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1. · 1NTRODUCTION. 

·:Pert~rbations, depending on th;/spectralparameter (u~uall~ ene;gy ofsystem).arise ina 
lot of physical problems (see papers [1-::-16) arid Refs .. therein). foparticular, such are 
the interaction potentials· between clusters formed by quantum.particles [1-::6). 

· ·· The perturbations of this type appear typically [!'.-,.-4), [11-16) as a result of dividing 
the .Hilbert space. H of physical system in two subspaces, H ·= H 1 EB H2. The first one, 
say Hi, is interpreted as a space of "external" ( for example, hadronic) degrees of freedom ... 

, The second one, H2; ·is·associated.with an "internal" (for example, quark) structure of 
· the system; The Hamiltonian H of the system looks as a matrix, .· •· · 

_•' -. , ' . ,. ' .. 

·.· (Ll) 

'with A.1, A2, th~ ch.annel Hamiltonians (self-adjofotoperatoi;) and B12, B21·= Bi2,·the .• 
coupling operators. Reducing the,spectral problem HU = zU , U· = {u1; u2} to the.· 
channel a·only one gets the specfralproblern. . • .. ; \ . 

~ ~- , ' - i ~< ·. . ; ' - . ,-- - ---. .'· . ,/' ,,. _-' \. . 
(1.2). / · . [Ao+V0 (z)]u0 =:=zua, a.= 1;2,. 

/ . ~here the perturbatio; 
, . - ..... ' 

(L3) V,;(z)=;c-B;p(A11-.zf..:. 1B110,:.B:;i=a, ... 

de;e~ds on the spectral parameter1 i as .th~ r~solvent(Ap -, z )~1. ;f'th: l~amiltoiiiari Ap: 
In: more· complicated cases V0 (z) can:include also linear• t'e'nns in respect with .z .. 

1 Other 
types o( dependency of t,he potentialsV0 (z).on the spectral param.eter z ,give, in ·a general· 
way, the spectral probleµis ( 1.2) with a complex ~pcctrum.: .. · > 1 • · .• _ . • 

·. The present paper. i~ a continuation of _the au their's weir ks [17-:19) devoted to a~ 
study of the possibility to "remove" the'eriergy dependence from perturbations of the 
type (L3). Namely, in:[17-19) we construct such new potentials Wn that spectrum of·•· 
the Hamiltoniin- H,/ = A~ +W0 • .is a part of the· spectrum of the problem (l.2). At the 
-~ametime, th.e respectiveeigenvectors oCH~' become "also those for (L2). Hamiltonians . 
H0 are found as solutions i'>f the non-linear 9perator equations . . .. , 

• ,: ! ~ 

"1~.; = A:+ Vo(fh) .. .:. 
. - -· . . , . ':- . - . 

-first appeared in:the.paper [9) by l\LA.B.raun in.~m;nectior{ with consider~tion of the, 
quasipotential equation.· The operator-value function· V0 (Y) of the operator variable Y, 
Y.: H0 -+ H0 ,·is.defiri.edbyus in such a·way,(see Sec. 3) that eigenyectors tfdY,•: 
l';1/> == zip, become·iutomatically those forVa(Y) andVo(Y)1/> =Vo(z)ip. . . · 
· In Ref. [17], the case is considered;in details when 011e of the operators Aa kthe 
Schrodinger'operator'inD2(Rn) andanother one.has a.discrete spectrum ~nly. The.re-

.· ports (18]; [19]announce the results·concerning ·t~e equations (1.4) arid prope~ti!!s of .. 
. their solutions Jl0 ~in· a rather more general 'situation when the Hamiltonian: H may "· 

be,rewritten. in terms of a ·two:channel variant·of the .Friedrichs model investigated by 
·o:A,Ladyzhenskaya and·L:D;Faddeev_in Refs. [20), [21). In ReL '[16) the method [l?-.­
·19)is used to.construct an effective cluster Hamiltonian for atoms adsorbed by the metal 
·'surface.', ... . . . . . . ·, . . .... / · ... '.;·• . ·• . ; . . . . . . 
· ·• .· · .. Jn the pre·sent paper; we specify ,the assertionsJrom (18), [19) and 'give proof; for them.· 

Also; we pay attention to an important circumstance 'disclosing .a nature of soluti.ons of 
· the basic equations (1.4). Thing is that the potentials W;, = V0 (H0 ) inay be presented in 
. the.formW~ =B011Q11j; where the operators Q110 satisfy the equations (3;I3)(see Sec. 3): 

- - . - . .. ...; -
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Exa~tly th~.-same equations arise. in the. method. of constrb.ction. df i;variant subspaces 
Jor self-adjoint operators developed by V.A.Maly;hev and R.A.Minlos in Refs. [22], [23] . 
It follows ,from the _results of [22],-{23] that operators Ha., a = l, 2, determine in fact, 

. parts of the hvo-channeLHamiltonian H actingin corresponding invariant subspaces (see 
Theorfm 2~and.corriments to it). _ · ·· ·: • · . . · _ · ... - · · · · · _-
. . _ Recently, tlie· author came to k1iow about the work2l ."Spectral properties of a class of :; 
rational operatorcvalue functions" by V.M;Adamjan arid H.Langer.studying the'operator­
value fuiictionswritten in our notation as Fa.(z) = z. _: A., ± B,;13 (A13 - z)-1 B13-.,. In 
particularAdamfan'and Langer show in this work that a subset of eigenvectors of F0 cari 
be chosen to form a Riesz basis in 'H0 • There is a; certain intersection of their results and 
ours from .Refs. [17-19]. However the· methods are-different ... 
- -The· paper is organized· as follows: ,_ . . ~ . ·" . 

-. Iii Sec .. 2 we describe'the Hamiltonian Has a two0 channel .variant of the Friedrichs 
model [20], [21]. We suppose that both operators A,r a = 1,·2, ·may have continuous 
spectrum. When properties of objects connected with this spectrum ( wave operators 

. and scattering matrices ):are considered_ hi foll?wi_ng secticms, the :co1;1pling 'operators Bc,13 
in (1.1) are assumed to• be integral· ones with:kernels B.,11( ..\, µ ), the Holder. functions _in 
botli-variables ..\, µ. : , . ·_ · . •· . · _ · . . ' · · _· · . 

In Sec. 3.the equations (1.4)_are·studie1:. As in Refs. [22]', [23] we supposethat .spectr~ 
u(Ai) and u(A2 ) of the operators A 1 and A 2 are separated, dist{ u(Ai); u(A2)} > ·o .. 
Existence of solutions of Eqs. (1.4) is established cinlyin ,the case when-the Hilbert-. 
Schmidt norm IIB"11 1!; of the coupling operatorn satisfies the c_ondition 

IIB011U2 < ½dist{u(A1), u(A2)}. .•. - ; \ >:: ~ > - . . _ _ _ 
·•>-.In Sec. 4· the eigenftinc~ions systems of.the_ operators· H;; are .studied and theorems· 

of. their .:orthogonality and· completeness_ are proved. We _show here_ in particular. that 
spectrum 'of the Hamiltonian H is distributed between the solutions H1 = A 1 + B12Q2i 
and H; = A2 +:B21Qi2, Q21 =·.,:.·Qi2; of the.basic equations (1.4) in·such·a ~vay ,that H1 

and H2 liave_not "common" eigenfunc'tion·s U = { u1 , ti;}. of H: simultaneously, component· 
·ui can not be eigenfunction for H1, and·component u2 , for_ H2 ••. . . : .. -__ .. / .. 

. _ In Sec. 5 we.introduce_ new inner pi-oducts'in the Hilbert.spaces 1l0 ; a= 1, 2, making 
the Hamiltonians :H,:, self-adjoint,·. - · · . ·, : , : . - . . ; ._ ·_ , : : ·. 

· .. In Sec. 6 we give a.non-stationary form{ilation of the scattering problem for a''system _ 
described by the Hamiltonians H0 constructed.· We show .that this formulation is -correct 
and scattering operntor is exactly the same as.in _initial spectral problem. . 

··At· last, in Sec. 7 we"discuss. the questions concerning. a use bf two-body energy-
dep·endent potentials i~·few-body problems; · · · .. ··-' · :- ___._ · ·. · · : · ·· ·: , 

- . ~ ., . , -- - . . / ' . -- . 

~ 2. INITIAL SPECTRAL PROBLEM ·AND . . 
.. TWO-CHANNEL HAMILTONIAN . .. 

Let Al and .A2 be self'.adjoil!toperators acting, respectively, iri "external" ,.1li, arid "in~ 
terrial", 'H2; Hilbert spaces. 'We.$tudy' the spedra( problem (1.2) .with perturbatio~ V.,(z) 
given.by (L3). W~suppose that B011 E B('Jt0 , ?t13 )wheie B(1:C,-1l11 ) is the Banach space· 

. of bounded linear operators acting from 'H0 to 'Jt13, . · · < '• . . ; _. ..... 
, Note that method developed in the· present: paper works also in the case- of more 
. ., ·". . ,- - . --; -. 

2lUnpublished. 
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general pe;tmh11_tions3l v;(z) = -:-:'R.a{z) containinglinear't~rm~,,. 

(2.1). ''R.f(i} = Noz + .Bap(Aµ -Npz:-:A'-1 Bµ 0 

-. 

with N 0 , self-adjoint bounded operator in 'H0 such that' N; 2:: (6:._ l)la. whe;e 6 > 0 and 
/,; is the identity operator in 'Ha; Thing.is that the equatiori:(L2) with Va(z) ;::;_ '.....'R.0 (z) 
cari be easily rewritten in:the form {1.2),(1.3) ... To do this, one has only to make th·e 
replacements Uc, -·u: = (le,+ N;..) 112uc,,· A~--> A: = (I; -f- Nc,)-112 A,:,(Ic, + l\1:~)°7112 and 
B0 p ~ B:11 =,= (10 + N;)-1!2 B0 ;3(l/3-fN13)-~~2. Therefore we shall consider fl!rther only c 

theinit,ial spectral prnblem (L2),(1.3). . , ._ · · · · , · ·· · 
_· We shall assume that ?perators. Aa, a =-1, 2, may have continuous spectra u;: .To deal 
·with these spectra we accept below some presuppositions in· respect with A,;-. restricting 

. _ ·us to the case of a two-channel variant of the Friedricqs model[20], _ [21]; Note that these 
presuppositions are_ not· necessary for a part of statements (Lemma 1, Theorems 1 - 3 
and 5) which stay·correct also in general case. . . .·. - · · . . · · , . . . · . 

The presuppositions are following. '. · . '.' . . _ . . ·• 
At first, . ,ve assume that ·Hamiltonian fl is defined in that representation, where 

; operators .A0 , a = 1 ;·2, are diagonal. 7 We suppose: that continuo~s ·· spedra u; oL the 
pperators A~, a =1, 2, are absolutely continuous and consist of a finite·number offinite 
(and m~y be one or t.vo infinite) iniervals (a~1,b~l); -oo -~ a~l· < b~l ~ +oo; j =' 

....J, 2,- .·.-., n.,, n., .<· oo. At second, ,\Ve suppose that .discrete spectra u~ of the operators . 
A0 , a = 1, 2, do not intersect with u;, u~'(i) u; =: 0, and consist 0£: a finite number of. 
points witlr finite multiplicity; In this case the space 'Ho. may .be present as the direct 
integral[25] ·· · · · 

··(2.2).,_·:1{".~.t~o/~)d,\ ':= A~?c,(~;~ j ffi~o(A)d,\; u;,, =·uc· LJ ud·c R. · · . 
~ _a_. . o,. ·-~ ,·· 

• 
1 ·<,\Ea a\.' :; · , , . .: ... ~~: ~.E':!~ > · :-- ~ 

,,.. . ·-

.The 'space'Jtc, consists of.the m~a';urable functi~ns . .fo which are definedon,Uc,,and:have 
the valuesf0 (..\) fromcorresponding'Hilbert spaces yo(,\). I3y ( ·, ·) we denote _the in~er_ 
prodt;ct in'1l0 ,/ · • • . · ~, .• • \ · · · • . · · • • , 

. ' .. -.~' .• . j . 

