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The sandpile models introduced by Bak, Tang and Weisenfeld (I) as simple models 

of self-organized criticality (SOC) have been intensively investigated in recent years. 

A class of such models called the Abelian sandpile models (ASM) [2) attracted special 

interest since essential properties were an/llytically determined and some characteristics 

were exactly evaluated for these models in two dimensions [3-6). Nevertheless, the 

problem of the consistent theoretical description of the dynamics of avalanches for 

non-trivial lattices remains unsolved even in this simplest case. Recently, Ivashkevich, 

Ktitarev and Priezzhev [7] have introduced the concept of waves in ASM avalanches. 

They represented each avalanche as a sequence of waves and evaluated the critical 

exponent of the size distribution of a general wave. They established the equivalence 

between waves and inverse avalanches defined by Dhar and Manna [8) and reproduced 

their result for the critical exponent of the size distribution of the first inverse avalanche. 

Using special properties of avalanches starting at the boundary they found also the 

critical exponent for boundary avalanches. 

In this Letter we investigate the power-law behavior of wave distributions depending 

on the "age" of the wave in a given avalanche. Besides, we obtain numerical estimates 

for the critical exponents fourid exactly in [7]. The results of our computer simulations 

are in agreement with the theoretical predictions [7, 8]. 

We consider the ASM on a square N x N lattice with open boundary conditions [2]. 

The dynamics of the model is defined by the toppling N 2 x N 2 matrix A with nonzero 

elements li.;; = 4 and li.;; = -1 for adjacent sites i and j. A sandpile configuration of 

heights is stable iff O $ z; $ li.;;. We add particles at random to the stable configuration 

until a certain height exceeds 4. Then it topples, giving 4 particles to its neighbors. If 

some of their heights become greater than 4, they ai--o topple and the process proceeds 

until a stable configuration is reached. The process of topplings of all nonstable sites is 

called the avalanche. Some sites may not topple, some may topple once or more times 

during a given avalanche. 

The avalanche may be represented as a sequence of waves in the following way 

[7]. We add a particle to the site with the height 4, topple it once and then relax all 

other unstable sites preserving the initial site from the second toppling. The set of 

2 

,,. 
I. 
I 

!l· 
ii • 

. '.1 

., 

j 

toppled .sites is called ~the first wave". Then. we permit th~' site to topple a s~ccind. 
. ,; . ' - .. . ·, . . :·" , .. , . -,·. . - ... • ... ' ,_ 

time,
0

creating a seco~d ~ave and so on, until the avalanche stops. It is shown (7],that;. 
.- . • t- .-, • ' • - ' • ,. J , • 

. the last wa;e coinci1es with t_he,firsUn_ver~e ava;lanche [SJ., -.\. 

There are s~vetal 
0

spatial characteristics of an avalanche which ha".e the power;law · 
' ; ' ~ , ; ' . . . . ' . ' ·. -:- - . . ' i; -- :'., . . 

behavior. Let s be the total number of topplings aiid Sd be the numb.er of distinct sit~~, 

. where' at. least ~rie to;pJing,~ccu;s 'during'~ given ;av'al~~che. The :~xp~nenb ~. arid; Td ·. 
. : . , - . ·· , . ' ' ·. i I .. ·' ,, . ·. { , , '- · 

are defined ,by' the following relations for large x: , 
,,. . . '. , . . ', . ·. '. ' .. , 
;I 

·;. 
Prob(·s =: :i:) ~ x-~• 

.\ 

; Prob(;.i = x) :-:.x-:°'.4 

, .~a,rrna.'has perfo~med thecomputer 
0

sirrmlati~ns [9] and bbtairied'th~' s~rne values for 
• ' ' •• ' ' •• • ' ✓ ~--· ~ ' : , ., • ' ' • • ;,' 

, th~se expon1its: i, = Td ~:l.22.: In'alater pap7r'[10], he has sugg~st~d a ~oie accurate . 

estifo~ti~n, ~ = :1;20:: Baied on'theor~tical consideratiins and knmvn numerical results', 
.-. ,, ,,-;·',-~'>:' '., '(·:,, _> .. --·., •·,, ,-,,_ .• - ✓·'.··,, -~,>'· .(,'_\··~--,·~---· '., -·/_--,,_, .- . 
Majumdar,and Dhar [6] ha'.ve·predicted thidollowing values for these exponents: r~ := · 

' _- ·: -;,-.{ . .. ,,- ,- .••. '; \. ~ ::·,·:. ., /. . ',.·,. .:_•., ,. :· "/ ' ::·~ ., ·. ···1• ' -~, - ,. 

