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1 Set-theoretic conventions 

We will work here within Morse set theory (see [14]), with the usual axiom added stating 

the existence for any set of a universal set containing it. 
All categories, presites, toposes, glutoses, etc. are ~upposed to be sets, so that. th~re 

exists the legitimate 2-category of all categories, resp. presites, etc. (which i?, a. proper 

class); similarly, (pseudo )functorial operations defined in -several places below on_ objects, 

arrows and 2-arrows of 2-categories a'bove are incorporating together to produce legitimate 

2-{pseudo )functors. 
Here are assumed the definitions of [14] for ordered pairR andf more generally, families 

( = tuples in the terminology of [14]) so that for any universe U (including the biggest 

universe of all sets) a family of subclasses of the universe U indexed by .<t subclass of 

the universe U is again a subclass of U and behave~ well. In fttct, it jq just this choice 

of definition for families which permits one to define the "big" 2-categofie-!" above and 

2-(pseudo)functors between them as terms of Morse set theory: e.g., a 2-category C is a 

finite tuple (C0 ,C1 ,C2 , ..• ) of classes satisfying certain conditions. 

2 Glutoses: definition 

An elementary glutos is a kind of "generalized elementary topos" (not to confuse 

with quasitoposes!): it is a category C, equipped with a suitable structure, given by 

a subset 0 of arrows of C (elements of which will be called open arrows of C), which 

generates over any object X of C an elementary topos, namely, 0 J X . Here 0 I X denote.<> 

the full subcategory of C I X formed by all objects which are arrows of 0. So that, in 
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some sense, a glutos is a topos locally (not to be confused with local tOposes!). If one 

gr.a.sps, metaphorically, a glutos as a family of toposes coherently glued together into 

a single category C by means of a "glueing" structure 0, then the term 'glutos' itself 

can be thought of as an abbreviation for 'GLUed bunch of TOposeS'. An alternative 

interpretation of this term: in glutoses qne can glue together finite families of objects 

along open arrows (see section 6 below for details). 

Exact conditions tJ must satisfy ("axioms of elementary glutoses"), are the following 

ones: 
( Gl) 0 contains all iso's of C, is contained in the set of all pullbackable arrows of C and 

is stable by composition and pullbacks; 

(G2) fg E 0 and f E 0 implies g E 0; 

(G3) a) For any object X of C the category 0/ X is an elementary topos and b) for any 

fX ~Yin C the functor j':O/Y ~ 0/X (which is defined, due to (Gl), and is 

left exact) is an inverse image of some geometric morphism; 

(G4) C has disjoint and universal fmite coproducts, such that canonical injection mor

phisms belong to 0; for any finite family {Ui ~ X}iEi of arrows of 0 the colimit arrow 

U, U, ~X belongs to 0. 

(G5) Any equivalence relation u, v: U:=;_X inC such that u, v E 0, is effective and has 

a universal coequalizer inC which belongs to 0; any epi of C, which belongs to 0, is 

effective; besides, if both fp and p belong to 0 and pis epi then f belongs to 0. 

It is clear, that elementary glutoses are really models of some first-order theory, which 

is an extension of the elementary theory of categories by some unary symbol 0, with 

corresponding translations of (Gl)-(G5) added as axioms. 

Remark 2.1 Structures 0 on a category C satisfying condition (Gl) occur so frequently 

that deserve, in author's opinion, to be christened somehow. Here it is proposed to 

call them cloposes, wherCas for its elements is reserved the name clopen arrows. An 

argument in favour of this strange choice of names is that in the category of topological 

spaces both the class of all arrows isomorphic to inclusions of closed subspaces and that 

.isomorphic to inclUsions of open subspaces satisfy condition ( G 1 ). The terms 'closed' and 

''open' can then be reserved to denote something more special than simply elements of a 

class of arrows satisfying condition (Gl) (e.g. closed arrows of a closure operator [11] or 

open arrows in the sense of [9] 1 or in the (different) sense of the present work). 

3 Examples 

(0) Any topos is, canonically, a glutos (set O=C)i vise verse, if a pair (C,C) is a glutos, 

then Cis a topos iff it has a terminal object. (the latter condition is necessary as one can 

see from example at the end of section 4 ). For another examples of glutos structures on 

toposes (etale structures satisfying collection axiom of [9]) see Remark .5.2 in section 5 

below. 

11 am grateful to Prof.P.T. Johnstone who turned my attention to the preprint [9] sending me a copy 

of it. 
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Archetypical examples of glutose:; which are not toposes are: 

(1) Topological spaces (Top) wi"£h open arrows bf'iD)S_IocrJ homeomorphisms; 

(2) Smooth manifolds (Man) with open arrows being loc<t}_ diffcomorphismsj for a natural 

.number n the full subcategory Man,. of Man consisting of all manifolds of dimension 

n with the empty manifold 0 added, with open arrow:; tt-s ahove. The gluta<; Man
0 

degenerates, evidently, to the topos Set of sets, whereas Mann for n =f 0 give examples 

of glutoses without terminal objects; 

(3) Locally trivial vector bundles over smooth manifolds (Vbun) with open arrows being 

just those arrmYs, whose image in Man under neglectinv, functor is open; 

{ 4) Grothendieck schemes (Schem) or C00-schemes of Dubuc [5] (C=-Schem) with, e.g., 

open arrows in Schem being morphisms which locally are indusions of open subschemes: 

i.e., (u: U --t·X) E 0, if there exists a covering of U by open subschemer. '3uch that 

the restriction of u on any element of this covering is isomorphic to inclusion of an open 

su bscheme of X. 

It is, implicitly, assumed in examples (1)-(4) above th:~.t, :Jay, all topological spaCes of 

Top are elements of some universe U, which, moreover, contains, for the cases· (2)-.{3) as 

well as C=-=schem, the universe U 1 of finite sets as an ekme-nt. So that we will. write 

further, if necessary, Topu, resp. Setu,,etc., instead of Top, resp. Set, etc .. 

4 The 2-category of glutoses 

A morphism of a glutos (C,O) into a glutos {C',O') is a functor F:C---+ C' between 

underlying categories, which respects the structures involved, i.e. satidir:-s th*' following 

c·onditions below: 

(MG 1) F( 0) C 0' and F respects pullbacks of open arrows along arbitr."'l.ry arrows of C; 

(MG2) For any object X ofC the induced functor FJX:OjX ~ O'iFX (which is 

defined and is left exact, due to (MGl)} is an inversf' image of some geometric morphism. 

Examples of morphisms of glutoses .are: the string of neglecting functors 

VBun --t Man ---+ Top ---+ Set; 

the tangent functor T: Man ---+ VBun, as well as the transition to base manifold fmictor 

B: VBun ---+ Man; the functor 

spec:Schem ---+ Top. 

Besides, all natural functors "inside" a glutos are morphisms of glutoses a...<; shows the 

following 

Proposition 4.1. For any object X of a glutos (C, 0), the sour·ce /um·lor d
0
:0/X---t C 

is a morphism of glutoses; jo1· any arrow f: X~ Y oJC I he functor f*: 0/Y --1- OJX 

is a morphism of glutoses. 
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Of course, the toposes OJX and 0/Y above are considered as glutoses via canonical 

glutos structure of example (0) of Sect.3. 

