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1 INTRODUCTION 

The wonderful theorem in algebra is by Hurwitz [1]: the equation 

x~ + x~ + · · · +x!_1 = (u~ +u~ + ··· + u~_1 )2 

has a solution bilinear in llj .only for the following pairs of numbers 
(N,n) = (2,2),(4,3),(8,5). 
We write this solution as 

Xj = ajlmUlUm (1) 

The expression ( 1) may be interpreted as a bilinear transformation 
that maps one Euclidean space into another. Three· remai:kble circum
stances are connected with the transformation (1): 

. a. For (N,n) = (2,2), (N,n) = (4,3), (N,n) = (8,5) the transfor
mation (1) coincides with the Levi-Civita [2], KustaanheimO-Stiefel [3] 
and Hurwitz transformations [4], respectively. 

b. For N = 2, 4, 8 this transformation may be associated with the 
algebras of complex numbers, quaternions and octanions [5]. 

c. The transformation (1) establish the connection between two fun
damental problems of mechanics, the oscillator and Kepler's problems. 
. The latter circumstance is especially il\teresting for the applications. 

It has played a prominent role in celestial mechanics [6], has been used in 
quantum mechanics [7],quantum field theory [8] and in quantum chem-

. istry (9]. · 
In this paper, we will consider the case (N, n) = (8,5), i.e. the Hur-. . 

witz transformation (10]. The explicit form of ( 1) in this case "is 

xo - 2 2 2" 2 2 2 2 2 - u0 + u1 + u2 + u3 - u4 - u5 - u6 - u 1 

x, = '2( uou4 - u,u;- Uzus - u3u1) 

Xz = 2(uous + "'"•- u2u1 + u3us) (2) 

X3 = 2(uous + lltllr + u2u4- u3us) 

x. = 2( !lour ~ lltlls + UzUs + u3u4) 

The transformation ( 2) expresses the Cartesian coordinates through 
the Cartesian ones. This representation is convenient for the work with 
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the Laplacian since the latter is of _the simplest form in Cartesian coor
dinates. However, the symmetry of tlie problems can require othilr co
ordinates. Does the parameterization (in u - space) exist different from 
the Cartesian one which is transformed by (2) into the parameterization 
convenient for solving the reduced ( x - space) problem? 

In this paper,. the parameterization that bring us out of the Carte
sian representation of th~ Hurwitz transformation and satisfies the above 
condition is proposed. · · ~- · · · 

2 . PARAMETRIZATION 
.,\ 

Let us. introduce the coordinates w, >.,a 1, {)1, "II> a9, {)9, "fo instead of the 
Cartesian coordinates u; as · · · 

uo = f(w >.)cosh 01
1 + "f! '· 2 .cos 2 

u, = f(w, >.)cos~ sin Oif + "f! 
. . 2 

u2 = f(w·, >.)sin fJJ cos 011- "fl. 
. 2 . 2 

u3 = f(w, A)si~ fJ, sin aj ~ "fJ ·' .2 . 2 
(3) 

u. = g(w >.)cos{J9 <>o+"fo ' 2cos--2 

Us = g(w,>.)cos{J9sinao+"fo .. 2 . 2 . 

U6 
- ;( >.) . fJ. Oi - "( . - W, Slll:--COS 9 - g 

. 2 . 2 ... 

U7 
- g( >.) . {3, Oi - "( - w,. stn2sin~ g· 

The new coordinates may vary in the .following ranges 

0:.:; fJ,,fJ.:.:; "• 0:.:; Oij,"(J;Oig,"(g < 21r 
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For a definite type of the coordinates (polar, parabolic, elliptic, etc.), 
w and >. can be determined completely. For the consideration below, 
the functions f(w, >.) and g(w, >.) will remain rather arbitrary: only the 
connectiqn with the coordinates u; is fixed 

f(w, >.) = (u~ + u~ + u~ + u~)1 12 

g(w, >.) = (u~ + ui + u~ + un'/2 
(4) 

In the coordinates (3) differential elements of the length, volume and 
the Laplace operator have the following forms 

where 

dl2 
8 

dV. 

Ll.s 

! 2 2 

= df2 + dg2 + 4 az} + ~ az; 
J'g3 . . 

= ~dfdgdn1an. 

1a(3a) 1a(3a) 4-2 4-2 
= paj f aj + g3ag gag - JJ'- g2J9 

d/~ = da.' + dfJ.' + d"f.' + 2 cos {J.da.d"fa 

an. = sin {J.d{3.da.d"(. 