8/7 ~ L14'atid Td ;= 7 /6 ~ L17; 

i. · : ~Dhar ~~d: M~nna. {8) h~ve!fouricl th~t'the prcibability:·Jistribtition onhe,first in->,, 
1-.~' ,l', ~·\ .' 1 • . C,••• •· "'-.. ::.••~•·., .. :,:!" ·•::: ...... ~',_, '•:.\i_::·.':-·•; .. : __ •. ·: ?',.,-<•,;_: • .-:··.,.,,~, 
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verse avalanche that comc1des with the last wa"'.e m oun,nterpretat1on Has th~ critical, · 

expo11ent r/h "-11/8: . 

'Prob(s/_~ x) ~ x:.:. 11
,~ for larg~ i, 

' where s J is the size of the last w~ve. They have also argued that the size 'of the cluster 
s,'.,• ,,•,'):-••,-,.~••,:•.•,r•,:••~••::..: :,,•:• ,•._.,,_~--:• ••._.-:,:: . . :• •, _:,: ,i•• .. •~•~,: • '• 

of.maximum topplings (the set of sites whichfoppled rn.9re than other sites during the 

·• gi~~~ ~;ala,~~~~) h~ the ~~~e 0

po~er~law di~tributio~.- , ' . . , . ' 
. t \ ~ . ' ' - : . 

. • I . . • 

:Ivashkevich, K_titarev.an~ Prie~zhev (7] _considered the
0

di,namics ~f\Vav~signoring. · 

the; paus~s between:·'av~lanche~ and called tliiscolle~tion of \Vaves as the '.'waves oL 
./< , • ', • • • e ',_. ' • 

' gen~r~l. forITl;,. •They a;gued that the .. a;ercige ii~mber of gene;al w~ve~ of size s. ~aries .. 
' , ' ·:- · .. ~ ... '· ',; . ' ' '-; ; ., '. ···::·· ',' .. ,- . ' . , 

as' 1/ s for larg; s. They also showed that the a..;alanches starting at ;the boundary · 

c~~si;(~f the ~~ly w'~~e and the·pr~b.abilityidis~rib~tio~ of thelr'size~ s·vari~s as ii,; 
0

, 

' . . -- \ . ., 
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Our computer simulations give ~lose e~timates 'of the th~e'e exponents fo~~d ~xactly 
• • I ' :, • • ,, ' •' 

in [8, 7] : TLa~t ;,; L37, Ta~~•rai~:,; 0.99, TBo~,;da,ry = 1.51. In 'calculating the critic:al 

' exponerits we use. the algoritbin described bf M~n~a · [9]. We produce orie million 
, ' ; : ' ,; ·, . : , 

' a.vMariches foi- square lattices with ,N' ~ 100; iso, 200,300,500; constructing the size 
j • ' ' ' • 

distributions for each.value of N. In thlc~se of g~neral waves ~e take into:account' ~II 
' . . ' ~ ' ' . ' 

. wives appearin:g in each avalanche, Open boundiry. co~dition:s, are. consid~~ed ~xcept 
. . . ~ ' 

the in~esti~ation of the avalanches sta~tirig at the boundary. In the latt~r ~ase we define' 
·,. '', '' .1 '>,. ', •. :., ';, ·1 ·. ). .· -· . \ c:, . ,: , ,' ' ,.- .: .:. ' ... ,,,,:- ,J•:./ 
. hvo opposite sides of the square as open·boundaries arid·govern the .two other sides by 

/ ,. ' . ' - . ' ' ' . '~- ' ,: ~. ~ . . (, ' . ,; ,. _, . . ' 
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p(!riodic bou~dary1conditions, Every 10 a".alanches we add at ran1<Ji;n the particle int~ 

