 )..n-q+I q-1 q n-1 

-
l ci >.q-2 ci >.q-1 C,!-1>.n-2 q-1 q 
). >.q-1 ). q ).n-1 

We calculate det (Qcon)- Above we produced a number of manipulations with 
rows of Qcon• The value of the determinant did not change. Now we alter (into 
inverse) order of rows in all RT matrix elements of the column-matrix. Every 
altering order of two neighbouring rows leads to changing the sign o{the determinant. 
Altering {into inverse) order of q neighbou~ing rows of the matrix gives the multiplier 
( -1 )q(q-t)/2 into the determinant value. Then we transpose the obtained column
matrix into row-matrix wi~h ~atrix elemen~s be,R(>.i,qi): 

det (Qcon) = det[beiRT(>.1,q1), ... , be,RT(>..,q.)f = 

(3.3) 
l • 

= (-lf bt:b!~ ... btdet[R(>.1, qi), ... , R(>.., q.)], Q = 2 ~ qi(qi - 1). 
J=l 

Here 

l 0 0 
). 1 0 

).2 CJ>. 0 

(3.4) R(>-.,q) = I >.q-1 Cl >-.q-2 1 q-1 
)..q Cl >.q-1 

q 
cq-1 >. q 

).n-1 c~-1>-.n-2 C!:! >-.n-q 

8 

I 
I 

it jl 

1\., 

I~ 

"" 

Put 

(3.5) S(>., q) = 

l 
>-.(1) 

>-.(1 )2 

1 
>.(2) . 
>.(2)2 

>-.(l)n-1 >-.(2)n-1 

1 
>-.(q) 
>.( q )2 

>.(q)"-1 

with>.(l)=>.+h, l=l, ... ,q. 
We calculate det[R(>-.1, q1), ... , R(>-.., q.)], starting from 

det[S(>-.1, qi), ... , S(>-.., q.)] = W(1,;1, K:2, ... , K:n)-

Here 
(1,;µ,, K:µ;+1, ... , K:e,) = (>.i(l), >-.j{2), ... , >-.i(qi)) = Ai, 

>-.i(l) = >-.i +-!Ei, j = l, ... ,s, l = l, ... ,qi. 

Naturally, Aj(i)-+ >-.i, when Ej-+ 0. We can choose Ej satisfying inequalities 

E1P1 < E2, E2q2 < E3, ... , t's-lqs-1 < Es. 

Then for sufficiently small Es all K:j are distinct. And when Ej going to zero one by 
one, starting from E1, all K:j stay distinct. In general Ej can go to zero in any order. 
All K:j stay distinct, if only we choose Ej satisfying the proper chain of inequalities. 

By well known Vandermonde determinant formula 

W(A1, A2, ... , A.) = W(K:1, K:2, • • •, K:n) = II (t.:; - K:;). 
l<i<j<n 

~. '\ - -
Let us sepa~ate factors, containing >.;(m) from any Ai, m = 1, . .. ,q;: 

Wj0 = II (>-.;(m) - Aj(/)) = W(>.j(l), >.j{2), ... , Aj(qi) = W(Aj), 
1$l<m$q; 

Wj, = II (>.,(m) - >.;(l)); Wj2 = II (>-.;(!) - >-.;(m)). 

1$i<j, i<i$•, 
1=1, ... ,q;, m=1, ... ,qj l=t, ... ,q,, m=t,. .. ,q,-

Remark, that w;. is the product of differences of >.;(m) E A; and >.;(l) E A; with 
i < j, and Wj2 is the product of differences of >.;(m) EA; and >.;(l) EA; with i > j. 
So we have 