Uo,!lo) = iuc,(..\),g~(~)f~ L(f;(..\)-:ga(..\)) + I d..\(J;(~),ga(..\)), 
· .\Eo-o , - . . i.· ·· ,\fq~ ·- .-\E,:r~- ,; 

.,_ 

where e,, ·) stands for.inner: product in 9a(X). By. I O 1 ·we ile~ote n~'rm --;;f vectors and 
operators_ in 9a(..\) and by II • II, the norm)n 'Ha; · Operator Ao. acts in .1:{::. as the 
indepen,dent _variable multiplication operator,· · 

:(2.3). (A,J0)(,\) == ..\ · /~1_'.\); a= f, 2. 
• \' ·, ·'. , •• ·, .·-·· ,,c ' ,· ,'. • • - ' ' 

It's domain V(A0 ) consists of those functions / 0 E 1-i" which satisfy the condition 

t•· ,\; l/o(..\)12< :oo>for the.sa½e' of ~im~licity we assum~ that 90(..\)·. d~es·n~t .d~pend. 
~e:~.o . .. - -. -. . •- , , -.._ - . .. . , . . ~ - -· . . - , , 
on ,\ Eu;, i£ 90 (..\) = 9; for each .,\Eu;. Hence, J ©9o(,\)d,\;, L2(u;, 9;) = 'H';,,. By 

. O'~, . • •. . . 

3>Remember that if N., ?: 0 then_ Eq. (2:I)gives a· general form of R-function·on_ 1l0 , i.e: an anal_ytic at 
· Im z f. 0 B(1l;, 1{0)-=-value function with positive imaginary part for z : · Im z > 0 (see paper (24] and,.· 
"Refs._ therei~). . · : . : ... _ . .. -' • . .. . _ > · . . __ · _. •-•· · . .._ : . '. _ 
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Ea(d>.) we de~ote a spectral ~eas~·re [25] ~~f the-op~rat~~ Aa•,-Aa ;;,: J >.Ea(d>.). 

diagonal repiesenta~ion co~sidered,-the spectral projector Ea act~ on f E Ha ·as: 
' ' •--, V • • : • < ' •• • < • • ; •• • • • • -• 

(2.4) (Ea(bi.)Jf(>.) =_Xt.(>.)J(i) 

In the 

for aiiy Borelian set I:!,. C <Ya- Here, xa<is·a characteristicfonction·of!:!,.,·xa(>.) ~ Jif 
>. E 1::,.,'and.xa(>.).=;=0 if>. rt!:!,.., . ·. ,. ·• · · ·•· .. · •···. · .. _· · 

Let s:fl he a ~lass of functions F defined on u a x <Yp, <i:, f3 = 1, 2, for each >. E u a,µ _E • 
/ I' ..., ' . . . ... - , ' • • -. ·. , ' ,' '• 

<Yp as operator F(>., µ): Qp(µ)-::-+ 9a(:.\), with· 11 F IIB< oo, where · 

11 F_IIB= sup (1 + J>.1) 0(1-f.l;iD01F(>.;µ)I+ 
µ'Eu13·· \:·.. . 
.,\ E ao _ 

'. 

+. sup 

/ - .- • .• . -,•::· . " , , ' I - ··!"":-," 

·{_c_1 + __ .·1· · 1·)·0 1F(>.,µ).,,- F(>.',µ)I +_·ci +l>._l._) 0 x .. 
µ · , I>- - >-'I.., · ·· '· · · .·· 

' ' ... -:, . ,,.:·,., .' ... \ ,,._ .~µ,µ.' e.~~ 
t ~-(" ~ ~:; ,. ' . . - ' 

• X W(>.; µ) ~ ~(>.,µ')I·+_ : __ IF(>.,µ). __ ' F(>.': µ >, ;- F(>.; :i') +F(>.': µ') 1}- ·_• .. · . 
4 

, , · · · Iµ - µ 1-r ·. . ·· . · i>- - >. 1..,1µ - µ,I.., .- · : . 
With the ~orm II /Ila .thi~ cla~s will .constitut~ a Banach space.~We int;odcict/~lso the. 
Banach space M 11..,(ua) of fut1c;tions I defined on ua· with the norm 1 

. ·- , .· "· . . ·- ·- .. ,· ,, 

Ill 11~~-}~l:(l +l>.1)
0

1/_(:X)i + ~.~~t~ Jl\;~J,~')I_~-; .. 
:: ••• , C 

·..:.__, 

l .. 
l 

r 
I. 

. 
· v,here I~ is identity operator in 9~, >. E·c:ra. For each concrete sign (plus ~r minus) and 
· for each·>.'.. E u~; >.' ¢ ;;(.H) the function u~';}(,\; >.') is an uniqrie solution 6£ eq.(2.5) in 
the class of the distributions · · · •. • 

(2.6), 
-,._ , C±l(')·'_:_·_-· c(' '')- f(>.) . . - ·f M. .. 
/ _ _fa,•;\ - Iau ,,.-~ + >..-N=i=i0' . E 8'-y',_ 

where½~'< 0; ½·.<,''.< 1'· At'the same time. 

u~1c\:,\') =::'..[(A.;->,,' =Fi~)-1Ba13uW]('>.,X), ·/3 =I= a; 
-? - ,, . - • ~ 

. is the problem (1.2) eig~nfunction corresponding to >.' E u;;. , .· 
,,_ . . ~The f~rictions u~:.>, a,·p = 1, 2, c_an be<e?'pliciti; ex;es;ed interms _0Hernels--0f the 
'/ operator . . . : ' .. ·• ' : ' . ' . . .. 

T(z) = B-;B(H _:_ z)..: 1 B, .· B = [ O ·_: 812 :]. ·' 
. · - . - , B21 .. O __ , 

. : , 

_Correspondingformulae read as 

(±)().. ") = C .Jc;(•,~-_,;)_ Tpa(µ,·>.', >.
1 ± i0) .. , -E · ,i,E· _ c 

Upa . , A . Uf]p. a . A A . . ,\' ·o . , µ <Yf],. A <Y "' 
-, ..::,..· :,c· ' ·_. µ:-;- __ =Fl - _' 

-witli t0matrices· . 
. "" :'ra; ~ Bap,[z--~ 11q)Sp,;(Aa _:_ zr·1 B;;r1 

·Bpa·: 
. :-\ ·---..: '-, ' ' ( ' . •' 

and 

The ~alue f ( ✓\) of the f~nctio11 JE Me-r(u~) is.an operato/in 9a(>.). 
- ' ' . Tp;, = B;;-[z:::J1a·+·~~(Ap - ~)~1Bp;f1 

(z,-:- A~)= 

~ (z -Ap)[z ~-A~·+ Bpa(A:~'z)~1 Bap]~i Bp"!-: ~-#a .. Let Bap be .in.integral opeiitorwith a Rerri_el B~13(>., µ) fro_m the space B;t, 0 > ½, ½ < 
, <·1. We assume.that _B:,p(>.,µ) is a compact operator, Bc,p(>.,µ) :,Qp(µ) _; 9a(>.), for 
each >. E ua, ;t E 'u,i and Bap(>., µ) 0::: 0 if>. oelongs to the boundary·of u';, or·µ belongs to 
the boundary of u;;. -.. · . : ' / . . , .. .· ._. · - . _· •. . . · 

.·. With thi~ presuppositions the Hamiltoni~n H in~y' he considered as· a t~o-channel 
variant o(the Friedr_ichs model [20]; [21]; Inyestigationof.H r~peats alrnostliterally the· 
analysis from Ref. .. [21]. . Therefore we describe here onlY final results which are quite' 
analogous to {20], [21], These results are following. / , . . ' . . ' 

:. The operator H is,,self-adj6int ori the set p(H) ;= ''V(A1) EB V(A:2)-: Continuous 
spectrum of His sittiate~Ion the set <Yc(H) = uf.U u~(Let H~·be thepartof H actjng 
in the invariant subspace. corresponding _to continuous spectrum.· 'The operator· H~ 'is· 
unitary ,equivalent to the' operator Ho = Ai0) EJ:t:A~O) with A~0>, ~ = 1, 2, the ;~~triction 
of the operator Aa on 1i';,. Namely; there exist wave op~r~tors lf(+) arid U('-), U(±):::,, 

( 
uii'> .u. f;'>. ·)· ,,:,,_· s-_· Jim. e;~e-iH~i- w;th the fol_lowi.ng·· .. P;~p' eitie/ ~U-(±) :.iJ(±)•~ (±) (±) ' . . ' , . . . - . . .o, 

. U21 U22 . . . t-'.foo_ . . • . , . :, .: .. : ._ -, · . , . . ., . ''·· 

u<±>•u(±) ='1,'U(±)u(±)~. == I"- P.' Here, j," is ari o~thogonal proj~ctor Oll' subspace 
corresponding to the discrete spectrum IYd(H) of the operator H . . · ~.- . . . . -; .. 

... . The kernei·u~7J(>., X) of the-bperato~ u~!l, a = 1, 2, ·represents an eig~nf~riction of 
the continuous spectrurrr of the problem ( 1.2)'for z ~=: >.1 ± i0, ).' E u';,, ·and satisfies the • 
integral equatjon· · .. :. _' ,: .. _ . . . .. '. ,· , . -, · · .. , . ·) 

. (2.5) - u~~(>., >.~) = I';,5(>.-'- ;~) - [(A; - ~; =i= i0)- 1 V;(>.' ± iO)u~7}](>.; >.'), ·.: '· 
... _., , '- . r ." • ,. 

.4 
. i 

·-

r1 ..-

~ 

Corisid~rin~ th; equ~tion for T(z), T(;):::: B-B(A:.:;_z)::1T(z),A = A1 EBA2 ,one shows in 
, the same way as in [20], [21] thatfor all_z E;C\ u{H), each Kernel Tpa(µ, >.; z), <l',/3 = 1,2, 

I • belongs to t~e class B:,~. with arbi~rary 0i, ,' such_ that ½ '5 '0' ':: 0; l < ,' < ,; ~ 1n 

respect with variaole z, the kernel of Tp6 (z )' is continuous in the Bi,a,-norm i;:ight up to 
. .. ' . . ... . . • • ' 'Y . •' '. ' 

. the upper·and lower borders 'ofthe set uc(H) \ ud(H). . . . . _ 
· Scattering operator S = uc~>•[-".C+> for a system described by the Hamiltonian His, 

. unitary in 1i~; It's kernels :Sp~(µ,>.), a, /3 = 1, 2, are given by expressions · .. ' 
• ' • . , ~ t' ' ,.- .- . -... • , . ·-: : . ', ~ ', ,. ' ~ - ·-, 

· c2.1L Spa(µ,}) ;, 5(µ - >.) [5pal';, - 2iri Tpa(Jt, >.; >. + i0)]. 

·-; • • : : •••• .- • • • ' • • ' 0 • • • (j) (j) '• ·. . 
By U;, J = l, 2, ... , we denote e1gen_vectors; Uj = { tt1 , u2 } , U; E 'V(H), II U; II= 1, 

and,by Zj, Zj E R, the 'respective eigenvalues of the operator H discrete spectr~m ud(H). 
Tlie component,_u~>, a= 1;2, oft.he vector Uj is a:solution'~f Eq.(L2) at i= Zj- .If. 

C' . . .. , (j) . ·. . . . . • . 
_z;E<Yp then (BpaUa )(z;) = 0: 

. . . 

a.· BASIC.EQUATION 

The paper is devoted to constructio'ri of such operator Ha that. it'~ ~ach eig~nfunction 
Ua, HaUa. = Ztta, together with eigerivalue z, satisfies Eq';• (1.2).' This operator .will he 

. '", - . . . , .. ~_ , . - , ~ ,· " . - -

·:-: 



~,,,,._ . 