· one, ~f the ~i~es at th; .cipen b~undary ~rid i:o\J~~t data o~ th~ sizes of these parti~ular · · 
, ·. : , :. , 'I , ,, .. , . , . . ( ' ' .·. •. , ' . ., 

c;vala:nc,hes-'. )Ve. co?stq1cl_t~e: siz~ dist;ib~ti~ns ?; ,rn~asUrin~ :the n~mber ?f\Jav~~ ot ,\' · 
, , ,, •,. 11_' \ .,,' \'. .1· , , •"'-., ', :-.,I 't'.' • , • ,, •, ' , 

boundary avalanches of a particular,size s:. Then 'we take a double logarithmic plot of 
! •;; , '•. . ·: _ ; '. '.-- ,: '., ·., ' , :: -.· .· , '. . , , ., _ t , : ::' ,' :, . '. '-'.•,,: , , , . , • '',,, , , ". ' , ·:: . ,'., •.'' ,, .. _r, .'~; ) ·.- :.. 

this dist~ibution (see, for example, Fig. I) and evaluate t.he slope of the.straight part of . 
'. / :·• '.: '.~•, • • ,:' ', ,, ;,.,, :::•:" ,'_' • \., \.'< _,' ·,:, • ·' ,' .-::• • ::·•, '' ,' ;: ,\:_. •,· ,'l; ,· <'-\ •: , '.~• ,i> < 

the 'curve; . In this way. we find num,erical: values T(fv) for different sizes N of the)attice .. 
,_. \. '., • ' , .: ,: , :·" •:.: ,·. '; ! ) ;: / ,° ·•:,, ", f_ ·, ._, ",: ,,• \ .i:·: ,\ ~ ', t• ' ' . . ' , ',( • ., 

Then we estimate. the exponent T = IimN_:,,~ T(N) (Fig.2). 
. ' ' ' ' '-. ' " ' 

We also ;tud; oth~r ~o~~r-law cllstrib~tion~ ·~rising in th~' ;~~e y .~·, ,·.1. ·~' ;.•·.,, ···;·· ' ',·,'. ', ,·,,,. ··,, .. :: :, -, ,: ;, ~ ,,·, J: 

,:;avalanches. We consider 'the 'dist~ibutions of waves depe~ding n~t o~ t 
,. : ( , . .~ : ' .·. .- . ",J , -' ' ... , , ; , ' , '· .. 1, ', ;"\ . , '.., ·, ; •• , 1 •.'. r ·: \ '· . , , · ..,, , ' : ·~ · , ./ _' • • •. ~ · < .' • ·, 

in' an ~valanchei b~t ·~~· thei~ index a which\ved~fine as ~he r'ati~ oft '.: ' . ·, ';' ,,, ,. '' ..:,. '\,: ,, ' ' ':·.·: '.' 

a given avalanche and the:total number of waves in this avalanche: .. 
• ,• , ' • • ., I , \ ,, ' •• ' ' ,• .. ; 'l' 

1. " 

. t ;== { -,i:[\ if} f 1 · 0, !f k =:= 1: 
·, , '•~, \ •, :; ·• • , I ,' • ' • ' ' ·, ,, ' • ' ', , . , • ' ~ ; , ' • , '.. • 

We cho9se, those five families of, waves whose indices · are the' closesL to values 0, · 
~,;;:,· -·' ,,;·::,,:_,._·-::,- ··,· ,::. ;·,_ . ,·:·-',_. ::: :•·· (,·:·~, :~·.·1';)>"'·,.,.'• ... ·<:._: .... .-

l/4, 1/2, 3/4, 1 and find their•p9wer~law distributions' with thefollowing ewonents: ; 

Tpfr~t = Ti =LH, "r2 ~ l.li, T3 ~ l.~2, ~4:~ 1:26, ~5 ~ TLa,t ~ 1.37.' ' , ; • : ,, ' , 
. I, ,,. •, ·, . , , , ' . ; : ·-:, ,"· • .~• ,' • ·.1 . ', _.' , .·. •, , : . .- ·-.. , i' I ', { •• ,< :, , , ' . . , ' 

In conclusion, we summarize the results of.our simulations., We ha:ve investigated 
, .. '.-'•,,' .· ... :· ... ~•'',.:- .. ','. t:' -_:. '', .,:_,.,, ::-~·\,:_,,-:.· :',.;',. ·;_,: .'~,•,._,.· ... ·.•.,.~'. ·, ' 