(3.6) W(A1, ... ,A.) = W(A;)w;,w;.W(A1, ... ,A;-1,A;+1,···,A•)-

We need an information about symmetric polynomials of order k with l variables 

(J( ) - '°' k,k, k1 k Xt, •• • , X/ - L.J X 1 X2 ••• XI • 

k1 +k2 + ... +k1=k 

9 



Lemma. Let Nk( l) be the number of terms in Ok( x1 , ••• , x, ), then 

(3.7) N (l) Cl-1 _ (k+l-1) 
k = k+l-1 - 1-1 • 

The proof is shown by induction with respect to k. Formula (3.7) is true fork= 1: 
x1 + x2 + ... + x1 has l terms and cf-1 = l. Let (3.7) is true for the polynomials of 
order less or equal to ( k - 1 ), show that then it's true for the polynomials of order 
k. It's clear, that Ok( x1, ... , x,) = Ok( x1, ... , x1-1) + x10k-I ( x1, ... , x,). This implies 

(3.8) Nk(l) = Nk(l -1) + Nk-1(1). 

For all m, l the following relations hold 

ci-1 _
0

,_2 _ (m+l-l)(m+l-2) ... (m+l) _ (m+l-2) ... (m+l) = 
m+l-1 m+l_-2- (l-1)(1-2) ... 1 (l-2) ... 1 

_ (m + l - 1 - (1- l))(m + l - 2) ... (m + 1) _ ci-i 
- (/-1)(1-2) ... 1 - m+l-2• 

We have, in particular, that 

Cl-1 cl-2 cl-1 
k+l-1 - k+l-2 = k+l-2> 

C,-2 c'-3 c'-2 k+l-2 - k+l-3 = k+l-3> 

......... , 
cf+2 - ct+i = c;+i, 

Cl · CO Cl k+I - k =. k· 

After summing these relations we get 

(3.9) ct;.L = 1 + Cl + c;+i + cf+2 + ... + ct:;.L2-

From the other hand (3.8) gives 

Nk(l) = Nk(l -1) + Nk-1(1) = Nk(l - 2) + Nk-1(1-1) + Nk-1(1) = ... 

= Nk(l) + Nk-1(2) + Nk-1(3) + ... + Nk-1(1). 

The induction assumption and the trivial relation Nk(l) = 1 imply 

Nk(l) = 1 +Cl+ c;+i + ... + cL+L2-

This and (3.9) give Nk(l) = Ck+L- The p[oof of Lemma is finished. 

We produce a number of manipulations with the columns of S(>-.;, q;). For the 
sake of ~~~plicity_ we do· this with S(>-., q) (see (3.5)). We subtract_ the first column 
from the rest q-1 colum~s and take out (>-.(2)->-.(l)), ... , (>-.(q)->-.(1)) respectively: 

W{A1 , ••• , A.) = 

10 

,,,,, 

q, 

= II ( >-.;(l) - >-.;( 1) )det[S(>-.1, q1 ), ., SP;-1, q;_i), S 1 ( Aj, q; ), S( Aj+I, q;+t), ., S( )..., q. )], 
1=2 

l 0 0 
,\( 1) l l 

I )..2(1) 01(>-.(I),>-.(2)) 01(,\(l), ,\(q)) s <>-.,q) = I "3(i) 02( ,\( l ), ,\(2)) 02(,\(l), ,\(q)) 

,\n-l{l) On-2(,\(l), ,\(2)) On-2(>-.(I), >-.(q)) 

On the second step we subtract the second column of S1(>-., q) from the last q - 2 
columns and take out (,\(3) - ,\(2)), ... , (,\(q) - >-.(2)) respectively. 

Remark. Note, that 

2 • 2 02( Xi, X2) = XI + X1 X2 + X2, 02(x1,Xm) = x; + ;Z:1Xm + x?n-

This gives 

02(x1,x,,.)- 02(x1,x2) -'----'--~ = x 1 +x2 +x,,. = 01(x1,x2,x,,.). 
x,,. -x2 

In general case 

0k(Xi, .. , x,, x1+1) = 0k(Xi, .. , x,) + X1+10k-l (;r1, .. , x,) + ... + x7_;/01(X1, ..• x,) + x7+1' 

0k(X1, .. , x,, Xm) = 0k(x1, .. , x,) + x,,.0k-l (x1, .. , xi)+ ... + x!;-101 (x1, .. , xi)+ x~. 