Adding any natural transformations between morphisms of glutoses as 2-arrows one 

obtains a 2-category Glut of glutoses. 

Now, as is clear enough, the 2-catcgory of toposes imbeds contravariantly to that of 

glutoses "almost fully" in the sense that any morphism of glutoses f: £ ----------+ £'between 

toposes £ and £' decomposes as 

e "" e 11 !.!!. e' 1 Jt .:'3-, e' , 

which means that the "deviation" of a glutos morphism f between toposes from an 

inverse image of some geometric morphism is just the difference between j1 and 1; the 

imbedding above would be full if one permits for inverse images of geometric morphisms 

not to respect terminal objects. 

Nevertheless, the theory arising is not just generalization of topos theory but, rather, 

a counterpart to the latter. An essential difference is that presites (=categories C, 

equipped with a pretopo1ogy T 2
) play for glutoses the same role sites play for toposes, 

as will be seen in section 8 below. 

We conclude this section defining a subglutos of a glutos (C, 0) as a glutos (C', 0') 

such that C' is a subcategory of C closed with respect to composition with isomorphisms 

of C, the set 0' is a subset of 0 and, besides, the inclusion functor C' C C is a morphism 

of glutoses; the subglutos (C', 0') is a full subglutos of (C, 0) if C' is a full subcategory 

of C. 
Example: Let £be a Grothendieck topos (with respect to some universe U); let£- be 

the full subcategory of £ consisting of all pointless objects, i.e. those objects X which 

have no global sections 1 -----+ X. Then the pair ( e-, e-) is a full subglutos of the glutos 

( £, £). If one chooses £ properly, the glutos ( £-, &-) will have no terminal object (see 

example 0 of section 2). 

Counterexample: IfU is any universe containing some infinite set, then the topos Setu1 

of finite sets is not a subglutos of the topos Setu, because the corresponding inclusion 

has no right adjoint. 

5 U-glutoses 

For any universe U there arise a counterpart of Grothendieck to poses ( =U-toposes by 

terminology of [16]). Namely, call a glutos (C, 0) an U-glutos, if Cis an U-category, any 

Of X is an U-topos and, besides, it satisfies the more strong condition (G4u) obtained 

from the condition (G4) by replacing 'finite' by 'U-small'. By an U-category is meant 

here a category with U-small hom-sets which, besides, is naturally equivalent to some 

category C' with MorC' C U (i.e. this definition is stronger than that of [16]). 

Remark 5.1 One can show that p.b) of condition ( G3) follows from other conditions for 

the case of U-glutoses. 

2-Note only that we will consider sinks in C and, in particular, coverings ofT as elements of the set 

ObC x P(MorC) (where P stands for power set), rather than indexed families of arrows of C, though in 

practice indexed families will be used as well, as representing, in an evident way, "real" sinks. The set 

of all pretopologies on C forms then a closure syst-em (in the sense of [3]) on the set of all pullbackable 

sinks of C. · 
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Example-__s (1)-(4) of section 3 above are examples of U-glutoses; another example is 

a functor category cv, where Vis U-small and (C,O) is an U-glutos, if one defines the 

subcategory 0' in CD as follows: 

p: F- F': 1J -----+ C 

belongs to 0' iff for any object D of D the arrow 

pv: FD-----+ F'D 

belongs to 0. I"Jote that 0' is, generally speaking, bigger than ov. 

Remark 5.2 Etale structures on an U-topos £satisfying- "collection axiom" in the sense 

of [9], are particular case of glutos structures on topo1,3es, as one can easily deduce from 

Corollary 2.3 of [9]. Moreover, for any set Et .of etalc maps satisfying collection axioms 

the pair (£,Et) is a full subglutos of the glutos (£,£). As to interrelations of glutos 

structures with etale structures, one can see that any glutos structure 0 on an arbitrary 

category C satisfies all of the conditions (Al)-(A8) of [9] excepting conditions (A3) and' 

(A6) (one can easily find counterexamples in the glutos Top); and even in the case when 

Cis an U-topos there was not discovered (up to now) any special relations (like "descent" 

and "quotient" axioms of [9]) between glutos structures 0 on C and arbitrary epi's of C. 

6 Glueing in glutoses 

In this section is studied what kind of pullbacks and. colimits exist in U-glutoses (besides 

those whose existence is declared by axioms (01), (G4u) and (G5)). 

The general motto here is that in an U-glutos pullback of two arrows exists if it exists 

locally and that one can glue U_-small families of object:'! along open arrows. The rest of 

this s-ection is devoted to materialization of this motto into precise. statements. 

It turns out, in fact, that the corresponding results are valid not only in U-glutoses, 

but 1 more generally, in any clopos, satisfying axioms (G4u)-(G5) of sect·:on? above. 

:For any set I let r I be the category defined as followfl. Its set of objectf! is just the 

set of all non-empty words of length S 2 in the free monoid W(I) of /-words (which is 

supposed to be chosen in such a way that I is a subset of W(I) and the canonical map 

I- W(I) coincides with the inclusion of subsets). The only non-identity arrows off! 

are arrows 
dii diJ 

i ~ ij ~ j (i,j E /); 

note that d~1 is to be different from d;i. 
Given a diagram U:f/--+ C we will write U;, resp. l!;j, resp. ~j instead of U(i), 

resp. U(ij), resp. U(d~i) omitting sometimes superscripts in the latter case; if U has a 

colimit we will write U. for a colimit object and {u;.: U;----------+ U.}iei for a colimit cone. 

Call a diagram U: f I -----+ C glueing data or a gluon if the following "cocicle condi

tions" are satisfied: 

(GDl) For any i,j E I the pair (id·.~i) is a·mono source inC; 

(GD2} For any i,j E I there exists an arrow T1j: U;j -----~o UH of C such that the equalities 

ji _flj .1.ii _rij. 
~ T;j = a1 and a1 1';j = a0 , 
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are valid (it then follows from (GDl) that T;jTji = Id); 
(GD3) For any i E I there exists an arrow s;: U, --t U;; of C which is right inverse to 

both ~; and d{i; 
(GD4) For any word ijk of length 3 in W(J) there exists an object U;jk of C and the 
arrows Po: Uijk --t U;h p: U;jk ---+ U;k and p1 : U;jk ---+ Ujk such that all three squares of 

the diagram · Uijk 

Yl~ 
U;j U;k Uik 

dol~ ~ld, 
U; Uj U, (1) 

a-re pullbacks (we will write further p~k' etc. instead of p0 in case of necessity). 
It follows from the latter condition the existen·ce of isomorphisms O;Jk: U;jk ---+ Uiki 

which agree with projections p0 , p1 and p "twisted" by iso's Tij and satisfy the "cocicle 
conditions" arising both in algebraic and differential geometry in processes of glueing of 

schemes, resp. manifolds along open subschemes, resp. open submanifolds. 
One can see, on the other hand, that if the index set I consists of just one element 

the definition above reproduces the definition of an equivalence relation. 
Any family { u;: U; ---+ X};eJ of pullbackable arrows defines, canonically, some glueing 

functor if one sets U;j :::::i U; ITx Uj, whereas for d~i one chooses the corresponding pullback 

projections. 
Call a diagram in a clopos (resp. in a glutos) clopen (resp. open) if any arrow of 

this diagram is clopen (resp. open). One sees immediately that for any clopen gluon 
in a clopos, morphisms T;j, p0 , p1 and p of (GD2), (GD4) are clopen. As to (the only 
by (GDI)) arrows .s; of (GD3), they also are clopen if the clopos satisfies conditions 