(5) 

·2 _ [ a
2 

· a . 1 ( a2 · a2 a2 )] 
J.-- a{J2+cotfJ.a,a+~ -a ·2-2cos{J.a a +-a. 2 

. a . 1-'a Sln jJa aa aa Ia 1a 

and a= f,g. 

3 THE EULERIAN ROTATIONS 

Let us examine to Which coordinates the Hurwitz transformation trans
form the coordinates (3). 

After s.ubstituting (3) into (2), we have 

Xo = f 2(w, >.)- g'(w, >.) 

x; = 2/(w, >.)g(w,>.)x; (6) 
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Hete j = 1, 2, 3, 4, and :1:; are given by the expressions 

• . !3! fl. a,+ a,+ 'Y! + /'g 
x 1 = cos-cos-cos -2 2 . .· 2 . 

. . flf . flu a/~~. -'j'J +"Ya 
sm -

2 
Slll-

2 
cos ·. . . 2 

• flJ . fl. . a, + a + 'Y! + 'Yg 
x2 = cos-cos-stn 9 + 

2 2 . 2 

. flJ • fl. . a,- ag- 'Y! + 7. 
sm_2 sm 2 sm , 2 

• flJ. fl •. a,-a +'i'J+'Y. 
x3· = cos-stn-cos 9 ·+ 2 2 . 2 

flJ fl. \>f + ag .- 'Y! + 'Yg 
sm 2 cos 2 cos 

2 

• fl1 > fl9 • a,·- a 9 + 'Y! + 'Yg + 
x4 = -cos 2 sm 2 sm .2 

. flJ fl • . a,+a.--y,+-r. 
sm 2 cos 2 sm 2 . 

Let us introduce the, following coordinates 

Xo = f 2(w, >..)- g2(w, A). 

. . fl a+-r 
x

1 = 2f(w,A)g(w,>..)cos
2

cos-2-· 

fl .a+-y 
x2 = 2/(w,>..)~(w,A)cos2sm-2 _-_ 

!( 
.,) ( . fl a--y 

x3 = 2 w," g w,>..)sm2cos-2-. 

2!( ') ( ') . fl .. 0. --'- 'j' x4 = w,A g w,A stn-stn-
2
-. 

. 2 
In these coordinates we have · 

d/2 = e + '1 ae + e +'I d'l2 + e'l d/2 

• 4e . 4'1 4 
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(7) 

av. = !~<e+'l)ae'lan 

4 [1 a ( 2 a). 1 8 ( 2 a)] . 4, •2 
c.. = · u '1 • Z ae e ae + -;j a'l '~ a'l - e/ . .(8) 

where e = 2/'(w,>..),'l = 2g2(w,A) and d/2,dfl and J' may be obtained 
from the expressions (5) through the substitution (a., fl., "Yo) -+ (a, {3, 'i')· 
We require the identity of the coordinates (7) with (6). As a result, we 
arrive at the 'system of trigonometric equations: · · . 

f3 a+ 'Y -cos-cos--
. . 2 . 2 . 

f3J fl9 a,+a9 +-yj+'i'9 = cos-cos-cos -
2 2 2 . 

. fl1 . /39 a 1.-a9 -'i'J+'i'9 . 
sm 2 sm 2 cos. 

2 . · .. 

. p, f3 . a, +a +'YJ +-r . /3 •. a+-y 
COS-Sln--

2 2 . 
= cos-cos_l...stn · 9 9 + 2 2 . 2 

. fl, . fl. . a,- ag- 'Y! + /'g 
sm 2 sm 2 sm . 

2 

. f3 a--y 
sin-cos--

2 2 . 
- flJ . !3. a,- ag + 'i'J + 'Yg + - cos 2 sm 2 cos .. 

2 
. . 

f3 . a -' 'Y 
sii:t-sin--

2 2 

. fl1 fl9 a1 .f-a, -'j'f +'i'9 sm.2 cos 2 cos 2 . · .. 

· fl1. fl9 • a,~·a.+-rt+'Y9 +· = - cos - stn ___,. stn 
2 2 2 . 