This gives 

0k(xi, .. ,x,,xm) - 0k(x1, .. ,x,,x1+1) ( ) ( ) ) 
--'-----'----'----'-----'--'-=Ok-I xi, .. ,x, + x1+1 + x,,. 0k_2 (;r1, .. ,x, + 

Xm - X/+1 

... + 0k-2(x1+1,Xm)01(x1, .. ,x,) + 0k-1(X1+1,Xm) = 0k-1(;r1, .. ,x1,x1+1,x,,.). 

After the second step of the manipulations we have 

qi q, 

W(Ai, ... , A.) = II (>-.;(l) - >-.;( l)) II(,\;(l) - >-.;(2)) x 
1=2 1=3 

xdet[S(,\1, qt),., S(>-.;-1, q;-1 ), 5'2(>-.;, q; ), S(>-.;+1, qi+i ), ., S(,\., q,)], 

where S2(>-.,q) = 
1 0 0 0 

,\( 1) 1 0 0 
)..2(1) 01 ( >-.( 1 ), >-.(2)) l l = I )..3(1) 02( >-.( l ), >-.(2)) 01 ( >-.( 1 ), ,\(2), >-.(3)) 01 (,\(1 ), ,\(2), ,\( q)) 

,\"-1{1) 0,._2(,\(1),,\(2)) On-3(,\(J),>-.(2),,\(3)) 0,._3(,\(l),,\(2),,\(q)) 

11 



After q; - 1 steps we have 

q, q, q, 
W(A1, ... , A,) = II(,\;(/) - -\;(l)) II ( ,\;( /) - -\;(2)) ... II(-\;(/) - -\;( q;_i)) X 

1=2 1=3 l=q, 

(3.10) xdet[S(,\1, q1 ), ., S'(-\;-1, q;-1 ), sq,-I (-\;, q; ), S(-\;+1, q;+i), ., S(,\., q.)], 

where sq-1(-\,q) = 

1 0 0 0 
,\( 1) 1 0 0 
)..2(1) 01(-\(1), ,\(2)) 

,xq-1(1) 0q_2(,\(l),-\{2)) Bq-3(,\(1),-\(2),-\(3)) 1 
. ,\q(l) Bq-1 (-\( 1 ), ,\(2)) Bq-2(-\( 1 ), -\(2 ), -\(3)) 01(-\(1), ,\(2), ... ,-\(q)) 

,xn-l(l) Bn-2(,\(1), ,\(2)) Bn-3(,\(1), ,\(2), ,\(3)) Bn-q(-\(1),-\(2), ... ,-\(q)) 

Remark that in (3.10) we have 

~ ~ ~ 

II(,\;(l) - ,\;(l)) II(-\;(l) - -\;(2)) ... (,\;(q;) II (-\;(l) - A;(q; -1)) = W(A;). 
1=2 1=3 l=q, 

By using (3.6) and (3.10) we find 

det[ ~'(,\1, q1 ), ., S{,\;-1, q;_i), Sqj-t (-\;, q; ), S(-\;+1, q;+i ), ., S(-\s, q.)] = 

= w;1 wil W(A1, ... , A;-1, A;+i, ... , A.). 

When f; --> 0 all -\;(i), i = 1, ... , q;, go to-\;, and all Bk(-\;(1),-\;(2), ... ,-\;(/)) go 
to Nk(l)-\j = C!':;.L )..j. (see (3.7)). The row of Sqj-1(,\;, q;) with number i + 1 takes 
the form 

[
,i c1,i-1 c2,i-2 ci-1, 1 0 01 /\j' i Aj ' i /\j '• • • ' i Aj' 1 '• • • ' • 

This is exactly the row of R(,\;, q;), with number i + 1 (see (3.4)). 