. _\ 

!-~-

·\ 

\ . 

<[_-

•· found ,as_ a solution of the non-]inea~ op~rator equation _(1;4) .. T~ obtain this equation we 
·· need the foll_owing operator-value function. V0 (Y) of the. operator variable Y .: · 

, . ~ . . . - / 

~(Y) ~ B0 p j~p(dJt;lJp~(Y - µ)~1; 
q/3. 

. . 

Y "i Ha -:-+ .1la , We suppose he~e- that (Y - µ/)"':\ E L00 (crp,-B(1la, 1la)) if µ E CTp., , 
· This means that up has not .to be included into the spectrum of the operator:Y. Integral 
'Q(T) •= J Ep(dµ)BpS(µ) for TE Loo(crp, B(1la, 1lo)), IITJloo = Ep--: sup IIT(µ)jj < oo, 

. . - . "tJ , . . .,, - , : - . . - ~, .r - ...__ . - , - - ~Et1 fJ , . , 

is. constructed in the·same way as.integrals of scalar foncti~ns ovei- spectral ~easure (see. 
Ref. (25], p,130). Namely as_alimitvalue, in respect to the operator norm in B(1l0 , 1la),. 
of respective finite integral sums for piecewise-constant operator-value functions· approx­
imating Tin L00 (crp, B(1la, 1la)), We show the existence of this integral at least in the • 
case _when the Hilbert-Schmidt norm IIBopll2 is finite. - · . . •. ·. . . , ·' • .. ' 
' ,, ., . . . / ~· - .. 

. LEMMA i:"LetT E Loo(cri;B(1l~;7j0)) and II B0 ~ Iii< ex;;: The~ theintegralQ(T):exists · . 
· being a boun4ed operator, Q(T): 1{~ ->1lp, II Q(T) ll_~IIT lloo·l1.Bpo

0

l'2- ·. · · ~-•·· _. ' 
~ ·- ~ "_· .. ·-- ;~ '. ·,' '• . . , ~ '-". _,_1:-·.·_..:.:'.._·_ - ' - ., ~~ • -,-- ·-

PROOF.: We.prove the Lemma in the diagonal: 1:epresentation (2.2), (2.3), By (2.4) we 
have · - · ·--·- ·- · . ·· . .. · -- . · • · - · · ·' · 

(QJ)(~) = -t B~0 (Jt, ;)(T(l1}fH,\}d; - ' 
,.. . t1a_:._ . ; .... . /' 

fo~•anyf E 1{_0 • It means that 
•. . r_ )·-

· l(Qf)(f)l2 -~ td,\. jBp~(µ, ,\)]2 t _d,\l(r,(µ)f~(,\)12,=-; 
~ ., , AEt1a . . -,; _, .. \E""a- .. . . 

= t /~fBpa(i,,\)1
2

• l!T(µ)fl,12 .. s t "d,\:IBpo(µ, ,\)12 :,UT(f)ll2
: 11!112 '. 

..\Eua' · · 1 ' • ,\ED"o_'. , · 

Hence, integrating over µ: E CTp. we come to,-the rdatio_n 
. . . . :. , I-

ll (Jf l~2~IIBP0Jl~ ·.II T ii~: ilf 112 
.• -/: 
which completes· the prooL 

• . Let us ~uppose .th~t (/fo ..:...µ/)"" 1. E'Loo(aj, B(1lo, 1{~)). We n~te th~t if Hai/Jo :;;_ Z'Po, "· _ 
then.automatically _ . . .. ~-- ·. ': \ · .·• ,_' __ . _ .. · \ __ · -- . , 

1 
_ 

. . \ ' . 

Va(Ha)'P~ J Bop IEp,(d11)B;~(:; -;1~r:1;;,-== 
q/3 

(3.1) · .- - ~ B~p(z - Ap)-1 Bp0 1p~ ,;;;,~V,,(z)ip0 : 

It foliows from (3.i) thaLH0 ;atisfies the relation H,,J°' = (('10 + ½,( H0 ) )i/J0 a~d ~e c~~ 
spread this· relation over all the linear combinations ·of H0 eigenfUlictions: Supposing.that 
the eigenfunctions system ofH0 is dense in H 0 we spread this equation over 'D(A 0 ). As 
a result we come to the desired basic equation (I°.4) for. H0 (see also Refs .. (9]; (1 T-19]): 

• / • ,' ' ' • - • ' ..._ I , • - : ' \ ,. ' -

. 6 
·-·1, 

' ' .. 

. 

T, 

· 1\. 
: \ 

l·· 
j 

;-I·: 
! 

·' 

-Eq. (IA) m~ans that the construction of the operator Ha ~o!Iles to the ~earchi~g for the 
operator . . . . . . . ., . . ·- .. ·/ ·. ·,._ ·... . . :-_"., .. 

-{3.2) . : . Qp>~ 11~(d1t)Bpa(lj~--- ~)-1. . . -·. 

- .'t1fJ 

Since H0 == 1C:+ B0 pQpa, we have 
">' 

"\ 

_(3.3)_ ·• Qp~ ~ fep(dµ)B;a(A~ ~-~~13Qp,,.:. Jt)~~
1

, f3 # ct: ·,· < ~ •• 

,-~;• 

_qfJ 

In this pape~.~e restrict ourselves' to thestudy of Eq:--{3.3) sol~ability onJy,in the case 
when spectra cr1 , and· CT2 are separatea, · ··· · · · : · · · · · · 

' ' ,. 

(3.4) • d0 =;dis.t(cr1,cr2) >-□. 

Using the Lerrrni~ 1 and the coqt~acting mapping The~rem, ~e provethe'. following:' . 
., ·, - . '~ \ ' '. , ~ .·' ~ 

THEOREM l:_ -Let Mi~(c5) 'be a set o/bounded operators X, X} 1{0 

1

-> 1lp; 'satisfying 
the inequality IIXII -~ c5 .with 6. > 0. lf this c5 and the. norm IIB<iPll2 satisfy the Condition 

. . .· 1 - c5 . ·. . •. •-. . . . . • . . . . .. . .. 
. . IIBipll2 _:< do min{ m, l + c5il, then f)q. (3.3}_ is uniquely solv~blei~ _Map(c5), . . . 

PRO~F. Let, 
(3.5) . 

·~ 
ten"=f_Ep(dµ)~_;~(A~;+ Bop~·-µ)_-! -

- ,_ ' . . , -
q/3 

with X, the operatmfromB(1lo, 1lp). :. _ _ .. _ _ .. _ . _ _ .. 
·· . Firstly, consider concl.itions when the func.tion /:.'maps the set M;(c5) ii1to itself. We 

suppose her_e tha,t B
0

p and X ~re such that: . ·- ~ ! . . ·- ··. 

. .. . . . . .... ·.: 
J3.6) ,0 IIBot1Jl2UXII ~ c5IIB0,1l12 ~ do' · 

arid .con~equently, IIB,,pXII ~ do; This me~ns that spectrum of the ~peratoi- Ac,+ B,;~x-.:. 
, doei(not intersect with the set CTp. Hence; the resolvent (Ao+ Bc,13X ..:.-µ)--: 1 exists and is. 

bounded for ariy µ E·ap: Thus, by Lemma 1 we have . - .. - , . .- · 
i ,, / ' ,_ y- . 

\ •, . ·. ·11F(X)II s"IIBopll2"· E13~'sup·-ll(Ao +Bo~X :.:. ~)-i 
':-..:._ ··µEt113, - ·.-~ 

Due to identity. 

. (A,,+BapX ~ µ)--1 = (-t+ (A~:-- 11)-'Bop):')-
1 

(A,, - µr 1
• 

",' " ' '· • 'r -- . \ ' " : , · 

and inequality•JIBoPII.~ ·11B ... pll2 we m:ake estirri_ation.,, 

,ll(A~·+BopX-µr;:~11 :s;.l __; ll(A:-µ)\IIIIBopll2IIXll-1i<Ao.-=: µ)~!II~. 

'(3.7) . s-. ·11. - ·:~=~ 
1 - aollBo/31!26 -· do do --IIBopll2c5·. 

• 0 ... • 



I 

I 

:. 

✓•· 

Therefore, the set M,;( S) will be rnap;ed by_ F into Hself if JI B~Jlb arid «5 are suchThat '. 

(3;8) · ' '1 <«5. ✓ llf1at1ll 2:•d~ - IIB
0
plJi6 -

. Secondly, study condition/for the 'function F to·be -~-contracting mapping .. Nmv, we 
consider the difference , · .. · - ! . . . . . . . . 

~(x) ~ F(YY= IEp(dµ)Bpa [(_A" ~B";_:g ~;)-1 -(A~ /s";y·_:_:µc1~ 

"P . 

_ :_=] Ep(dJ:)Bp0 (A; + _B~(3X-!')_j;o(3(i ~ X)(A 0 +B0 pY ...:µ)- 1
: 

, ·ap, ';. - ~,: •- ··~ .·., ·,," ,,_- __ '- . ' _: . ,, 

\, ·' ., : . ' 

Again, by .Lemma 1, we have __ · , . , _. i.. , · 
. . . - . - .· IIF(X) :-:-P(Y)II ::; ." 

· ::; II Bop II~_: sup_ll(Ao ~Bop)(:_ µ)" 1{: sup ll(A~ + 11:(Jv, ~ µr·111 • U(Y-X)II . . \,,_. 
'• µEup ·., ' · · µEu;, .. · · · · · 

• 
1 With (3.7) we com'e _to th~ estimate •,, 

- ,· , : .;, 1 . . .. ', 

IIF(X,) - f(Y),11 s IIB~pH~; (do _c_,JfBo(Jll26)2; u~ -_x11. 
/ ' - .. ' ' •/ 

The function F· be~omes a contracting maJlpin~ if - ' 
• • ' • ' .'· ,. _,, ' l ' 

(3.9) 
IIB,;(311~ ,· 

(do -l!Bapll2«5)2 < l.: 
. '' 

Solving systerri of the inequalities (3.~), (3.8) ·and (3.9) w~ find 
_,... ,. " - - ' 

", .· __ ·._{:'{j ... 1'•}'<,·, 
'IIB~Plii<domin 1· «52''~ ·• ·. 

.· o' • ,· ·.-· ,' I, + ·. +: ' 

arid_this coniple_!es the proof of.Theorem L ) 
- ' . : ', ' .. - ;, ·, :· . ' ' ' ' t • ·, •'. . . ' ' ' . ,' 

COROLLARY 1: -Equat~o'n {3.3) .is uniquely sofoable in the unit. baU Ma(l) C B(1fo, Hp) 
for any B0 p'such that ,•' ·. _ , ·.. ' •' . ,- , ... _. ,. - . . .. .. , I . .. , . .. , .. ,, 

(3.10) ·••·l1Bapll2< io• 

'To prov~ the ineq~ality (3.W)', 1:ot~ th_a,t.rrfi' mii{1'. :s2, l -i 6} ~ ½ (~t 6:= 1); 

· Hence; if (3.10) ta.kes place then'the functio~ {f5) is a contracting mapping of the unit 
ball M0 (l) into itself. , · ' ' 

. REMAR_K. I;th~ pro~fs of Lemmal and_·Theorem} w~ did riot,tisethe ass~mption about 
finiteness of the numbers n 0 of intervals included in continuous spectra u~ of the operators 
A~, a~ 1, 2. Really,·these assertions take place in the case of arbitrary spectrum u0 ._ .. 

. Finiteness at least ofone of the numbers' n 1 and n2 wiH be used at the moment. If . 
n1 and/or n2 a.re finite·and . ', , , ,. ' , , . ' . ' . 

(3.11}_ 
' _.., '. . - - . ~., . \' . .. - . 