. fl1 !3 •. a 1 +a.-·-r1 +-r. sm 2 cos 2 sm 
2 

After solution we obtain 

cot( a - a9 ) 

cos/3 

cot(-y- 'YJ) 

sin/39 = cosfl9 cot(a1 + -y9 ) +cot fl1 . ( ) . · · sm a1+'Y9 

= cos{31 cosfl9 - sin/3,sin/39 cos( a!+ -y9 ) 

sin fl1 
= cosflJ cot( a/+ -y9 ) + cot/39 • ( + ) . sm a1 -y9 
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. The relations {9) represent the basic result of this paper: the Hurwitz 
transformation includes the transformation (f + ig) --> {f + ig )' and the 
Euler's addition of the triplets of angles ( o: 1 ,{J /> 11) and { o:9 , {J9 , /g) into 
the triplet of angles ( o:, fJ, 1 ). In this sens~, we call the parameterization 
(3) E u I e r i.a n. · · 

4 · CORRESPONDENCE OF THE SOLU
TIONS 

· We see from {5) and {8) that the L'.8 and L'.s operators contain the squares 
of the momentum operators. If in the Schrodinger equation the form 
of the potential allows us to separate the variables connected with the 
operators J}, Ji and J2, then the solutions will possess the universal 

. dependence on the angles entering into these operators. 
The coordinates w and >. may be fixed, i .. e. we can consider hyper

spheres S6 and S3 in '·U- and X- spaces respectively. As a result, the 
solutions · . 

(
2it + 1)1/2.(2j.+1)1/2 Dit. ,(o:t,fo!>I!)D~ ,m•(Otg,{Jg,/g) 

'1/>s = 811'2 811'2 m,,m, ' ' 

'1/>3 = (
2J.· + 1)1/2D;_ ·;(o: fJ I). {10) 

2 - m,m ' ' . 811' 

are obtained. The symbol Din right sides means the Wigner's D-function 
[11]. - . - . . . . . 

For the angles entering into {9) the addition theorem [11] 

. . j . . 

D:,.,m.(o:,fJ,!) = I: D;,.Ao:l>fJt,!t)D1,m•(o:.,fJ.,!.) {11) 
. . k=-j 

is valid. 
As a con:sequence, o n I_ y a subset (it = j 9 = j) of '1/>6 functions 

participates in the "construction" of the .,P3 function. We see that for 
the spheres S6 = ~ ® s: and S3 which are connected through the Hur
witz transformation, the correspondence between the solutions of the 
SChrodinger equation on these spheres is given by the addition theorem 

(11). 
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5 CONCLUSION 

In this paper we introduce the Eulerian ·parametrization for the Hurwitz 
transformation and derive the following results: 

a. The Hurwitz transformation in the Eulerian parametrization . con
tains, as ~ "key elemen:t" the Eulerian addition of the angles (;.I> fJJ> 11) tB 
. , c 

(o:.,fJ.,J) = {o:,{J,,). . .· . . . . 
b. The Eulerian parametrization generates the universal dependence 

of the solutions of the Schrodinger equation mi. the angles ( o: /> {J,, 11 ),(<>9 , {J9 , /g) 
and (o:,{J,q). 

c. In the Eulerian : parametrization , corresponden.ce between the so
lution~ in x- and.u- spacesis ·achieved due to the addition theorem for 
the Wlgner's D-functions. 

An extension o( the Hurwitz transformation beyound the scope of 
the Cartesian coordinates was considered in [12] from entirely different 
positions. The correspondence between the hyperspherical·coordinates 
resulted from the refusal from the bilinearity of the transformation. . . . . ' . ' - ' . 

We would like to thank L.S.Davtyan for discussions. We are thankful 
also to V.N.Pervushin and G.S.Pogosyan f~r u~eful remarks. 
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MapAollu JI.r. u AP· ES-94-121 
3iilleposa napaMe-rpuaalUfll npeo6paaoaaHHll fypau~a 

llpeAJIOll<eHa napaMeTpH3a~, B KOTOpoH npeOOpa30BaHHe fypB~a 
3KBHBaJ!eHTHO 3iillepoBy CJIOJKeHHIO yrJIOB. lloKa3aHO, '!TO B 3TOH napa
MeTpH3alUfH peAyK~ll BeKTOpoB COCTOliHHll peaJIH3YeTCll TeopeMOH CJIOJKeHHll 
AJlll D-<j>yHKIUfH Buruepa. 

Pa6crra BHnOJiueua B Jia6oparopHH TeopeTH'!ecKoii <j>uaHKH HM. H.H.Boro
JII06osa 0115111. 

npenpHHT (}(h.e,W-1:HeHH01'0 HHCTHT)'T8 Sl,ttepHblX HCCJ1ep;088HHit Jly6Ha, 1994 

Mardoyan LG. et al. ES-94-121 
The Eulerian: Parametrization of the Hurwitz Transformation 

A parametrization in which the Hurwitz transformation is equivalent to the 
Eulerian addition of the angles is suggested. It is shown, that in this 
parametrization,. the reduction of the state vectors is given by the addition 
theorem for the Wigner's D-functions. 

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR. 
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