(G<iu)-(G5) as one can see from the following 

Pl:"oposition 6.1 Suppose that a clopos (C,O) satisfies conditions (G4u)-(G5) in the 

definition of U -glutoses. Then: 
(G4u + 5) Any U -small clopen gluon U: r I ---+ C has a nniversal colimit U. which, 

besides, is effective in the sense that for any i,j E I the isomo1·phism 

U;; "" u, II U; 
u. 

holds. The cofimit cone {U; --t U.};er consists of clopen arrows. 

Indications to the proof. Consider the diagram 

d0 , d1 : II U;i= ll U;, 
i,jEl iEl 

(2) 

where, say, do is defined as (tid'j)i,;EI with t;: U;---+ iliel U; being the canonical coprod
uct injection arrows3 . Orie is to prove that the diagram above is an open equivale,nce 

"VVP use round brackets instead of braces in order to distinguish between families of arrows and a 

:>it'1g!e (co )limit arrow determined by the corresponding family. 
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relation; then it will follow trivially that the coequalizer 

q:IJU, ___, U. 
iEJ 

of this diagram reproduces the colimit cone of the original gluon U if one sets u.;. = qt;. 

Note first that the families {T11 }t,jEI and {s1}1EI of (GD2) and (GD3) permit one 
to build in a natural way the arrows T: lJ U;j - II U;j and £: lJ U; --t lJ U;j; the 
verification of the fact that these arrows satisfy (GD2), resp.(GD3), is straightforward. 

Similarly, one can construct three arrows Po, p1 and p from lJ Uojk to lJ U;j; e.g., the 
arrow Po: lJ Uijk -----+ lJ Uaj is defined to be the colirnit arrow 

ijk 

( Uijk ~ U;j ~ II U;j )i,j,kEI 

where t;i are canonical coproduct injection arrows. 
In proving ( GD4) for the diagram 2 above the following useful lemma can 

which states that a square is a pullback if it is a pullback locally: 
be used, 

Lemma 6.2 Let f: X --t Z and g: }-· --t Z be arrows of a category C; let {x;: X; --+ 

X}ieJ, {yi: }j ---+ Y}JeJ and {zk: Zk ---+ ZheK are universal effective epi families; let, 
further, for any i E I, j E J and k E K a diagmm 

x,d~, 
JX~p~XA 
\_.x;XJ 
~I/ z (3) 

is given such that four side squan?s of it as well as the 1)Ioor" squares 1, 2 and 3 are 

pullbacks. Then the square 4 is a pullback iff for any i E /, j E J and k E K the "ceiling" 
square is a pullback. 

Applying this lemma to the case X = Y = IJ U;j, Z = IJ U; and P = U Uijk with 
the corresponding universal effective epi families being { t;j: U;j --t .U U;j}i,Jei. etc., one 
obtains after simple diagram chase just 'squares of t.he diagram (1) as "ceilings" of the 
diagram (3) above, which proves (GD4) for the diagram (2). 

At last, to prove (GDl) for the diagram (2) consider a pair of arrows f,g: X::: U U;i 

such that both d0f = dog and d1.f = d1,q. Pulling a covering {t.;: U; --t lJ U;};EI 
along dof = dog, resp. along d1f = d1g, one obtains two universal effective epi families 
{v;: \:j --t X};e; and {vj: ~·~ --+ X}JeJ such that f agree with g on elements of the 
"intersection" universa.l effective epi family {V; llx \.'j' --+ X};,jEh which implies that 
.f ~g . • 

7 

,I 



Remark 6.1 One can find in the glutos Man a counterexample showing that not every 

pair u, v: U-:::::,.X of open arrows of Man has a colimit, which means that th~ restriction 

by open glueing data in Prop.6.1 is essential. 

The following proposition describe::t sufficient conditions of existence of pullbacks in 

cloposes satisfying (G4uHG5). 

Proposition 6.3 Let a clapos (C,O) satisfies conditions (G4u)-(G5). Let f:X ~ Z 

and g: Y---+ Z be arrows of C such that for some U-small epi families of clopen arrows 

{X; ---+ X}iE!, {y; ---+ Y}iEJ and {Zk---+ Z}kEk there exists, for any i E J, j E J 

and k E K, the pullback Xik llz~o Ykil where, by definition, X;k = Xi Tiz Zk and Yki = 

Zk ilz Yj. Then there exists the pullback off and g. If, besides, (C, 0) is an U-glutos, 

then the U -smallness condition for families above can be omitted. 

The archetype of the proof of Prop. 6.3 is contained, for example, in the proof of 

existence of pullbacks of Grothendieck schemes (see, e.g., flO]). 

Proposition 6.1 permits one to equip, canonically, any U-glutos (C, 0) with a structure 

of a presite, but, before going into details, one needs to give some necessary definitions 

and to state some elementary properties of presites. 

7 Presites 

Define first, for a presite (C, r) the set (),.. of arrows of C as consisting of just thOse ar:rows 

which belong to some covering of r. The set 0,.. satisfies condition {Gl) above (so that its 

elements will be referred to as clopen) and one can define morPhisms between presites 

(C,r) and (C',r') as just those functors between underlying categories which respect 

coverings and satisfy condition (MGl) above {with 0 replaced by o;, idem for 0'). We 

will call such functors continuous (this definition is stronger than the corresponding 

definition in [16] making emphasis on topologies and sites). 

IfF: C ---+ C' is a functor and r'- is a pretopology on C', then a pretopology r on C will 

be called induced by r' along F iff for any sink S inC the condition F S E r' is equivalent 

to S E Tj if such r exists it is the biggest pretopology on C making F continuous. 

Proposition 7.1 For any presite (C, r) and any object X ofC there exists the pretopology 

on O,..j X induce~ by T along the ''source" functor do: Or/ X----+ C. 

The category 0,../X will be considered, callonocally1 to be equipped with this presite 

structure; then: 
I 

Proposition 7.2 For any arrow f: X --J. Y of C ;'the induced functor f"': O,jY ---+ 

0,../X is continuous. 

Now, a presite {C,_T) will be called an U-presite ifC is an U-category and, besides, 

the following condition is satisfied (existence of local sets of topological generators): 

(LTGu) For any object X of C there exists an U-small subset Gx of objects of C such 

that for _any clopen arrow u: U ---+ X of C there exists a covering { u;: U; ---+ U}iei such 

that any U1 belongs to Gx. This condition is just equivalent to saying that any O,..jX, 

considered as a site1 is .an U-site in the sense of [16]. 
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Remark 7.1 It is convenient to include in the definition of a prctopology the following 

condition (completeness prop~rty ): 

(PT4) If (X, S) is a sink of C such that S C 0" (such sinks will be called clopen) 

and there exists a refinement of (X, S) which is a covering of X then (X, S) itself is a 

covering. Here a sink (X1 S') is said to be a refinement of (X, S) if for any s' E S' there 

exists s E S such that s' factorizes through s. 