_ ]IB.,:pQpall <do= dist{u1, a2}, a ='1;2; ',8 =la, 
-; 

... 
8 

~,:.~, t \: 

I 

i 
: 

, 
,• 
1," ' 

· we-can state that .. · 

I (3.12) 
.· ·, - ._ : . : .. Ca() . - · . ·. 
ll(Aa+ Ba(3Q{3,;-:- µ)-: II :S_ 1 + liil, a= 1,2, , ~t anyµ E a(3, /3 =/= a, 

..... --l . . . . . -. . . , . . .- - ·• - . , - . 

I 
' with some Co,p > 0, 'Co,p ~ l/(do-llBo(JQp;.11): Of course_fhis estimate is essential only in 
_ the case ~hen up_ is unb_ounded._ lt follows_ imme~ately from-~q. (3.3Jthat if n1 and/or -

m ',.-. n2 are fimte then 9(3ofo E V(HfJ) = V(A(3).for any fa, E-Ho- ' ' C - - --

,] f • In this case we can rewrite_the'equation (3.3) in_symmetric form 

j[ ~ (3.13f , -Q~
0

A;; _:_A~Q(Ja +Qp;,Bo(3Qpo.,; B(Ja• 

_. ·1 .- , ,- To make this, !t is_ "su~<:ie~do' cal,culate _the expression Qpo,I(t-:- A(3Q(3o,for both P!l-rt's 
· - · of eq.(3.3) havmg rnmmd that we apply _it to / 0 E V_(H0 ).' Did,~e have. 

QpoHo-A(3Q(3o =: (Jpo,(A~+BapQ[3;,) -'A(JQ~~ = Q(3oAo,-A(3Q(3o+ Q;"B;,(3Qpo'. ,' 
• ' ·,., .: ' > •• 

On:· the -other hand, 
' 

.--· 

. Q~a}1,a -.,4(3Q;" ~1[~(3(dµ)B;a(~a c.. j1:r:1Ha -µEj~~11)Bpa(Ho•~ .. µtf~ Bpi.- , 
. . ud -- ,. - , ,_ . ~ : _ __,. . . ~ -~. . . --,-· 

-One finds i~mediately from Eqs.L(3:13), a = '1, 2, that iCQ(Jo gh'.es solution Ha = Ao+. 
B

0
jQp., of the problem (1.4) in th~ channel ,a then . . ... 

'.Qa(3 == -QiJt= ~-f(J!;;~:;)~1
Ba(3E(3(_d~~ 

-:- <1a .·.· .·.-

gives_analogo, us solun·~~ Ho =A;;+ Ba(3Q{3a iri the channei' /3 . . 

, -',~THEOREM 2: Let Q;~; Q(3;, E B{H
0

, 1i(3),-b; a s~;utio~ of Eq. {3.13) sati~fying together 
with.Qp

0 
= -Q;',i-the conditions {3.12}. Then thdransform.H' = Q-

1
HQ with. Q. := 

~-- ['~21~,~}: ] ' ~educes'_the'. .opemtor H.,iQ ~he b;ock~diagon~l [arm, ~~. ~ :~iag{ H~' H2}, 
, wh~r:eJ/

0 
~ A;;, +B

0
pQp.,, a, f3 = 1, 21 /3 =/ a. At the slime time, the operators 0 0 =· 

[ 
IQ. a·._·_ r°] 'reduce'the H~milt~~ian II,, H~ .[•-~~ .•. Bit] , to tria~gular for;, H<0

; = 
Po P _, . , - (Jo (3. . . -. 

- :-:·'o:.:
1
HO = -[ Ha :Bo(J]. · . , '' . .. . . 

• . o _ o " Q H; ·. 
PROOFS of hbth statemerits ar~ d~~e by direct substituting Q and Oa, into the definitions 
i:>f'H' and H(0 l and using the equations (3.13) . . " -· · - •. · - •· .. ' 

We have to note only that operator-·Q is reversible since; according to (3.14), 
. l. ~"- •', -,.,_ ,_ ,-:~ ,_•-. __ ··- ... .,,__. ,- . , 

(3.15) 

. - and 

. Xo =:.I;, - QopQp~_= Ia+ Qo(JQ:(3 ?_.J;., a·=:1,2; • 

Q-,-1 := ·[x11 
,L' 0 ' 

-0 ]· [•J~ .• -Q12·•]­x:;1 · : -Q21 • - -h . 
- -. . \ 

: 

-·· 
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,_ 
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COROLLARY 2: Sub.spaces 1-{(o} ~ :Oo(1to EB {o}) = {f: f ,j,_· {f~j/3) E 1-{, lo E 
1-{~, jp ~ Qpafal'~re'o_rthogonal, 7-{(l) J_ 1-{(2l, and reducing for II, ff (V(H) n1t(<>)) ~. 

. 1-{("). . . ' '. . ~ ' - • •. . . ,: '·. ' . . . . . · .. ✓ -;-· • • • ,, 

•, ., . / ' ' ' . . ... :. . . - , . ,· ' ., . 

·. ~eally, if f E 1-{("l; g E 1-{(/J) arid f='Uo,Q/Jcxla},g = {Qc,flgp;gp},then·(f,g) = 
(J/,Qc,{39{3) + (Qpcrfo,gfJ) == 0 since Qflo_ =,t-,-Q:{31 The invarillnce pf?-{("),-~ = 1, 2, i~ 

•respect with :I:I follows from the equality HQ:::: QH'.'. . . .. · . 
Assertions quite analogous to the Theorem 2 and Corollary 2 one can find in Refs. [22], 

[23]. Solvability (for sufficiently small JIBcrfJII) of the equation (3.13)wa.s proyed i11 [22], [23] · · 
by rather different method a_lso in the supposition (3.4). ·. • · · "' .. , ; ·. 

. REMAR~. It follows from Theoreiit 2 thafopei-ator Q = QX:·1/ 2 ~ith X = diag{X1,X2 } 

. ,is unitary. Consequently, the operator H"::: Q*HQ ·= x~i2Hix- 112 becomes self-~clj~int, 
in 1-t. Since H" = diag{ Hf', Hn with H: '.d:X~12 H0 X;;112; 'the oper~tors n:,. a == i, 2, 

. ·.ire self-adjoint ~m V(Ao). i_n 1i0 , More~ver·the operators·H!i•J := Q · diag{H;,o} :· Q~ = ·:, . 
· Q · diag{ Her, O} · Q-~ ;represent parts of the Hamiltonian H in the ,corresponding invariant _ . 

subspaces 7-{(l) and 1f12l '(see also Refs. ,.(22], (23]). ' - ' >· .· ' .. ;, ; ' 
· · Unfortunately; eigenvectors ¢; of the operators H; differ from those for the initial 

spectra!'pro1i1~m (1.2): ¢"/; 4~12¢"'. . ·c . , -· ....... • .• . • '· : . • . · 

. -~- . _ _ : .... .'_ . : --.~- . ~··. - ..;. ,• ,... -~-,,:\~-·.: -. "<· .. --<- ·._~ ; 
: LEMMA 2:'Letthe ke.rnel Bp0(µ;A), /3''/- a, of the ~p~7:afor Bp0 Jelong.to t~'e clas_sB:.,'?_ 

· with 0 >J ~nd Qpa b~ a solutio,n 'o/Eq. (3.3} satisfyifg together ~~th Q~·==. ~QiJ" the ... 
· conditions (3.12}. Then. L . : ·.· . . > •··. ,; . --: .-· · 

: · (a) the operator Qp';'is an integraloperator,.Qp" : 1-{" ·,.:.. 1-lp, with a kernel Qp0(µ; >.) • 
- . • , , .. /Jo ,,· . , . - : -~- ... \ -. , :- , , - , i •' - . - , 

. belonging l<~,Bs-,; . ' . .· '· ··· · .. •· · . : , · ... · , · -
. (b) the potential W., = BopQp; is an• integral operator, W,,; : 1-l" :;,.,..:1-lo, witli a kernel 

W"(~,>.')'belpnging to 88;'. f . , - . ' -- , ··.·. :' -~ .. > . . , ·· :~· 
PROOF.· At the b~~inning we prove' !he as~erti6~ (b ). ,Accordi~g t~ 

0

(3.14 ), 
--. ;-.....,_ '\ - ,, - ... ' ... ,-' 

(3,17) Wcr =_ ..:~o/J J (:llo_~ >. t I .a~;_Eo ( d).) \ 
·,qa . 

,,. 

with HJ;, =Ap + Wf= Ap + Q:jJB0 p. Since the inequalities (3.12) take pla~~ we' write . 
,·'' - . •.. -. - '·:.__ /' · .. "~\·.,,, :• .. :~·,·.- ~ ..... ~_- .. ::- ~::. ,·.. ' "; 

: ··'ll<HJ - >-r:111,;11(Hp-=: >-r-1 11 s cp;. ·· · 

·_for any>. Eu:. I~ th~ diagonal r~pr~sentation (2.2),(2.3), th!_!_~quati~~ (3.17) tuf~s in> 
- . \ ' ':.... ' .. ~. , ' 

. iv.,(>.,>.')·= ..:;B;,,p(>., : )(H0 - >.t' Bp0 (· )'): 
: . ' . ' - . ·-· . . ,,.,,.. ~ ,- . . \ ', 

· It mJ~s that . \ 

IWa(>-', >..')I S-IIB01/\;. )ll1-(~·7U( Hp:-" >.r~ f llBPo( ·; >.')Hr(" ~ 
+ ' .,·. -. '· ••• ·., - \ 

(3.18) s Cpall~a:p(>., : )111-(o·ll/3pJ·, >.')Hr(": ... , 

' . ' ·, 
/ __ , 

I 

10 

\·, 

,. 
/ -.~ 

l 
{J 

,, 

] .. ,. ,,, ; , 

i/,1 _, _, ' 
J.r. 

H~e, un.,( ~· -) U? ia [? 1n:,(~:: l ''~µ l I'': J;n,e o :, ½, wehase II B~,( i, . rn•; ~ 
(l, 1~ll)6 "811s with so11:,e c(O); .c(0) > o, ~ependi~~ only: on ~:~~nalggously, 

-•, ' • _, • , ·, • - -", < '. • / • 

JIBp"( • ,>.')IJ~" = IIBop(>.').')ll11"; S. (I ~~l;;; · UBUs, 

, ''wh:re'ih~ opeiator Bap(>.,µ); Bc,{)(>.;,µr:· Qp(µf~Ocr(>.), is ~djoi~t to B;a,(µ;>.r ·, 
. , Estimations similar t~ (3.18) may be done also for IW0 (>.", >.')-W,:,,(>.;>.')];' >., >." E u~;,, 
>. E O'c,;:1wo{X,>."')- Wo()..,>.')I, ,>. E Uc,, >.111 ,>.' E O'~, and IWcr(>.,>.') - We,(>.",>.')-' 
wi(~,-).':')+.Wcr( )."'>."')I, >., >..', ).", >.'11 E u~, iri terms, of the nor~s II Bap( >., . )-B,;p( >..", . )lfx;' 
aii_d IIBpa(·, >."')..:. s;"(:, .A')ll1-(i,- Estimating the latterthr6ugh IIBaPIIIJ ~e corne to the 

· inequality .. ·' ~- · . · . . · _\. ·· ·· ;' · · ' 
... , , - JI_WaJIBt;,~<:(O)Cp~'JIBPall!/Ja

0 

, . o..., 
',,. 