Wjl = II (-\;(m) - -\;(/)) --> II (-\; - -\;(l))qj_ 

1$i<j, 1$i<j, 

l=l, ... ,qi, m=l, ... ,q, 1=1, ... ,qi, 

At last, when fj --> 0, 

w;. = II (-\;(l) - ,\;(m)) --> II (-\;(l) - A;)qj_ 

j<i$a, j<i'5:a, 

I=1, ... ,qi, m=l'" .. ,9j 1=1,. .. ,qi, 
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As result we proved, that 

det [S'(-\1, qi),., S( Aj-1, q;_i), R( ,\;, q; ), S'(-\;+1, q;+d, ., S( )..s, q, )] = 

II (Aj-A;(l)Fi II (-\;(l)-,\;)q,w(A1,---,Aj-I,Aj+I,··•,As): 
I$i<j, i<i<s, -. 

l=l, ... ,qi, 1=1, ... ,q,, 

We produce the same manipulations with all S(-\1, q1), l = 1, 2, ... , s, and by using 
(3.3) we get the following: 

(3.11) det(Qcon)=(-l)Qbt ... bt II (Aj-Ait'+q,_ 
I$i<i$s 

It is clear now, that det(Qcon) =/= 0, if and only if be,, ... , be, are nonzeros and Aj, 
corresponding to the different .Jordan boxes (including degenerate "scalar boxes") 
are distinct. . . . 

The controllability theorem is proved in the case, when the matrix G has 
the unique column. ' 

Now we consider the case, when the matrix G has p columns and condition 2 
holds: for each j = 1, 2, ... , s there is at least. one 9i ( column of G = [91, 92 , ••• , 9p]), 
which has nonzero 9;{(j) component with rt'spect to tht' ge1wrating wctor Ee, (in the 
Jordan basis of eigenvectors and adjoint vectors). First we show, that there are found 
constants c1, c2, ... , cP such that vector v = Lj=I Cj9j has nonzero components 
with respect to all generating vectors: v((j) =f. 0, j = I, ... , s. Let g;. be first of 
91, 92, ... , 9p, having nonzero component with respect to the first generating vector: 
9;,((i) =f. 0, but 9;((i) = 0, j < i1 . If 9;,((j) =/= 0, j = 1,2, .... ,s, then v = 9;,. 
Otherwise let T/I is the number of first ( among 6, ... , (s ) zero component of 9;

1 

with respect to to the generating vectors: 9;1 (17i) = 0 but g;. ((i) =f. 0, (j < 171. 
By condition 2 there is found i2 =/= i1, 1 :S i2 $ p such that g;, ( 111 ) =/= 0. Consider 
vector 

VJ= 9i, +~(min 19;,((j)I r2 
(( )I) • 2 e,<,1, . max 9;2 i 

,1$i$s .. 
' .. 

The component v1(r11 ) =/= 0 surely. Moreover, the vector v1 has nonzero components 
in all places (;, where 9;1 ( (;) =f. 0 or 9;2 ( (j) =/= 0. So the number of nonzero 
components with respect to the generating vectors increases . .The next step is fol
lowing. If v1 ( (;) =/= 0, for j = 1, ... , s, then v = v1. Otherwise let 112 is the number 
of first (among 6, ... , e. ) zero component of VJ with respect to the generating 
vectors: v1(112) = 0 but v1((j) =f. 0, (j < T/2• By condition 2 there is found 
i3 =/= ii, i3 =f. i2, 1 $ i3 $ p such that g;, (172) =f. 0. Consider vector 

V2 = V1 + ! (min lv1((nl m~x r; (t)I) . 
2 ej<•12 - I $i$s 13 J 
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The component v2 (772 ) # 0. Moreover, the vector v2 has nonzero components in all 
places (j, where v1((j) # 0 or g;