Intersection of pretopologies satisfying (PT4) satisfies (PT4) itself; if r satisfies (PT4) 

then a pretopology induced by T along any functor satisfies {PT4) as well; besides, the 

completion of a pretopology 7 satisfying ordinary conditions (PT! )-(PT3) of [16] to that 

satisfying (PT4), does not change neither the set 0,.., neither the associated Grothendieck 

topology, nor the universal glutos of Theorem 8.4 below. ·That is why from now on 

'pr~topology' will mean 'pretopology satisfying (PT4)' with similar change in the meaning 

of 'presite'. , 

Remark 7.2 _If one looks at the definition of elementary glutos, a natural question can

arise: what will happen if one "iterates" the theory of glutosef! replacing, roughly, in 

axioms (Gl)-(G5) "topos" by "glutos"? The answer is that the theory of elementary 

glutoses is stable by this iteration, i.e., no new "weaker" theoiy will arise. 

In more details, defining, in an evident way, morphisms of doposes as well &; clopos 

structure induced along a functor, one 'obtains that foi.any object X of any clopos (C,O) 

the category Of X has a clopos structure Ox induced along the functor do: arrows of 

Ox are all commutative triangles (i.e., arrows of 0 fX) all thref' artows of wbi<:h belong 

to 0. Counterparts of Props. 7.1 and 7.2 are valid for cloposes as well as the fol~owing 
result: 

I 

Proposition 7.3 For any clopen arrow U ~X in. a clopos (C, 0) the functor 

do/(U-"-. X):Oxf(U ~X)~ OfU 

is a natural equivalence. 

Now, if one removes the axiom (G2) and one replaces in axiom (G3) "topos" by 

"glutos", resp. "inverse image of geometric morphism" by "morphism of glutoses1', inter

preting, simultaneously, 0/ X, etc. not simply a.<J categories but a~ doposes via induced 

structure, then one arrives to an elementary theory which turns out to be not Weaker, 

but equivalent to the theory of elementary glutoses. T.his just follows from Prop. 7.3. 

8 U-glutoses as U-presites 

Returning again to U-glutoses, one has: 

Proposition 8.1.·Let {C, 0) be an U-glutos. Then: 

( G6u) All epi sinks in C ,with elements in 0 are universal effective and, hence, form 

some pretopology on C (denoted further To). This pretopology is sub canonical (i.e. the 

associated topology is subcanonical); 

(G7u) The presite (C,ro) is an U-presite; 

(GSu) Any sink (X 1 S) with S C ()factorizes as a covering of To followed by an open 

mono. 
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(G9u) (local character of open arrows) If foru: U ---J. X there exists a covering { ui: Ui ---J. 

U}iei of r
0 

such that for any i E I the arrOw UUi is open, then u itself is open. 
(GlO} For any object X of C the pretopology on C/X induced by ro is the canonical 
pretopology of the topos CjX (i.e. coverings of it are all epi sinks); moreover, th~ source 
functor d

0
: C j X ---J. C respects both eoequalizers of equivalence relations and U -small 

coproducts. 

Remark 8.1 For an elementary glutos (C 1 0) let To be the set of all open sinks having 
some :finite open epi refinement. Then one bas: (G6) To is a subcanonical pretopology 
on C; the counterparts of ( GSu) and ( G9u) are valid as well if one replaces in ( GSu) 'Any 
sink' by 'Any finite sink'. 

The following proposition is a counterpart of Giraud theorem : 

Proposition 8.2 A pair (C, 0) is an U -glutos iff it satisfies conditions (Gl )·( G2) 1 
( G4u )· 

(G5), (G6u)-(G7u) above (conditions (G4u) and (G5) can be replaced by conditions 
(G4u + 5) and (G9u)). 

Now, a map (C
1
0).......,. (C 1To) continues to the 2-functor imbedding fully U-glutoses 

into U-presites 1 as shows the following 

Proposition 8.3 Let (C,O) and (C1
1 0') be U-glutoses and F:C ---J. C' be a functor. 

Then F is morphism of glutoses iff it is continuous w.r.t. pretopologies To and TO'· 

In other words
1 

the 2-category Glutu of U-glutoses may be considered as 
subcategory of the 2-category Psiteu of U-presites 

Glutu <----4 Psiteu. 

a full 2-

(4) 

· Remark 8.2 Let Glut., be the full 2-subcategory of Glut, containing any glutos which 
is U-glutos for some universe U. Let the 2-category Psite. be defmed similarly. The 
above inclusion functor continues to the inclusion functor 

Glut. <----4 Psite. , 

but the counterexample 
Setu1 <----4 Setu 

of continuous functor which is not a morphism of glutoses (see the end of section 4) shows 
that this inclusion is not full. 

The main author's result states that the 2-category Glutu is reflective in the 2-
category Psiteu. In more details: 

Theorem 8.4 (a) For any U -presite C there exists an U -glutos C together with an arrow 
Yc: C ---J. C which is universal in the sense that for any U -glutos V the arrow 

[Yc, V]: [C, D] ~ [C, VJ (o-,... o-Yc) (5) 

is a natural equivalence having right inverse; 
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(b) the arrow Yc (or, rather, the underlying fUnctor) can always be chosen to be injective 
on objects ofC; if the pretopology r ofC is subcanonical, then the arrow Yc is fully faithful; 
(c) The universal arrow Yc reflects open coverings (sec sect. 10 below for the definition); 
for every object X of C the set Gx of topological gcnrrators of X (see (LTGu) in sect. 7 
abbve) can be chosen to belong to-the set Yc(C); 
(d) Besides, if the underlying category ofC (denoted further C, by abu_se of notation) is 
U -cocomplete and the pretopology of C is subcanonical, then the functor Yc has left adjoint 
r:C --t c (the globc~.l sections functor). Note that r need not be continuous. 

The proof of Th.8.4 is sketched in Appendix A. 

Remark 8.3 It follows from Appendix A _that the 2-category of f:Ubcanonical U~presites 
is as well reflective in Psiteu, i.e. the universal a.rrow. X~ decomposes as 

Y~. Yc ... ~ --
C ----+ Csub ----+ Csu/>, 

where Csub is a universal subcanonical U-presite for C. 

Now choosirig for every U-presite C some universal arrow Yc and choo~lng for every 
pair C, Vas in p.(a.) of Theorem 8.4 some arrow 

lev: [C, V] ~ [C, V] 

right inverse to the arrow (5), we will obtain for every pair C, C' of U-prC'sit(;>s •mme functor 

[C,C'J....:::... [C,C'J (o-,... ii) , 

defined by (7 := Icc,(Yc,cr) on 2-arrows from [C,C'J. 
The correspondences 0' r-t (7 just defined are incorporating together to give -~orne 

pseudofunctor (see [16],[7]) 
Psiteu ~ Glutu , 

left quasiadjoint to the inclusion 2-functor ( 4); it differs from a 2-functor by some "twisting 
by a cocicle)' 0'( F, F'): F' F ----+ ( F' F). The following theorem shows that t.his cocide can 
be killed. 