! 
l 

!~ 

{ll~ 
'! 

l 
.Ji'· 

·, 

~ith O < c(0) < 00. Therefor~, weh'a:~ proved the assertion (b). 
, To.prove the statement'(a) we note_tli'at according to (3.3), . ., . ,. I 

}P~_~1§~(d;;~f:' [(A_a~f.Jt)-l ~ (!h ~p)_:'W,.(A'.' -~)-\]', 
'q/J_, . \ , ' , • ' . ' 

. . 

or, in the diago~~I ~epresentation (2_.2),(2.3), 
-- ' - . - . . ' .. 

r , -,---· . - r ·' • ',. • 

" - Q;o(µ, >.) = Bria(µ,>.) ..:;Bpo(/i, . )( Ha ,- µ):'"'.'a(',>.): 
· .. ' ,:.., ',-'' '. : . . . >. - µ, ' ' . . :, •., >. -,11 . ·. . : .· : , 

. Re~eatirig lit;;ally the last .piut of:the proCJf or'the-a;sertio~ (b) we come fo the.inequality_,· 

. ., - ,. . , JIQpall~oa S 'sup/ -·~1-·.·.· 1'. -:, ··{ll/J/J·oui:Oa': . , • . . . . ✓, , • 

/'" .. . B-, ._.µEiri ', A-~~t .. :,, . ~.., .· <t 

_- , ,\ E <ro. . ,. 

t <( 0) '.Hs,. 11.;'. :~k 111], ~ ~ µJ-'11-11w.11 .;; } , 
,. 

0 .< c(0) < +oo. 

Conseq~ently Q~., ~ B:; ~nd ' 
..., . ·-· .. " ' .. 

·' 
\ 

', 

· n9~"1ls_,s·~o -:{JIBpaUB + c(O)C~11f /Ja .' lllltJollH, : 0'< <;(0) < +oo: 

This co~pl~testhe p~o~f ofLem~~ ~- . . . •. . 

. ' .C~~6~u~Y 3: I/Bpa E Bff; I .0; h t,hen 'the soluiion o/Eq._ {3.3} describ~d_ by· Th~;:. , \ 
. re/wi belongs to the classBP"-, too.·· ·.... . ·. . '· , · · : .-' ', ,;_ 

-. . . . • ,- i _ _:: -~.., 1 ,- -~,: . , ' 

. . . This stat~ent is based on the fact that the m~ntion~d solution satisfies a~to~atically . 
·. ·th,e conditions (3.11) and, hence, the con_ditions (3;12): , · . "'· 

11 

·"' t 
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4. EIGENFUNCTIONS·AJ.',m THE EXPANSION THEOREM. 

In the preceding -section, .we have proved.the existence (in t.he unit ball ,Mo(l) C 'H0) 
of. a solutiOJ?. Qpo oL,the basic equation (3:3) only .in the case -ivhen spectra·.a1, <T2 of 
.. . . . . . . . . -· •· . . :. _,,, . . , . • . .· . - . . . . d 
the operators A1, A2 are separated, dist{a1,a2} ='do'> o!. and 1!B121!2 ~ 1!B211!:i <'. T: 
May be, however, Eqs. (1.4) and (3:3) have soliitions _also in other cases .. That is why-. · 
we study.the spectral properties of tlie operator H;, = A 0 + B0 pQp0 not supposing that 

IJB0pJb < t _and tisi~g more general requirements (3.1;2) only, with C0 p; some P?sitive , 
numbers!a, .B = 1; 2, /3 ,I- a. Of course~ we assume again that the condition (3.4) 
.takes place .. Remember ·that the' requirements (3.12) are sufficient for. existence of the. 
operatorsY0(H0f As y,ell; the equations.(3.13) and (3.14) tak_e place and the.assertions 
of Theorem 2 and Lemma 2 are valid. . · · ·-- · · · .. · · 
_ . So, ,le! us suppose that Qp0 .:and Q..;:fJ == .:..:Qt0 are solutions of Eqs. (3.3) ~nd (3:13) . 
·satisfying the conditions (3.12). -It'follows from Le111ma·l that Qp~ E Bp0('Ho;'Hp)'as well 

. . . . I .. . ... -• . • /Jo . ·. J - .. . ·. . ;.. . . . . /Jo 
as CJa/3 E B"p('Hp, 'H0). H Bpa_ E 138,.,, 0,.> '.,!>'then, accordmg to Lemma 2, Qpa,E 138-r 

~11.d Q o~ E B;~ . , , · . - . . . . · ... · · · ,· . · ; . · , · 
. By Theorem 2, the operator H'.= ctiag{H1~ H2} i_s connected with'the (self-adjoint) 

operator H by a'similarity h;ansform. Thus, the spectra a(Hi) and a(H2) of the operators 
. - Ha, a= 1,2, am real and a(H1)Ua(H2) ::=...,:r(H). Co'ntinuous.spedru!il ac(Ha) of the 

each operator-Ha coincide.s with that of the operator,Aa;,ac(H0) = a~, since due to. 
IIB0°/Jll2 < +oo, the potential Wo = Ba,iQpc, is a corripacfoperator .. Since <Ti (la~= 0 
we have ac(H1) n a~(H2) :=.0; ·,We show now that the.discrete.spectra ad(Ha), a = 1, 2, 

. _satisfy a_siniilar condition. ····- ·· . . : . .. · · 
, . Let us suppose that ad(Ha) =J 0, z_ E ad(Ha)and:,f>a is-the corresponding eigenfuncc 
tion of Ha,-..Ha1Pa = zt/>a, 1Pa .E V(H0 ) = V(A,,;-). Then, according to construction of H0 , 

·.we have.Ha1Po = (A 0 • +V0(Ho))1Pa = (A0-+ .Va(:Z))t/>..;: = ;ztf>a• _Thus.if. z E ad(H~)then 
z becomes atit6rriatically a point of the discrete spectrum of the initial ·specti-aLproblem. 
(1.2): At th_e same timt; ~a becomes 'it's eigenfunction .. · .· > ·. , ' .. ·· ·• ·. _ .· .. ' .. ·.· •. , 

. Let us· further 'aenote the eigenfunctions of the operator H:Uiscrete spectrum by 
1/;!/l; tjJ!}) = u!fl, keeping f~r th~m the same m;rrieratiori as for, eigenvect~rs pf U;, Ui = 
{u!f>,uyl}, ofthe Haniiltonian<H,lWj = zjUj;,zj E a;;(H). We assume that ici,·the case 
of m~ltiple discrete eigenvalues, cert?-in z/may lie '.epeated,i~ ·this 'numeration. By U!;,. 
we denote the set ud = { U;' j ,;,, 1, 2, .. : } of all the eigenvectors Uj. ' . .. . .· ' 
~ ,_ L~t ui be such a sub~et of ud that it 's,elements have thecip'erator Ho eigenvectors 1P~) 
in.th~ capa~ity ofthe·channel a components: Ut = {U;\ U;; {~1il,u~il}, u!f1 =:- t/>~l}. 
By Theorem 2, we' have Uf U Uf =; Ud. . . . . , ~ . . . .. 

THEOREM 3: Let Hp ·= Ap + Bp;,Qo/3, correspond, (for IJBp;,1!2 < +oo} to' the same 
'solution Q

0
p = -'-:Qp

0 
oJEqs. (3.3} and (3.13) as H,; =· '11,;+B0 pQp0 , and the'condi-

tions {3.12} are ~alid. Let z/ E• O'd(Ha) and~ Ha~!fl :=· z;u!fl with ~!il, thi channel a 

component of th;·~igenvecto_r U; .~· { u!f) J ~¥)} 'of the operat~r H, Hu; ~ zp/'}'hen 

, either Zj 1/. aiHp), .84 a;' or {if Zj E a,i(H())) th;-vedor ~tis riot an' ei;envector of Hp . - ' . . -: .. ' ·- ', . ,' ·~. . ·. ~.. .· . 

COROLLARY.4: Uf nUf== f. 
': Statement cif Theorem 3 means that discr~tespectr11m a,i(H) is distributed between . 

dis~rete spectra <Td(Hi) ~nd ad(H2) i_n such a_~ay that operators-Hi an{H2 have ~,ot,, 

'/ 

r 
/. 

"c~rrimoll" eigenvectors iu, - ·{u(j) uci)}· simultaneousry 
. , I . , 

1 component u1i) ;can :n.ot - b~ 
I , J -. 1 ' 2 • , , ' 

•.eig~rivector for ,H1 i and u~j) with the ·same J, for H2-, , , \ 

PROOF of the Theorem will be gi;~n by contradi~tion. > . . ' · , 

'• Let us suppose_ that tf>!}) = u!f) is an' eigenvector ofH~, cori-esponding'to' zj i.e. 

. (~.l) . ? (Aa +Ba()Q/30 - z;)tf>!!l = O.! 
., . ' / ' .. 

If ZJ E u0 = a(A,,) then automatically zj if. a4(H~) since due to co~ditions (3.12) · 
we haye a(Hp) n a(A0 ) == 0. Thus in thecase whenz; E a0 the ass~rtion of Theorem is 
valid.· · · · · ,. · , ·· · · · , , · 

. Let :r;'¢ a(A0 ). In.this case ~e cin rewrit_e Eq. (4.1) .in th<:farm 

. (4.2) tf>!/>''=:-(A,; _ ;i)--~·Bo~Q_p0 t/>!jl . 

. Le~ y<jl.= Qp0t/J!fl. It followsfrnm {4.2) that ' 

·•· (4.3) ' Ii) +·Q ·, (A :. )-1 (il ·o Yp · /Jo " - ~i. Y() = · 
. ' . . ' . . . . ' . ' : ' ·; t. : 

:we_ w!Hsho~ t~at. the ve~t~r yf> is a solution _of t.he ini,tia\_spectral pr~ble1?1 (l_-2) i~ th~ · 

'channel fl at.z_ = zfand Uj=,{tf>i3l,YY)} is an eigenvector·ofH, HUi = z;U;; To do 
. f. . < • ~ ' ~ - • ~· ,· • • • - -

... ,\· this, ~e,act on ~?th p~rts of Eq. (4.3) byH;i- zjremem~~i:ing that, ac,cordirig to (3.14), · 
·• Qp;, =::-·-:--Q;/3 ==-; J (H;i- >..)~~Bp0 E0 (d>..). We.obtain .• ,- . , c " ,~: , .,, . 

- '' ··- , . ·.·.aa, · ·• · · ·' '· ' ' ' -~ 

'(·H·'~ >-·-)"ui. ·J(H*•.,:)(H* ···,).::1 (· · ·')~i's··.E·(·d···~)·B·, .. -··1;i o·· 
·• /3 - z;yp + .... /3,~Zj /3 - /\ ,_ Zj Y /\, .. /30 o, A , a/3Yf3 .. = •. 

, "' •, :,_ '!a , . ...... . ,..., ~ . 

" 
•. Using theid~ntity (H-' z)(H ~ ~)""!(z :_., >..)..:1 = (:; _:_ ~)-1 .- (H ,:... >..).::1 we find.,. . 

- .. . ' - . . . ' - ,. . ' . ;-.. . -., . .,, 

{k;; ;;i)yfjl+_jl(;;-:-;)-~:~,(lli/;'=i)li}fJ'a.Er(d~)Ba;Y~~.~ ~·, ·•· 
· ' · · · Ua . , ~. ' : · ~ ·h:'. t ,. _,. 

'>,• . . ., ', \ \ ;" 

0 
,', or, and. it is the ·same, •. : • · 

.• (1.4) ( · (Hij-- i;)y<jl -B;{J(Aa ~·z;t; BofJYY)+Qpc,B~;y<j) ~0-- ~ 
- ;· • • • , ' - • ·-- " > - ' 

. ·1•·.· ; , 

However H;i = Ap ~ Qp0 B0 p. Hence'the relation (4.4) turns .~n equation:(!.2)for the 
channel ,8, · ' · 

', .. 1 . - (')' ..... 
'· '' JAp - µp 0 (A0 - Zj)- B0 p - Zj]Yr}- = 0. · 

So, we have proved tia~ yy> is a soluti~r?or the· initial p;oblernjn th; chan_nel l~~d we 

· ;: · <lid• deal wit~ an eigenv~ctor- U; = {~!fl, uY)} ~f th~ ope~ator H _having the_ components '. 
u~> = ip!}l and ~yl = y!}l. . ' ' ,. - • ' , ~ , 

• L~t us sh~~ that y<j}can not be aii eigenv\!~torof Ii; corresp~ndin~ io_ th~ eigenvalue 
• 

1 Zj• ,Actually, due to (4;3) we have . .,, ' 

a; (yy>\ Qp'o(A; - z;)_,·s,,jyy>, Yft= o. 
-~ . , . . '" ' .. 