3
((j) =/ 0. So the number of nonzero components 

with respect to th-e generating vectors increases again. And not 1nore than in .s 
steps we get v = vr, r < 8, with vr((j) # 0, j = 1, 2, ... , s. And found v is 

p 

linear combination of the columns of the matrix G: v = Vr = E Cj9i· We proved 
j=I 

above, that if condition 1 holds, then 

p p p 

det [L Cj9j, FL Cj9j, ... , Fn-l L Cj9j] =/ 0. 
j=l j=I j=I 

This gives, that each n-dimentional vector can be presented as linear combination 
of the vectors · p . p p 

LCj9j, FI:cjgj, ... , Fn-lLCi9i, 
j=I j=I j=I . 

what gives at the same time that each n-dirnentional vector can be presented as 
linear combinati~n of the ve~tors 

. 91, ..• ,gp, Fg1, ... 'Fgp, ... 'Fn-191, ... , Fn-l9p• 

In other words, rank[G, FG, ... , Fn- 1GJ = n. The cohtrollability theorem is 
proved. · 

The research , described in this publication, was made possible for one of the 
authors •• in part by Grants No.NKC000 and NKC300 from-the International Sci
ence Foundation and Russian Government. 
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Wepep P., Cep,u!OKOBa C.11. 
Heo6XO,UHMble 11 ,UOCTaTO'lllble ycnOBHll MHHHManbllOCTH mmeiiHblX 
m111aM1t'leCKHX CHCTeM 

ES-96-445. 

noKa3allbl ·11eo6xo,um.fble H ,UOCTaTO'lllble ycnosm1 MIIIIIIManbllOCTII mmeiiHblX 
,UHltaMHlJeCKIIX CHCTeM { F,G,H } . O,m cpopMyn11py10TC$1 B B11,Ue ycnos11ii Ha G,H.J 

.· (HOpManbHYIO )KOp,ua11osy cpopMy MaTpll!.lbl F). II )KOp.UatiOB. 6a3IIC co6crneH1(blX 
·u 'np11coe,u1111e11i'lblX BeKTOpos,· B K0TOpOM F. l!MeeT 811,U J. ITpo6neMa nposepKH 
_ MHHHMaJJbHOCTH CBO.UHTC$1 K Knacc111.JecKoii npo6neMe 11axo)K,!lemu1 co6crneHHblX 
BeKTOpOB JI re11ep11py!01UIIX

0 

BeKTOpOB UIIKnltlJeCKHX C06CTBellllblX H11BapJ1allTHbl~. 
no.unpocTpa11c-rs MaTpJ.IUbl F. 

Pa6oTa Bblll0n!leHa sJ1a6opaTOplilf BbllJIICnl;Tenbltoii TeXHJIKll .11 aBTOMaTH3aUIIII 
0115111 JI. B l111cTJ1TYTe npaKTHtJecKoii MaTeMantKH Y111rnep~1nern Kapilcpye, rep-

. . . . . 

MaHJl$1. 
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Scherer R., Serdyukova S. ES-96-445 
Necessary and Sufficient Conditions for Minimality .· 
of Linear Dynamic Systen1s · · 

The_ necessary and suffi~ient conditions for minimality of lineardynamic 
systems { F,G,H } are presented;They are formulated in terms of G,H.J (the Jordan 
canonical form of F) and the b~sis of eigenvectors and adjoi~t vectors; in which 

• F takes form.]. The'problem of minimality verification reduces to the classic problem 
of finding eigenvalues, eigenv~ctors and generating vectors of cyclic invariant 
eigenspaces of the matrix F. ' 

The, investigation has. been performed at the. Laboratory Qf Computing 
Techniques and Automation, JINR and. at the· lnstitut fiir. Praktische Mathe~irtik, 
Universitat Karlsruhe, Germany. . . 
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