Theorem 8.5 The correspondences C ~--+ C and F r-t F can be chosen in such a ·way that 
F' F = ( F' F) for eve1·y composable pair F and F' of morphisms of U -presites. 

Corollary 8.6 If F:C ----+ C' and G: C' ---+ C are continuous functort: between U·presites 
such that F is left adjoint to G then F is left adjoint to G. 

Exactness properties of universal arrows are described by the following 

Proposition 8.7 (a) For any U-glutos C the universal arrow .Yc:C ---+ C respects all 
U -limits existing in C; 
(b) If C has pullbacks, resp. products, resp. finite lirnits, then so' docs C; 
{c) Let F:C ----+ "C' be mm·phism of glutoscs and C has products, rcsp. pullbacks, resp. 
finite limits, which are, besides, respected by the functor F. Then the functor F: C ---+ C' 
respects products, resp. pullbacks, rcsp. finite limits. 
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Theorem 8.4 and Prop.8.7 show that glutoses are "invariants" of prcsites in just the 

same way as toposes are "invariants" of sites. The universal arrow for an U-presite 

is, .clearly, a counterpart of topos~theoretic ''sheafified Yoneda functor" Y: S --+ ShS 

associating to any U~site S the topos of Setu-valued sheaves on it. In many familiar 

cases of U-presites C (see examples of universal arrows below), the corresponding site is 

not an U-site, which means that the topos of sheaves oil this site exists in some higher 

universe only. At the same time, the glutos C a.'iSociated with the presite C exists in the 

same universeU, where Cis contained. Nevertheless, when both constructions exist, they 

sometimes coincide as shows the 'following 

Proposition 8.8 Let C be U -small and fin£tely complete. Let a pretopology T on C be 

given, such that any arrow of C is clopen. Then the universal glutos C coincides with 

the topos of sheaves ShC up to natural equivalence of categories. The similar is true for 

universal arrows. 

For example, the glutos constructed from a topological space is the same thing as ·~he 

topos of sheaves on it; the same is true for a complete Heyting algebra (equipped with 

the canonical (pre- )topology). 

Many familiar examples of constructing categories out of "simpler ones" by meanS of 

"charts and atlases" routine are just concrete realizations of universal arrows of Theo

rem 8.4: imbedding of smooth euclidean regions into the category of smooth manifolds, 

imbedding of trivial vector bundles into the category of locally trivial ones, as well as the 

functor 
Spec:Ring0

P ----+ Schem. 

Note that in this example the global sections functor of p.(d) of Theorem 8.4 exists 

and is the same thing as the ordinary global sections functor on Schem, which justifies 

the use of the name "global sections functor" in the general case. 

The latter example opens up a new approach to "universal algebraic geometry", al

ternative to that of M.Coste [4] (based on Hakim's theorem): given some locally finitely 

presentable category (see [6]) C together with some pretopology T on its dual category, 

turning cop into an U-presite, the category of schemes over C and the corresponding 

functOr Spec can be defined to be, respectively, the glutos associated with the presite 

(Cop, T) and the uni versa! arrow for it. 

For example, if one chooses the 6tale pretopology on the category dual to that of 

commutative rings instead of Zariski pretopology, one obtains the category ESchem, 

which may be called the category of etale schemes; the functor 

Schem ----+ ESchem, (6) 

provided by Theorem 8.4, fully imbeds the category of schemes into that of 6tale schemes 

in such a way that for any scheme X the topes of sheaves over X with respect to etale 

pretopology on Et J X imbeds into ESchem via 

Sh(Et/ X) '-' ESchem/ X ~ ESchem. 

Another application is concerned with "non-commutative algebraic geometry": The

orem 8.4 gives general non-commutative schemes glued out of non-commutative affine 

schemes of P.M. Cohn [2[. 

ll 
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A class of pretopologies on duals to locally finitely presentable cater,:ories eRpecially 

suitable for 1'universal algebraic geometry" will be con~ldered el"!e:Where. 

9 M-presites and SG-glutoses 

In this section some natural endo-2-functon; au conc;tructed on thP 2-category Psite 

of all presites; recall, that U-glutoses are considered as presite_s via Props. 8.1 and 8.3. 

Besides! a class of U-glutoses which occur particularly often in practice ie studied in more 

details. 
Let P be some property of an arrow of a presite C. We' say that an arrow f: X______...-). Y 

of C locally satisfies P or is locally P, if there exists a covering·{ui: Ui----+ X};EJ such 

that for every i E I the arrow fui satisfies P. We will use further this metadefinition for 

the case when the property Pis either "f is (cl)open" or '(J is an (d)open mono" getting 

the properties "f is locally (cl)openn or "f is locally an (cl)open mono" (note yet that 

an f which locally is a clopen mono need not to be neither dopen nor mono). One can 

easily verify that the set of all pullbackable locally open arrows of any presite is -closed 

both with respect to compositions and arbitrary pullback'3. 

For Cxample, the property (G9u) of glutose!'! (see section 8) can be reformulated i_n 

this terms as follows: every locally open arrow in a glutos is open. 

Let T be a pretopology on a category C. Define the- pretopology MT, resp. [T, resp. 

SG(T) on the category Cas follows: coveringe- of Mr are all coverings vf T consisting of 

mono's; coverings of .Cr are all sinks ofT consisting of pullba.cka.blc locally open arrows 

of C and having a refinement belonging to a pretopology r ( t.hc latter definition is correct 

because pullbackable locally open arrows form a clopos structure as stated nbove ); at last 

let SG(T) = (.CMr) n T. One has, evidently, the followin£; inclusions: 

Mr C SG(r) C r C Cr. 

The qperations M, .C and SG can be continued to the endo-2-functors (denoted by the 

same symbols) on the 2-category Psite, whereas the chain of inclusiom above produce 

the chain of 2~functor morphisms 

M <----). SG <-t ldPsite <.....--+ .C , (7) 

which go to identity 2~functor morphisms when being compOsed with the neglecting 2-

functor from Psite to the 2-category Cat of all categories. 

It is evident that for any U-presite C the presite .CC is an U-presite (but the author 

do not know at present whether or not the same is true for MC and ·SGC). An evident 

fact that the Grothendieck topologies generated by pretopologies of C and of .CC coin

cide, imply, together with the construction of universal glutoses out of the corresponding 

category of "big'' sheaves (see Appendix A), the following 

Proposition 9.1 For any U-presite C there is a canonical natural equivalence C:::::: .CC; 

in more details, the composition arrow 

C<---+.CC~iC 

is a universal arrow for C. 
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The following proposition describes the monoid of endo-2-functors generated by M, SG 
and .C. 

PrOposition 9.2 The 2-functors M, SG and C satisfy the following algebraic relations: 

M 2 =M, 
(ML:)2 = ML:, 

L:SG = L:M, 

SG2 = SG, 
(L:M)' = L:M, 
SGM=M, 

£2 =£, 

SGL: = L:ML:, 
MSG=M. 