~ 

,: 
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On the other hand 

·a= ll11tJ(+ {(Ao - zJ--t BapyCj>, Q~0 y<j\. -

If y<il is an eige~v:ct~r of Hp Hpy<n - z y<il th~n 
-. {3 . •. • . • _; __ • {3 - J {3 , • ; 

. Q*: (j) ~ · _.Q .-:_ Ci>".:... j'E (d·'·)·B (JI ~:)_.1 (jj ~ ( 4_. .. )·-l's. -· w' ; 
{JaY{J• ----: q,iJYp --: --: a . " . f>/3 /3 ~" 1 Yp -: : a -:. z;__ af3Yp > 

'Ua 

It means that • . . , , 
• · ·-a= IIYY11f+ ll(A~ - z;):-1Ba/JY<j>11 2 ~ IIYi/111 2

• . .. 
, I" r - ~ . . ... - . . . . ' . ._ - . . , 

Since a_~_o w~ get yy> = 0 a~d, due_ to (4.2), lp<j) =-_CL ~owever, by.,suppositi6n, tp!Jl #_ o: 
Thus, we come t~·a contradiction arid y}j>'c~ri not-be a~ eig_envecto~ _of Hp. And so, if..~. 

'z; E o°d(H0 )·and H0 u~> = z;u~> then••u<j1_js not ari -~igenvector of Hp'. _Theproof of 
· ·Theorem 3 is completed. · . -. -- . _.\ ' . ·.: . . _. . · ·. • -· 

, . Let us pay atte~tion to th~-c~;tinuou; spectrum of JI0 assuming h~re that· B~p _E -B~_;,: 
1 ' 1 - -· · - / · • · /Jex· · _ ·;, · · (} :> 2, "f. > 2, and consequently, Q 0 p E 8 9..,, a, /3-- 1, '.'.' /3 #, a. 

· - .Consid.~r at,\' Ea.; the integral equations. --_ , _ ._ . -

- (4.5) __ - . t/Ji±l(,\; ,\) = l~c5(X ~ ',\~) !... [(Ao::._,\' =F i0)~1 W a1Pi~j](,\; ,\');--.-a = ·1, 2, 
/" , . . ·• - .- . . , .,~, - .· ' 

where as usually _We,-~ B~pQpc,: Since Wa·-E B;;, tht!'integraloperator with the kemeL 
- W,.(,\;A') .. ·• - .. . ·. ·. . ' . :' 1 .. - , .. · · , .. - . . . ·. . ' ._. ' , . · 
- ,\•- ,\' =F i0 IS. compa,ctu~ ~9'--r', 2 < (} 'f O, ·0 < I < ,~5L _ _. J_lefs. (20], ,1211~- If: --
,\' r/. ait(H

0
) then Eq. (4,5) fo.r t/Ji+> as wellas for 'ij,!,-J is 1.iniquclysolyable (see ReL (211) 

in the dass·ofthe form (2.6) distributions. . - . - . ' . . - ' 
.... (±) (±) .. - . . . . . . . ... - .. - . (±) .' 

Denote by 11' 0 , _11' 0 : 1-t.; _-'+ rl0 , the integral operator with the kernel 1Pa p; N). 
The operat~r ii±l;is bou~ded 'and 11'i±lV(A/,0 l) ~ D(H,.f [20],, (21],. it follows from. 

(4.5).that 111i±l has .the·property H;,ll'i±l = 111!,±) A!,°l. Thus,-Qp,.w!,±l(, .\'); (Y'-Ap)-1 

.- BpaWi±>(-,N)·. S~bstitution of this expression in (4.5) shows that)!,±) satisfies (2:5). D~e 

\. to the_uniqueness ofEq. (2'.5) solution at~•- r/..ad(H)",ve h.a:ve 1P!,±>p,N) == ui';l(-X,N): 

• .This mean~ that ·each eigenfunc~ion ui:!(-X, N.);'i1 Ea£, ,V r/. ad(H) of.the initial spectral 
· problem problem (1.2) is _also an eigenfunction of/h,. · •. ,. , . · · ' . · · ' ': -. -

~, Conside~ the fundionnk!/1 =•tp!}l ~ Qa{Ju<j> and , - .. ·· ' , 
.;:(±)(, ") - .,.(±)(. "·)-.. Q- .,(±ic-: :.,_, ') ,\' E a< ,L-et' ,r,(±) . ,;,(±) . '1..IC :.--+ 'L.I be the 
'f"o,; _ , A .- .'f'a , '.~--- ·,' a/3'""'/Ja ,.~ _,, _ a· , .'i'o , 'i'o • ll. 0 •~ . II.er, -. _ 

integral ope;ator with the kerneh,W1(X, ,\'). -~ ·' -.· ' . . ,·- : , 

THEOREM 4: The functions {J!jl' (with j sv:ch. tilat Ui. E Ut) -izre. e·ige~functi;ns of adjoint. 
. . - • ., - ' , . ~ •, :· . . ... (j) - .. (j) : . . .. (±) 

operator H
0
,H

0
_,--A 0 + Qp

0
Bp0 , discrete spe~trum,:ll0 tp,. - Zjlpa. Operat~rs 'Va 

have the property W'lli±_> =:= q,~l Ai0 l. At the same ti~e the cn·thog~nq}ity"relationS t·ake 
place~ {1P!!>, {J!,k)) =,

0

c5;k~ ·wi±l•q,i±).= Iol~c , q,i,±l•ij,!!1 = 0 -~nd IJJ!,±)•;J,!j> ~.O. ,Al;<J; the 
following completeness i-elation~ are valid, 

0 

• • ·,__ : • ·• .· -· . • , ·. __ ....._ .. 

- . ~ , .- ,. ~ , ~ 

(4.6) - . L: 1/i!!!(·,·;!!>) + IJl~±Ni±)~-= ./;, : ~ = l_, 2, . -:~ 
0. • •• " ,_ '-, '• • C ~ • ,. • ' • ' j:U1Eli:f., 

14 
,., 
-.·, 

., 

. PROOF. Show for example that. ' 
·:,,,-

.. (4.7) . 

(rerilember that z; E R). W~ have . 

JI*.W> = z,.i.(i) 
a'f'a Jf.//_o 

H:{Jfj> = (A,. - Qa{J;{Ja)(J,!j) "__ CJa(JU<j))= 
,• ' • ~-...__ , • • ) r 

(4-s·) _--(-A· Q B )'.,.U> '(.A. ·Q. Q · ·s .Q )u<i) · · - a-:-. a/3 {Jex '+'a -:- _ a . a{J ;- a{J {Jex a/3 {3 • 

Nott/ that A 0 = H 0 .:.._ B0 pQ~0 a~d, hence,: . 

(4.9)' ",· (,;!0 -Q~p-B~i)efJ!fl ~ z;tp!f> -. (B;,pQp~.+ Q0 {Bp~)1P!f> .. 
~ • • • • I . , - ' • 

. Sec,?rid terril intheright ~art of (4:9)'may be easily expre;sed through ~<j>, :·Adu­

.illy; u<j> :~ :-'-(Ap - z;)-1 Bpa1P!Jl; (we use,~gain the prop~rty.d(H~) n a11 ;==' 0 folio;ing 

f ,,-,( )')' s· ,E :-:(3.2): :d.H • • ,.<i> . !il k 1 · · fi.dQ .,.<il '·B (il roi:n 3.12 -~- II_ICe, qs ... fill .. - a'f'a =Zjlpo ,ta•epace,wem {Ja'f'_a,•=:= 0 f3ti{3,", ., 
Conseque~tly,_ ._'; •··· . ·. ,_ . .. ., ... · • · i.. · · . _.· · '. ·• . .: > -

: - . . . . - (j) __. . • {j) ·. . . . • , - ; . . -i \ (j) .. :.: 
/ (BapQpc, + QapBpa)1P0 . ,- Bpc,Q{Jcx1Pa + Q 0 13(A{J - .. k,)(A{J - z1) B{Ja1Pa -

\ <· ... - : '<- • , : ' - - • ,, -: ' ' - J' • •.• ' 

.. . {j) . . ' - (j) . . , = B{Jatlp -:- Qa{J(A{J ~.Zj)U{J . 
, . . -, - - -_ '• . :- , ' \ ... ; ... · .· ... \ , , . 
Substituting !he· expression_s obtained into ( 4.9) arid then into ( 4.8); we get ., 

·-n<.w>.:.. ·ic:t.<1> · --.Q- ··· (j) .. )·"r-· -.. s1

. : .. Q: ·A' -· ·.A_ ·Q·. __. .... Q B ··Q. · 1 m · 
a'+'a - Z1 'f'a -~ . af3U{J + - o~+ o/1_ fl -. a a{J -J:- _ a/1 {Jex a{J U{J • ·. 

, '·· , - ,· ' - ' -·· , . - - ,, •· 

. Accordihg to. the ~q_i'.i~tions. (3; 13),. the e~pres~io(1 in the square bri~kets. is eq~~l to' ze~o 
and;~vecom~to(4.7) ... -._ - .·., _; ·. _,._ _· . / .. , , .·,- .. · 

, · .. Th~ ~qualities H~i,&;>( 0 , ,\') = ,\'{J;l(·; >.'.); ,\' E a~,~are prov~d quite analogously:. , 

· .. :" ,Th~orthogonalityrela'tio~s {1P!f>;J!,kl} =oik:-'1,~±l•1P!jl = 0 ~nd wi±l•{J!}l =0-are· 

:. trivial:' P-r~6fs of the r~lation. q,!,±l•ipt±~-= 1;.J.,:;, ' and the equality' ( 4.6) ~re very. ~imiiar. : 

. Bo'th th~se p;oofs are based on ~se of prop'erties
0

of the wave operator; u<±>. As a~ainple; 
we give a proof of the completeness relation (4.6). · .. . . . 1 

-.: _Consider.~the operator . "-' . . ' . . -. . 

A;; L 1j,!j)/::,J,!j>}+ll'a\JI:·-= 
j,u,eug 

•/' 

(4;10) 
' ., 

· ~-.,.c;i{ :,:<il .. Q - ui) ·· iv ·riv· · (Q. -··· ·· )*] 
\ £.:;,- 'f'o ·' '+'a :- . a{Jtl13 · + " .a - a{JU{Ja • 

;_: 11, eug ~, " - -:_ 

For; ~~~venience, ~e OI11it si~~s ,;±;; in.notations ;f- ,i,;l ~- ui=;>, u~!l and IJl;1-t~king·in 
: mind for exam.ple the case of sign "+". We have ftom ( 4.10 ):" .. . . 