. the wave structure of sandpile avalanches and observed the power-law behavior of sizes 
·, ·, ... ,/,~ ·~· -:\-'. ,::, •:-,. ,-'. .~·-. .:-~- ."._.•·· __ -··-:·. ··\:·.·:.~. '..-<. ~;.;_ ', ', (_.·- ,, ')_ ·,·· ,'· ,· ....... :.~:"'. ·::;< ,·. ' 

', \ of the wav1;s at different stages of the avalanche evolution. Our numerical experiments. ~• > ,, / ':•· ·•. • -'._' .. - •,.;: ·. ·;_,\·"''1.'·, r···-.:i"· >-. ,\ ;.:; .. '•' . ''t · . .'!:'.~i:· ;•_\··~·-:~',,:• . .,.,: 

,confirm the theoretical estimates of critical exponents for sizes of general waves,' sizes .• 
•. \_ .. ' .. :_~_,-,.! ;·,;:··: ·.•::' 'i:·:':·,:-1

,,,>·_,·_ ... ,,•'.:'' }.>:-\,:'i:::1_',:: .. ··.__:;·,·_.' .. \.,'·.•.i '., .. ~.::,;:•i.,•:~ !:: ':<(,\ ~ 
of the last waves in an avalanche and sizes of avalanches starting'at the open boundary .. 
- , ,- . _._ - ,, \:1 .; ,. ,, \_ r· i. ,.., r_ , .. ,•\ \i ·,·.·, '\: :.·, '_, __ , .1 \; ... , ~ ........ :f:.::, 

'We have to point 'out that"all the'known estimates of T, arid Td' arc between the values 
• t ,. .,. ,f :' \ .·' ', ,'/": ;·, ... ' ' '., ·, ;,\.;·,,, ,. ; ".'•' . ' ,, .. ). 
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' Fig. 2:-Plot of estimations 
0

0f critical ~xpo1cnts r'a~;..;.t,' T[;~~,., THo~nda·;~ for di tre"fc.11!\. 
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,• obtained in this Letter TFir,t and TLast• One of the,inter~sting qti'cstions is to derhe the 
'. . ., . ' 

rela~ionship between·these exponents. Recent investigation\ by Dhar and M~nna [SJ 

have shown that the va:lue; of the exponent of the first inverse ava:ra~che (i.e.' the last' 

wave) a:d the expol\ent of ~l~st~r of '~axi~um topplings probably coincide: We believ~ 
• , •. ✓ ' • '. •' ·. ·- • • ' -., 

that ·wider and· more elaborate computer expe~irrients arid .theoreticahonsidera'.tions .· 
·• • • • • \ • \ C • • • • • ' 

could clarify .the con~e~ti~n between critica:1 properti~s.of ~andpile· avalanches and 
_/ . . ' . ' . . ' . · .... 

·· i ,waves they:consist of. 
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KnnapeB LI:.B., Ilanmrn B.B. 
lIHCJieHHOe lICCJieAOBaHHe BOJIH OCbrnaHHH 

B a6eJieBoii: sandpile-MOAeJIH 

ES-94-183 

IIm:.iieHHO lICCJieAOBaHbl aCHMilTOTlIKlI pacnpeAeJieHHH pa3MepoB BOJIH 
B JiaBHHax B AByMepttoii: a6eJieBoii: sandpile-MoAeJIH. Haii:Aetthl on:ettKH noKa3a
TeJieii: AJI51 Il51TlI cepnH BOJIH, BKJI101ola51 nepByro lI IlOCJieAHIOIO BOJIHbl JiaBHHbl. 
IloJiyqeHO pacnpeAeJieHHe pa3MepoB BOJIHbl o6m;ero BHAa lI rpaHHqHOH JiaBHHbl. 

3TH pe3yJihTaTbl comacyroTC51 C TeopeTHqecKHMlI npeACKa3aHH51MlI lI qnCJieH

HblMlI o.u:eHKaMH APYIBX aBTOpoB. 

Pa6oTa BbIIlOJIHeHa B Jia6opaTOplilI BblqlICJIHTeJibHOH TeXHlIKlI H aBTO-
MaTH3a.U:HlI n Jia6opaTOpHn TeopeT~qe('.l(n-u ,t_ .. ~------ 1H.H.BoroJiro60Ba 
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