The only relation ~mongst those above, whose verification uses drawing of some dia
grams is that stating the idempotence of the functor£. 

The first three relations of proposition 9.2 together with the universality properties 
Of functor morphisms (7) imply that both the full 2-subcategory of presites stable by M 
and of presites stable by SG are -coreflective in Psite, whereas the full 2-subcategory of 
presites stable by C is reflective in Psite. 

A presite stable by M, resp, by SG, resp. by C will be called an M-presite, resp. 
an SG-presite, resp. an .C-presite. In other words, a presite C is an M-presite iff any 
covering of it consists of mono's; it is an SG-presite 'iff any clopen arrow of it is locally a 
clopen mono; it is an £-presite iff any arrow of it which is locally clopen is clopen. 

In particular, any U-glutos is an .C-presite; an U-glutos (C, 0) is an SG-presite iff for 
any object X of C the topos 0/ X is an SG-topos as defined in [8], which justifies the 
name "SG-glutos" for the general case. 

Glutoses of examples (1)-(4) of section 3 above are SG-glutoses, as well as cD when 
C is an SG-glutos; the glutos of etide schemes is not an SG-glutos. Any U-topos has, 
canonically, a structure of an SG-glutos, if one defines open arrows as just those arrows 
u: U -----+ X which locally are mono (here "locally" is, of course, with respect to canonical 
pretopology of the topos). In fact, the latter example can be generalized, as shows the 
following proposition, easily deduced from "Giraud theorem" 8.2 and the fact that U
toposes are locally U-small (see p.251 of [16]): 

Proposition 9.3 For any U-glutos C the presite SGC = .CMC is, in fact
1 

an U -glutos. 

Remark 9.1 Let C be an U-glutos such that MC (and, hence, SGC) is an U-glutos. 
Consider the arrow 

SGC _____, SGC, (8) 

obtained from the universal arrow Yc: C --------1- C by applying the pseudofunctor "' oSG to 
it and using Prop. 9.3 afterwards. The arrow (8) is fully faithful if the pretopology of C 
is subcanonicali the inclusion arrow (6) of sect. 8 i_s the particular case of the arr?w (8). 

The .following addition to Theorem 8.4 states that the set of SG-presites is stable by 
the reflection "': 

Proposition 9.4 If C is an SG-presite, then the universal glutos for C is an SG-glutos. 
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It is clear from above that any SG-glutos can be- obtain~d a.s a universal glutos for some 
..~vt-presite C and that the corresponding_ univers;J,} arrow }C:C---+ C for an M-U-presite 
C c~n be pulled through the presite MC as 

Y' - -C ~ MC '--' L:MC, (9) 

where l{f = MYc. 
Call an U-presite C nearly U-glutos if it is naturally equivalent to a presite MC for 

some U-presite C. Meditating over the decomposition (9) one om conclude that the full 
2-subcategory of nearly U-glutoses is reflective in- th;J,t of a.ll M-U-presite~, whereas the 
arrow YC in (9) is the unit of the corresponding adjunction. Besides, the construction 
of universal glutos for a nearly U-glutos C consists simply in adding of all locally clopen 
arrows to the set of clopen arrows. 

The next proposition giving an ~~internal" dE'scription of nearly U-glutoses is a kind 
of "Giraud theorem" for them. 

Proposition 9.5 Let (C, T) be an M-prcsite such that C is an U-category and the pre
topology T is snbcanonical. Then ( C, T) is a nearly U -glutos iff the set ()T of clopen arrows 
of it satisfies condition (G4u + 5) us well as the followin_q condition<": 
(NGl) For any object. X oj.C the set of clopen subohjPcfs of X is U-Fom.all; 
(NG2) Any family {U; ~ X}iEI of clopen arroWB has a factorization into a covering 

{U; ___:i U.}iEI followed by a clopen arrow U. ~ X (in particular, un:ons of arbitrary 
families of clopen subobjects of X exist (in the lattice of <til subohj.;r.t-~ of X) and are 
clopen); 
(NG3) Any epi sink consisting of clopen arrows is a cot1erin.Q of r (and, hPnce, jg universal 
effective epi). 

Note that the pretopology of a nearly U-glutos is uniquely recovered from the under
lying clopos structure (just as in the case of U-gluto"es), so that we wHl consider nearly 
U-glutoses either as presites or as cloposes, depending on circumstances. 

Remark 9.2 The definition of glueing data (see sect. 6) with values in mono's of a 
category C can be essentially simplified. Namely, define for any set I the category [

1 
I as 

follows. The set of objects of [ 1 I is the free commutative idempotent monoid W(I)/ R 
over I (i.e. the set of "relations" R consists of two relations: X 2 = X and XY = Y X). 
For any objects X and Y of [ 1 I there exists the only arrow X -----+ Y iff there exists Z 
such that Y Z = X. Let n be a natural number. Denote f ni the full subcategory of 
[ 11 consisting of all monomials over the variables from I of degree ::; n, with the neutral 
element o1 the monoid l.V(I)/R excluded; let f+/ be the union of all fnl (it will be 
supposed further that the (discrete) category f 1 / coincides with the set I). 

Now call a functor U: f 2 I -----+ C with values in mono's of C an M-gluon or M
glueing data if there exists its continuation on f 3 I which respects pullbacks existing in 
f

3
I ("cocicle co~dition"); it then follows that there exists a continuation U+ of U on t.he 

whole f +J respecting pullbacks off +I and U+ is unique up to a functor isomorphism. 
It is evident enough that one can replace, in the context of M-presites or nearly 

U-glutoses, open glueing data by "equivalent" M-glueiug data. 
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The following proposition generalizes the realization of sheaves over topological space 
X as sheaves of sections. ·of corresponding fibre bundles over X. 

PrOposition 9.6 Let (C, 0) be a nearly U~glutos and CO be the set of all locally clopen 
arrows of it. Then for any object X of C the category CO/ X is naturally equivalent to the 
SG-topos SbX of sheaves over the cqmplete Heyting algebra O(X) of clopen subobjects of 
X. 

Indications to the proof. The corresponding natural equivalence J: ShX ~ CO j X 
can be constructed as follows. Let s:O(X)----+ OjX be some natural equivalence se
lecting for any clopen subobject u of X a clopen arrow su: U ----+ X representing this 
subobject. Given a sheaf F: O(X) ----+ Setu, we want to construct a locally clopen arrow 
J F: E ----+ X such that its sheaf of sections (u E O(X) ~---+ [su, J F]) is isomorphic to F. 
As a first approximation to JF one can take the coproduct (in CO(X): 

p= II F(u)0su, 
ue0(X) 

where S 0 Y means the coproduct of the family {Y};es (copower of Y). Unfortunately, 
p has too many sections as compared to F, so that to obtain .J F from p one needs to 
"glue together" any two summands of p along the maximal clopen arrow where they are 
to coindde. 