. A~ ~ - ·.'· <il( ·' _._,. (il) ·+. '11 w• '- ~ .· ~,,(il(: -Q-~_i_/il)· - Ill ·u•. Q; -.,, L-J o/a _,'Pa, , o. a ,L.....,,, 'fa \'· oµ {J- _ _ a {Jex a(J· 
;:·u,eug.:: ,,,· · ' {U

1
EU:1 . · ,-~ -

It f~liows from the 'compl~teriess ielatfons u<±l•[!{±)<-=. I - p r~i- wave op~rators u<±\,that 

(4.11) ,T, •. - :. • - - ·• ~---- . (j)( .. (j)) ':. "'_aU{Ja. = ti00Up0 - -;--U 0 f3ti{J{J ~ L., U 0 ·,Up_ . 
zjEu(H) 

/' 
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Sin-ce Uppq;/J = (Q.,~upp)* = u:~,.w;'can ~rite with a help of (4,llf-that 
~ , • ' • < • • • • • 

, .. A-'- • ·+·. - • . ""°' .. ,.Cil( • ., Ul). .-___ -U00Ucte, U0 pU0 p+· ~-- 'l-'c, ','f'a· +_ 
· · · j,u;eu~ · 

-"',_ :_,_ (j)( • Q•· .· (j))' . -C---~, U0 ·, c,/JU/J _._ 
z; E ud1H) . -

u, ~u~ 

'In.th~ l~stsu~, the c;nditions ij E ~ct(Hf~~d Uj rf_ ut,m~a~-really that_we deal with 
· any j such that Ui ~ Uf This follows from the equalities U{LJUf = Ud-and Uf nuf = 0 

(see _Theorem 3 and: Cor6llary.4). For U1 E z.ig,· the ·vector u~> is eigenfunctio~ orn;; 

u~l ~ tf;<jl, and Q0 p_1:<J> =· Q0 p1p<jl ~ u~l. Thus! A turns' in _°' ·• · , . 

A~ u ~• + u /J~~ + ~ -~;il(. uUl) = (u<±>u<±l• +-P) , · ao_ oo - o:, {3a. :, ~. L...t a \ ;· , o: _ : . . ·.. _ao:• 

· z;Eud(H) _ r 
- .. ' r~, • ,·· .• •_· ;-- ~ •· • 

, Since u<±l u<_±l~ +P =' I _,ve find A = I;, and this completes the proof of Theorem 4.'· 

---- -'Th~orem 4:rneans in. particul_ar that pdrt 11;,'. of oper;at~rH" acting in thdnvri,riant . 

subspac~ corresponding _to it's continuous specfru~,u~, •is similar to tlie· opemtor A~0l, 
(±) (0) - (±) . .. - / . . 

ll;, = '11" A" '11 a \ and spectrum u~ is absolutely continuous. -

5: INNER PRODUCT MAKING NEW HAMILTONIANS SELF~ADJOINT 

We introduce now~ new,inner•product [., .]c, .in 1to, ff;,g~]:-~= (Xafo,-go), f",g",E 1tcr, 
withX;,, defined as in Theoreq-i 2, Xo, = r:+Qc,pQ~P' a= ·l, 2. The operator:Xo, is positive 
definite, Xa ?.' l 0 .~ This means tnat [;, . ]0 satjsfies all the axioms _of inner product.- . 

-THEOREM 5;. The -~pe,mtor H~~~Q,= 1, 2, is 's~lf-adjoinL~n D(Aa) in respect tilith the . 
inner product [.; . ]at · - - : , · ·.' · '':' · 

PROOF: It follows 'from Theorem 2 that ~perator H' -i~ self-adjoint in-7-l ~ 1t1 EB 1t2 in; 
respect.with the inner product f·,· .], [f,g] = [Xf,g] withX = diag{X1,X2}. Did, since 
·Q-1 = Q.*X'-1 =X.:.1Q\ we have}orf,g E-'D(H') == 'D(II) =.V(A1tEB'D(A2): , .. 

· : [H'J~i=· (XQ.:1HQJ:g) = (X • x.:iQ•tt~t.'i =' -- -

·. ~ (·;, Q:ttQg) = u,·x. I.c1 Q·IiQg) = [J,!f'gJ . 
Here, we us~d thef~ct that Ill the case of(3.12), QJ E V(,1i)'EB 'D(A;) if/ E 'v(A1) EB_ 
'D(A2), · · · . -- .··_. .·· ... __ - : . . ... _. ...,. ~. . . · - > -·- : . 
.· .Taking'eleme~ts f, g inJhe equality [H'f,g] = [J,H'g] in the form/= {/1,0}; 

g = _{g1,0} or f = {O,h}, g =_{0,g2} with one of-the components equal to zero and 
fo,g" E. 'D(Ao); a;= 1~ 2, orie comes to the statement of Theorem. . ·.. · . 

REMARK: This Theorem pay be pr~ved al~6 i~)i'nother way.inaking use ~f the eciuality. 

. (5'.!) . /~+ Qa/J9:/J ~ ·. L J,!!l(,, J;~)) + f!>i~>: 
·-i= u,eug 

. --:---

which is valid for both signs ~•+"·and 't..-", I~ this case, a self-adjointness of H0 . in 
. respect with [.' . lo follows from th~fact that it's spectnim is real-and also'from relations 

n;i~±lii,t±>• _,;,, ii,~±) A~0lii,~±)• ~ ii,~±>i~>· Ha: The eq~ality (5.1) 'it;elf is proved by_ .· 
calculating it's.right·pai-t in the same-way as it wasdone when the completenes-s relations 
(4.6) were e_stablished (see proof of_ !heorem 4). -- - ' · ' - · 

---
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· 6 .. SCATTERING PROBLEM 
·' . . -

· We ~stablish ~ow ti;at operators '11·~+) and '11~'..) play th~ same important role d~scribing · 
•. a time·asymptotics of solution~ of the Schrodinger equatibn ., - ·• ·- . 

- . I 
(~.l) l 

-_ ,d : , - .· . 

_•i dtf,;(t) ~ Hafo(t) 

_ as in the usual s~lf.~djoint case (20]; [21]. ,- - • 

TJI~OR~M 6: Operator Ua~) = ~;p(iHan exp(-iA~0>t) c~nverges 'sfr~ngly if i ~-ioo, in _.­
respect with the norm II". Ila · corresponding to the inner product [ '., ·]a.in 1-{"; .The limit 

- is· equal to :s..-· lirn U"(t) = w~±l~_ - . . . 
.... ·· t-,:oo· :. . -. ~-, ' . 

Sinc'e·the norms II . II;; and -II ; II i;·Ho a1:eequ)v~lent, lltll ::;·If/II;; ::; (1 + IIOa/JII .. : 
IIQ/Joll)11211/II, ,the same statern~nt takes p_lace also in _respect with the initial norm II '1 
,.: _ _ -:·.~-, ·_··,,.:.,, '.._,''"·•,-.~· .. :-.·; ,,:,:,,,.,·'('' --~ 
THEOREM 7: ·For ~ny element't£-> E H.~ · one can find such unique derrie~t Jl0l that · 

·solution j;,(t) = ~xp( ;_ilf0 t)JJ,0 l of Eq. {6,:J)satisfies the asymptotic -c~ndition , 
' ' ' ~-,. . ' 

· · - ifm II /o(t) ;_ exp(~iA~0!t)Ji-/ II;;= 0. 
t-+-oo • - ,. . -., .-· , · ___ 

' <· 

There-'~xi~ts ih~ uniq~e elh~entjl+l :EH~ such ·a;at 

<.Jirii ll'fo(t)~exp(~iA~~lt))i+] Ji;;=:0. < 
-t-:+oo ', ,-. · · .. , '.>'- ...... _,, -~. · • • - ~ 

Eli'~e~t;\jf) and ti+> are~co~nectr:d by th~ rela;io~ Ji:>-~'s(cx) tl"l with 

. s<0 > =;: w~-J:::1 t~+> ,;,, iiit>·ii,~+> 1=:=, w~+ x~w~1
;',' .- '._ · · > '· . -: . 

-1 . ·. --:~<" ·\_.: ' . ~ ... ·,_ . ~-- ..:..-.:, :· .•,', "<:, .• ,·' ;. :_ . -_ . ~~-,-; '·,, ,.· ·, ·- ' ,.· ·:·~---

We do not give here proofs' of t_he Theorems 6 and 7 because they ar,e _exac;ly the , . 

,. 

same as in-the case· of one-particle Schrodinger operator in Ref. [26] . . _ 
Theorem 7 gives the non-stationary formulation of the scattering problem for a system 

de~cribed by Hamiltonian H0 • Moreover s<cxl is a scattering operator for this system .. 
- • • •• ' ' \ \ ' ' ... • ' '· ' . .. ~ • f ~ 

• THEORfai 8: Scattering:operator 5(cr) coincides. with the component. ;c,a of the ~catte;ing , 
operator S; S::: Ukl•u<+l, for'.a system;·describ~d by the tivo-chan_nel Hamiltonian H: . - . - . . . . ~ ' ~ .- -

· PROOF.· Let us show_ that op~i-ator 5(0
) has the ke~rie) s,..~(;,Y) given by Eq. (2. 7). To 

·. . .. ·. . - (-) (-) . . ) (-) . . . . . ' . . 
do th1s,_remember,that-'Vcx ::= 'Vo :c-_Qcx/Jtl/Jo (see Theorem 4). Therefore, .A ,i 

. . . . . . \·.-• 

s<0 l•=(w<:.l• - uH•Q• )w(+l = w<-l~wC+} + u<:.:>•Qp w(+l. = u<+u<+l + :<.:.;>•u<+l · 
_.· · a ·.· •. {3a.__,_ o/3 a · , a,. ~ . /3o," o ~ - .. oo _ ~o.. /30 . /30. · 

H 
: .h. :, .d h· • , ·-. ,r,±l- :-.,.C~l ,·Q_-• .. Q d.Q ,,,(+) - '(+), - . b _ _-

. ere,_we ave u_se t e,properttes ,:,'o, ,-= ycxo' o/J·=·- o,/J_ an.. /Jo,'lto, . = u/Jc, esta - ' 
lished above.' Since · ' · · · · · -· · - - · .· · - ' - · · ' · 

u<.:_l•u<~>+ u<~l•ti(+l ~•(uH•ut+l). ~ s · -
__ , oo, cxa {Jo. {)ex .. _. , 00 oo, ,. 

• • I • • • -- ., - , • • 

\we co~e to the. statement 6f The~re~: The proof ofTheorem 7 is ~ompl;ted. , 
' - ' ' \ ' . - ' / ~ . ,r 

,._ ,,, 
\_\ 
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A kernel of the scattering opera.to; SC") ~~y be presented al~o in a usual way (2.7) 
in terms of the t-matrix ta(z) = w,, -W,,(Ha:- z)-1Wa; taken on the energy-shell. Note 
th~t t,,(z) differs from T" 0 (z) introduced in Sec. 2. Did, easy calculations_shmv that 

(6.2) ·· ta(z) = B.,p[lp + Qpa(A,·;--,z)-1 Bap]-:-IQµ 0 • 
. .,,..:~ ·. , - - . / ' -

Using the basi~ equation (3.13)one ~an rewrite {6.2) in the forrr{ 
___ ,,; 

-·, 

t0 (z) ,;,,. T"~(z) + l0 (z) · 

where·. 
i,,(zf= B,,p[Ap - Bp,,(Aa-;-: 'z)-1 B,,pr·1Q,,p(A,, _;_ ;)¢;o. 

H~~ever thci iddltional term l,,(z) is evidently dis~ppe~ring -~~- th~ en~rgy-sheli due to 
. presence of the difference A0 :-- z as· an end factor .. Actually, in the· diagonal representa~ 

. timi' (2.2),(2.3), A0 ':- z acts as the factor ,\ - z vanishing at z = ,\ + iO. Therefore, kernels 
of t0matrices t0 and T" 0 • coincide ·on the energy surface; _ · . . .. : •·. · i 

.. Note also that in our case af na~ =.0: Hence we have_sj-j 0 ,;, 0 ~nd SC0 l -~ s,.0 ;is 
unitary. -· , , - .. : . -· . . . . - . - - . ..·· '. . ... ' ' .. , 

> 
··1. ON -USE OF.THE TWO-BODY ENERGY.:..DEPENDENT POTENTIALS 

. : IN FEW..:.BODYPROBLEMS · . · " 
' 

There is a rather: conceptual q~estio~ (s~e f~r instance Refs .. [7]; [IO]) concerning a/ ~ 
use of the two--:body energy:....dependent potentials in few-body non-relativistic ·scattering 
problems. Evidentlr this· question. is strongly related to. the subject of the. paper• and 
we wilfdisctiss here'three approaches seemed t_o be_ reasonable .when_ one tries to embed 

· energy-depenaerit pote1_1tials in few:.Cbody equations. . -- . . . .. . . 
A•customary way to embed such potentials. into·the,center-of-mass fram'e N-body 

Schrodinger equation consists in the following. Naniely, one replaces· (see pap~rs [6], [8], l 

[12], [13] and' Refs. therein) the pair eriergy z;1/argument · of the potential V;j{z;j}, · 
.. i jj, ,describing interaction in two-body' subsystem {i,j} (i,j stand for numbers of par­

ticles, i,j == r, 2,· ... ,N) wit_h the diff~rence Z - T/1 betwe_en total energy. Z ()f: system. 
and !he kinetic energy operator T/1 of partides,~~t1pplemer:itary to the ~ubsy~terri {i,j} .. 
Fcii- the resolvent-like energy dependent-potentials (1.3) this replacement is quite cor-. 

-rect from mathematical point· of view sin_ce one can re.conji.ruct underlying multichannel 
(for:instance, four-channel i(N=3f self-adjoint lla1~iftonian . [12], · [13): Reducing the 
spectral problem for this Hamiltonian to _thr external channel only. one gets t~e N-body 
Schrodinger equation exactly with the pair potentials V;1(Z...:. T{f)- Thus one can guar-

. antee that spectrum of this equation· is real ani:I the scattering problem for· the N-hody. 
system can be based. · •· - · . . . · . _ . ' .. . - . . · 

' Ho:wever th~ replacements Zjj -::-+ z ...:... T{; meet serious conceptuaL objections for-. 
mulated in concentrated form. by E.W.Schmid (JO]. -Did, it follows-from the energy -
conservation law that to obtain a.share of-total energy belonging to subsystem {i,j}, orie 

: has to subtract from Z .not orily T1; but. also ,a potential :energy of interaction between 
particles i,j and the rest particles of the system. This-idea shows really a first way. for . 
!he correct (in the con~ext of Ref.' [101) embedding twci:bcidy potential~ into N:body>-­
equations: · one has to redefine pair potentials as ·solutions Vi; of the following system of 
equations: '• · · · · · · · 

(7.1) V;; = V;j~Z :_ T;j-:- .- L_ 
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..... _ 

~here { i,j} rU!}S all the P'.1i~ subsystems. So, the tisual embbedings V;;(z;~r-• V;j(Z-T{;) 
•maybe considered only as a zero approximation to solutions V;;(Z) of},lie system (7.1). 

Unfortunately, this system may be treated relatively easy only ,in the case of linear de-' 
pen1ence of the potentials ·v;;(z;;) _on the (pair) energies z;;:. One can showin. this._case 
that operator.:.:valile functions V;;(Y) of theoperator variableY; Y ·: L2(R3(N~1>) -+ 

L2(R3(N:-1l) may. be defined in' such a way that solutions of Eqs. (7.1) generate only 
. real spe~tru'm for· the N-b~dy Schrodinger equatiori4J. In the case of the resolvent~like . 
energy dependence (1.3) of pair int_eractions one meets serious obstacles in-solving t_he 
system (7.1) connected ,vith a strong nonalinearity of it's equation·s; Also;-:no underlying 

.. self-adjoint Hamiltonian is still found.. .. .. . · - ·- . ·. . .. ·._ .•. . - . ._ . . , _ 
. Another way to deal ,vith the two-body energy~dependent 'potentials. in few-:--body 

problems is to replace i'hem with energf-independent ones. In fact, in the present work we 
· realized namely this idea which was_pronounc;:;d by B.H.J.McKellar and ,C.M;McKay [7) . 

Did, let us·denote now a "share"·of the total-energy of the N-body system beloriging 
to .the_ pair.subsystem { i,j}, by 'h;;: · Then t)1is ·h;/ has to satisfy the operator iquation. 
following from,the energy.conservation law, too,· _, , · · · 

(7.2)_ . h;;_~ hl0
) + Vjj + V;j(/;ij), 

·: . . '_J .- . . ' ' ' . ,. / 

where' hw stands for .. th~ kineticener~y o~er;t~r of t11e p~ir { i,j}· and Vij, foi ,an ~~ergy-
- ' independent part of.the pair, intei:action ... Remernber that the equatio!1 (7.2) -in nota' . 

tiori (1.4) was a:mairi subject of the present work. If'solutions h;1 of equations (7.2) be • . 
known; one, could substitute~the (energy-independent) operators·W;; = ½;W!l in the .. 

i · N-body Hamiltonian treating the_m'in conventional way as additional energy-independent· 
-potentials. It should be ncited'how~v~r:that the potentials lV;; are not totally equivalent 
to the potentials-V;j{z) given by (l.3) sine~ the Hamiltonian h;;being solution of (7.2), 

- reproduces ·only' a part of spectrum o(the:Schriidinger equation•' · · ; .. · · --~ 
\ ' • "S•, .;_ ' • q ,• a •• • 

. (7.3) . -
.. (0) .. - .. ·. . '. 
'(h;; fv;;fV;1(z))ib=~ztp 

' . ,,• •· - ,,. ·/-~ • . I • ~ 

•. ( see Sec. 4) .. 'Forbidden eigenstates correspond .. iiorm~lly · t_<> the spectr~m · gener~ted by 
respective internaLHamiltonfan [17): There is also another question: is the spectrum 
of the N-bcidy Hamiltonian _real-if potentials JV;; are subs_tituted in? 'fhing is that 
Hamiltonian_ h;i becomes st;lf-adjciint only in respect wi~h a new 'inner product in L2(R3) 

(see Sec. 5).- One can overcome this difficulty replacing h;; with similar_Hainiltonian 
H:; ~ X;1/2 h;;X,1112 w~~ie Xi; is ~~~log for h;; ~f the operato;s X, :in_tro~uce'd in. s·~c. 3:. · 

Writing h:j in the form h:; = h)Jl +. V;i one gets a new pair potentiil V;i which is already. 
self-adjoint in respect with-the standard _inner prnduct in L2(R3

). 'Tlius, one may use .. 
then th~ potentials V;1 being surdhat_ the-N-body Hamiltonian constructed is Hermitic. ~ 

· Emphasize that potentiru·V;i: gives the same two-,bo<ly sr.ec"trum an_d phase shifts as the 
potential v;; + W;; -beca~s_e h;1 . is obtained from h";; by similarity transform: . It follo,ws 
from Tht:orerps: 7 and 8 that the phase shifts given by V;1 _coincide also with those for 

,Eq. (7.3) .. Therefore, the operator ½1 turri~.out oneof the_ rha~~'equivalent potentialidor 
the two-:,body subsystem concerned. , . · . . ... - . . . _ . 

. ' So, we have discussed three different approaches'to embedding the two-body energy-· 
depen'derit potentials in (ew..:.body problems.· Certainly,_ the approaches based on solving · 

· the non-linear equations (7.1) ,and (7.2) do not seem to be too attractive from the com­
putational point of _view. However/in the cases.when .the internal Hamiltonians of pair, 

' - • ' - • -,. - •-.. • •• • ~ ' , ' -· ' 

: .4lThe author prepares a paper d~voted to .this s~bject: 



I:. 

' 
'; \ 

/ 
"'· . , .·, / .. . ' ' , /.-· ,_ 

subsystems have a finite discrete spectrum only and the coupling of channels is relatively 
. small (see Corollary Ito Theorem 1), the approach based on.solving Eqs, (7.2) could be 
. quite realized 1mmerically .. , · · · · ~ • · , __ , . :· : _ ~ .• .:, , . 
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MOTOBl1JIOB A.K. ES-94-259 
HCKJIIO'lelme :mepnm 113 B3aHM0)1eliCTBHli, 
aaBHCSI~HX OT Hee pe30JihBeHTHblM o6pa30M 

PaccMaTpttsaeTCSI cneKTpaJibHaSI 3a,11aqa (A + V(z))V' = zip, B KOTOpO!i OCHOBHO!i raMl1JlbTOHHan 
A SIBJISieTCSI caMOCOnpSI)KellHblM onepaTOpOM )10CTaTO'IHO npoH3B0JihHOli npttp0)1hl, a B03M)'~eHHe 
V(z) = -B(A' - z)- 1B0 aas11c11T OT :mepnm z KaK peaoJibBeHTa HeKornporo ,11pyroro caMoconpll­
)KeHHoro oneparnpa A'. IloCJie,IHHli 06h1q110 HHTepnpeTHpyeTCSI KaK raMl1JlbTOHHaH, OnHChIBa­
!O~Hli BH)'TpeHH!O!O CTPYKTYPY cp11311qecKOli CHCTeMhl. Ilpe,inoJiaraeTCll, 'ITO B HMeeT KOHe'IH)'!O 
HOPMY I'tt.rib6epTa-lliMH,ITa. <l>opM)'JIHPY!OTCSI yCJIOBHll, np11 KOTOpbIX ,ieJiaeTCll B03MO)KH01i 3aMe­
Ha B03My~eHHSI V(z) «nOTeHI~HllJIOM,. w, He 3aBHCll~HM OT :meprn11, TaKHM, qTO raMl1JlhTOHHaH 
H =A+ WttMeeT TOT )Ke cneKTp (TOqHee, 'laCTh cneKTpa) 11 Te )Ke co6crneHHhie <l>YHKI.\1111, 'ITO 11 
HCXO,IHall cneKTplU!bHall aa,iaqa. raMl1JlbTOHHaH fl CTpOHTCSI KaK perne1111e HeJIHHettHOl'O oneparnp-
1101'() ypaBHeHHll H =A+ V(H). YCTaHaBJIHBaeTCSI TeCHaSI CBSI3b 3T0l'O ypasneHHSI C aa,iaqeli 0 

nOHCKe l1HBap11a11THbIX no,1npOCTpaHCTB raMHJibTOHHaHa H = [ ': B] . Jl:JISI CHCTeM co6crneHHbIX 
B A' 

QlYHKl\Hli oneparnpa fl = A + W )10Ka3hIBa!OTCSI TeopeMhl nOJIHOTbl 11 OpTOl'OllaJlhHOCTH. Ilp11 
HaJIHq1111 y oneparnpa A uenpephiBHOI'() cneKTpa Will raM11JihTOHHa11a fl CTpm'ITCSI TeOpHSI pacce-
SIHHSI. 

Pa6oTa BhmOJI11e11a B Jla6oparnp1111 TeopernqecKOtt <1>11a11Kn HM. H.H.lioroJiro6osa OIBIH. 

IlpenpHHT O6he,1111neHHOl'O HHCTHT)'Ta ll,!lepHbIX HCCJie)10BaHHli. ,Uy6Ha, 1994 

Motovilov A.K. ES-94-259 
Removal of the Energy Dependence 
from the Resolvent-Like Energy-Dependent Interactions 

The spectral problem (A + V(z))V' = zip is considered where main Hamiltonian A is a self-adjoint 

operator of sufficiently arbitrary nature. The perturbation V(z) = -B(A' - z)- 1 s• depends on the 
energy z as resolvent of another self-adjoint operator A'. The latter is usually interpreted as 
Hamiltonian describing an internal structure of physical system. The operator B is assumed to have a 
finite Hilbert-Schmidt norm. The conditions are formulated when one can replace the perturbation 
V(z) with an energy-independent «potential,. Wsuch that the Hamiltonian H =A+ Whas the same 
spectrum (more exactly a part of spectrum) and the same eigenfunctions as the initial spectral problem. 
The Hamiltonian His constructed as a solution of the non-linear operator equation H = A + V(H). It 
is established that this equation is closely connected with the problem of searching for invariant 

subspaces for the Hamiltonian H = [:. !,] . The orthogonality and expansion theorems are proved 

for eigenfunction systems of the Hamiltonian H = A + W. Scattering theory is developed for this 
Hamiltonian in the case when operator A has continuous spectrum. 

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR. 
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