Now we will go from informal considerations above to the formal constructions. Define 
first the "index set" IF as 

IF= II F(u); 
ueO(x) 

define a partial order relation on lp such that for any pair (u,x), (v,y) (u,v E O(X), 
x E F(u), y E F(v)) of elements of IF one has that (u,x) :<; (v,y) iff u :<; v and x = p~y, 
where, of course, p~: F(v)----+ F(u) are the corresponding restriction maps of the sheaf 
F. 

For any pair i = (u,x) and j = (v,y) of elements of lp there exists the intersection 
i 1\ j = (w, z), where w :S u 1\ v is the biggest element of O(X) such that p~x = p';.,y and 
z = p:,x; note that this property of lp essentially depends on the fact that F is a sheaf 
and not simply a presheaf. 

There exists the- only functor 

~.p: f +IF ----+ [p 

such that 1.p is the identity map on /p = f 1 /p C r +IF and, besides, for any pair i, j of 
elements of /p the identity ~.p(ij) = i 1\j holds. Recall that the category f+I is defined 
in Remark 9.2 above and that lp is a category being a partially ordered set. 

There is as Well an evident neglecting functor lp ----+ O(X) ((u,x) ~---+ u), which 
produces some functor N: IF -------+ CO/ X, when being composed with the chain of functors 

O(X) ~Of X<-> CO/X. 
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Composing now the functor N with the restriction of the functor 1.p (construct-ed 
above) on the subcategory f2IF off +IF one obtaim some functor 

uF:r,~F~co;x. 

One can verify easily that the functor Up is an M-gluon, whereas its coli.mit Up. in 
:CO/ X can play the role of the locally clopen arrow J F corresponding to thE': sheaf F ·• 

Remark 9.3 In an earlier author's work [12] the term "U-glutos" meant something which 
is now called "nearly U-glutos", whereas M-U-preeites with a subcanonical pretopology 
were called there "U-preglutoses"; the main result of [12} was, in this terms, that every U~ 
preglutos has a universal completion to an U.::glutos, whereas its proof has used generalized 
"charts and atlases routine" (see the next section). Later on it was observed the presence 
of SG-toposes "inside" glutoses just via Prop.9.6, and the natural question arose how to 
generalize both the very notion of glutos (so that arbitrary toposes can occur in place of 
SG-toposes) and the theorem of existence of univers~l glutoscs (charts and atlases method 
failed to prove Theorem 8.4 due to the reasons explained in Appendix A). 

10 Charts and Atlases 

In this section a way of constructing of universal glutose:; (or, rather, of nearly glutose~) 
by means of charts and atlases is considered, applicable for M-prer.ites with subcanonical 
pretopology. 

Give first some necessary definitions. A contim,1ous functor J:C ----+ V between 
presites will be said to reflect coverings if for any family { Ut: uj --)> X}iEl of clopen 
arrows of C the fact that { Jui: JU; ------1- J X}iei is a covering in V implies tha~ { u;: Ui ~ 
XhEI is a covering in C; if, besides, C is an M-presite with subcanonical pretopol9gy 
and the underlying functor of J is faithful then J will be said to adm~t atlases. 

An M~presite with subcanonical pretopology will be called an DG-presite if it sat
isfies the factorization condition (NG2) in Prop.9.6 above for arbitrary sinks. of clopen 
arrows (DG above deciphers as "differential-geometrical", because presitefl of this kind 
are typical just for differential geometry). 

Let C be an M-U-presit~ with subcanonical pretopology and J: C ---+ V be an arrow 
admitting atlases, such that Vis a nearly U'-glutos, where the universe U' i~ any universe 
containing U as a subset. In constructing the universal nearly U-glutos for Cone can use 
the arrow i considering objects of C as objects of 'D with.additional structure. 

In fact, the process of completion of C to C using the arrow J can be performed in 
two steps: first, one completes C with objects which are "unions of families of clopen 
subobjects", arriving to a universal DG-presite, associated with C; the second step is the 
completion of the DG-presite so obtained with objects, which are colirnits of clopen M
_gluons. Only the second step will be described below, because it occurs very frequently 
in practice. 

So let us assume that the arrow J: C---+ 'D admitting atlases is given such that Cis a 
DG-U-presite, whereas Vis a DG-U'-presite, ·where the universe U' containS the.universe, .. 
U as a subset. -~ 

Let X be an object of 'D. An U-small family {Uihei of objects of C together with a 
covering { JU; ~ X}iel of X will be called an J-atlas on X if for every i,j E I the 
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pullback JU; llx JUJ has a representation 

Ju'· 

J~iuj •; ~ Jju:; 
U; Ju, ~x (10) 

such that both ui and uj are clopen arrows of C. Any arrow ui will be called a chart of 
the corresponding J-atlas. 

We will identify further a sink { JU; ~ X}ieJ with a J-atlas, omitting its first 
component {Ud;eJi we will write as well "atlas" instead of "J-atlas", when this will not 
lead to confusion. 

Remark 10.1 The fact that J admits atlases imply that if clopen a:rrows U ~ V and 
u' 

U' -+ V are such that both Ju and Ju' represent one and the same clopen subobject of 
JV then u and u' represent one and the same subobject of V (i.e. there exists an iso i 
such that u' = ui). 

In particular, clopen arrows ui in the defillition of atlases above (see the pullback 
(10)) are, essentially, unique, determining, thus, some clopen M-glueing data inC such 
that X is their "coli.mit in TJ". 

Given atlases A and A' on X we will say that A is compatible with A' if the union 
sink AU A' (whose definition is evident) is an atlas on X as well. One can prove that the 
relation between atlases just defined is, in fact, an equivalence relation; the equivalence 
class of an atlas A will be denoted further [A]. 

Let A = { JU; ~ Xhei be an atlas on X and B = { JVk ~ Y}kEK be an atlas on 
Y. An arrow f;X-----+ Y will be called A-ll-admissible if for any chart tt; of the atlas 

·A and for any chart vk of the atlas B the pullback of vk along fui has a representation 

.! fik 
JW;, JV, 

Jw;,j j v, 
Ui f 

JU;~x~v (11) 

such that w;k is a clopen arrow of C. 

Proposition 10.1 If an arrow f: X --+ Y of V is A-S-admissible for some atlases A 
and B, then f is A'-B'-admissible for any atlases A' E [A] and B' E [B]j if, besides, an 
arrow g: Y ------+ Z is B~C -admissible, then the composition arrow gf is A~C -admissible. 

The latter proposition justifies correctness of the following definitions and construc
tions. First, call the arrow f above [A]-[B]-admissible if it is A~B-admissible. Now one 
can define the category CJ as follows. Objects of CJ are all pairs (X, [A]) consisting of ~n 
object X of V and an equivalence class [A] of atlases on it. Arrows of CJ are all triples 
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((X,[A}),J,(Y,[B])) such that the arrow f:X ~ Y is [A]-[B]-admiHsible (and we will 
write simply f instead of the whole triple in situatiow. not leading to c~nfusion). 

There are evident functors Jc:C ~ C1 (X~· (JX,[{Idx}])) and J':CJ ~ V (for
get atlases). There is the natural pretopology on CJ making hod1 Jc and J' continuous. 
This pretopology is defined as follows. Declare a monic arrow f: X -----+ Y between ob~ 
jects (X, [A]) and (Y, [B]) of C1 J-clopen if all arrows j;, in the diagram (11) above are 

· clopen arrows of C (it follows then from the condition (NG2) that f if: a clopen arrow of 
V). LetT consists of all sinks Sin CJ such that .any arrow of S i~ J-clopen and J'S is a 
covering in V. 

One can prove that Tis really a pretopology on CJ and the functors Jc and J' become 
continuoUs if one equips the categOry CJ with the pretopology T. The notations CJ, Jc 
and J' .will be reserved. as well to denote the correspondjng presite and morphisms of 
presites. Note that the equality J = J' Jc hold~. 

Now, at last, one can formulate the theorem giving a construction of universal nearly 
U-glutos by means of charts and atlases. 

Theorem 10.2 Let C be a DG-U -presite, V be a DG-U'-presite for U C U'. Let the 
arrow J:C ------+ V admits atlases. Then the presite CJ constructed above is a DG-U
presite. If, moreover, Vis a nearly U'-glutos then CJ is a univet·sal nearly U-glutos for 
C, whereas the arrow Jc:C-----+ CJ is a corresponding uni'lJersal arrow. 

Applying this theorem to standard constructions of differential geometry (manifolds, 
vector bundles, principal G-bundles, etc.,) one can chE-ck that all thiP- constructions are 
just particular cases of universal (nearly) U-glutos construction. But t.o chcc.k thai certain 
functors of algebraic geometry like Spec above fall as well into this s-:-heme, one needs 
another tools. The theorem below gives sufficient criteria for an arrow· bC'tween presites 
to be universal. 

Before formulating this theorem one needs to introdu~ on<;> mon~ df'fnition. An arrow 
F: C ------+ V will be said to locally reflect clop ens if for any arrow u: U -----+ X of C the 
fact that Fu is dopen implies that u is locally clopen. 

Theorem 10.3 Let C be an M-presite with a subcanonical pretopology, V be a nearly 
U -glutos and Y: C --+ V be a continuous functor. Then the follotoing ~tatements are 
equivalent: 
(a} Y is a universal arrow for C; 
(b) Y is fully faithful, reflects coverings, locally reflects clopens and, besides, for every 
object D of V there exists an U-small covering {u;: YU; -----+ D};ei of D by "objects of 
C". 

Now the universality of the arrow Spec can be established just with the help of Theo
rem 10.3. This theorem can be applied as well to obtain necessary and sufficient conditions 
for a given U-valued functor on the category Ring to be representable by a Grothendieck 
scheme; these conditions can be formulated in terms of Zariski pretopology on the cate
gory RingoP. (cf. the existence problem of Grothcndieck as formulated in [15]). 
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A The idea of the proof of Th.8.4 

Let a set U' he a universe such that U c· U' and C is U'-small {recall that we are living, 

due to Sect. 1, in "Grothendieck's paradise" restricted from above by the universal class 

of all sets). Let Shu•C be the topos of U'-valued sheaves on C, considered as a presite via 
canonical pretopology T. 

In constructing the universal arrow Yc: C --+ C the Yoneda functor Y: C --+ Shu,C 

can be used, where~s U'-valued sheaves can be considered as building blocks in the process 
Df construction of C. 

In more details, let T be a (non-elementary) theory whose axioms are axioms of 

elementary theory of categories together with axioms (PT1)-(PT4) of presites and condi

tions (G2), (G4u), (G5) and (G6u) imposed on the set of dopen arrows (these conditions 

are the same as in "Giraud theorem" 8.2, excepting the U-smallness condition (G7u)). 

The presite Shu,C is easily seen to be a model of the theory T and one can prove that 

submodels ofT form a complete lattice with respect to the inclusion functors. The latter 
lattice is, essentially, a closure system on the set 

X = Mor(Shu,C) IJ r . 

One can prove that the T-closure of the image YC of C by Yoneda functor in Shu,C 

is not only model ofT but satisfies the condition (G7u) as well. In other words, it is an 

U-glutos and one can show further that it is the universal glutos C. 
In proving this it is useful to "translate" axioms of the theory T into the set of rules of 

inference (in the sense of [1 J) on the set X, whereas arroWs and coVerings in Y C to consider 

as axioms of the corresponding (infinitary) formal system (denoted further F S(T) )- Then 

the T-closure of YC in Shu,C turns 'out to be, essentially, the set of theorems of the formal 
system FS(T). 

It is convenient (as well as more informative) to separate the sub theory Tsv.b of "presites 

with subcanonical pretopology" in T; considering first the Tsub-closure of YC one can 

prove that the full sub-2-category of subcanonical U-presites is reflective in Psiteu. This 

reduces the proof of Theorem SA to the particular case of U-presit.es C with subcanonical 
pretopology. 

In proving that both Tsub-closure Csub and T-closure C of YC in Shu,C have U-small 

local sets of topological generators (see condition (LTGU) of sect. 7) the following Lemma, 

easily deduced from Lemme 3.1 on p.231 of [16], is crucial: 

Lemma A.l Let C·be an U-presite. Then the Yoneda map Y:C ---+ Shu,C has the 

following property: for any objects X and X' of C and any arrow f: Y X ---+ Y X' there 

exists a covering {V; ~ X}ie! inC such that the set of objects·{V;: i E I} is a subset of 

the set G x of local generators over X and for any i E I there exists an arrow v~: Vi ---+ X' 
such that the identity fv; = Y(v;) holds. 

It is just applications of this lemma in transfinite induction on the length of proofs 

(in formal systems FS(Taub) and FS(T)) which permits one to prove that both Csub 

and C are U-presites. Moreover, one can prove that any object, arrow and covering of 

the Tsub~closure Csub has a finite proof, which permits one to describe the presite Csub 
explicitly. 
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Now the universality properties of the correspond~ng ·arrows YJ:C ---+ C~ub and 

Yc:C ---+ C fOllow from that of "sheafified Yoned.«. hnctol'§'' if one applies (transfinite) 

induction on the length of proofs: given a continuou~ fundor F: C ---+ 1) illto a subcanon

ical U-presite, resp. into an U-glutos one has that any element Z (a,rrow or covering) of 

Csub, resp. of C having a proof P, where a fami.ly of axioms {A.:}io from C were used, 

goes by the functor 
Shw(F): Shu·( C) ~ Shu·(V) 

·into an element Z' which has "the same" proofin Shu(V) a.r. Z has in Shu(C) with only the 

family {A.: he! of axioms replaced by the family {F Ai}i€1· This implies that_ Z' belongs 

to the closure of D (naturally equivalent to V, becau~e Vis a model of Tsub, resp. ofT), 

i.e. the restriction of the functor Shu(F) on Csu.b, resp. on C can be pulled through D. 

It turns out, that if C is an SG-presite with t~-ubcanonical pretopology, then any the

orem of the formal system F S(T) has a ·proof of a fixed finite length. In this case one 

can use as well another continuous functors F:C --+ V in place of Yoneda functor in 

constructing of C (namely, functors admitting atlases defined in sect. 10 above). 
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