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In this paper we consider the questions on obtaining 

the derivatives with respect to the parameters from the solu

tion of ordinary differential second-order equations of the type 

x" ¢l(p1 , ..• ,p:n,x,y,z,x' ,y· ), 
( 1) 

" f ( ' ' y ::: p 1 , ..• ,p:n 1 x,y,z,x ,y ), 

h ' -d d "-d2 /d 2 were x- x/ z, x- x z, p 1 , ... ,p:n- parameters. 

It is assumed that equations (1) can be solved by numerical 

integration using the Runge-Kutt difference schemes111 with 

initial conditions: z 1 ,x1=x(z1 ), y 1:::y(z1 ), x~=x' (z1 ), Y~=y' (z1 ). 

At a (i+l)th step 

zi+ 1 :::zi+h~z 1 +hi, 2 
x1 + 1 =xi+x~h+l/6(m1 +m2 +m3 )h2 , 

yi+1:::yi+yih+l/6(k1+k2+k3}h, 

x~+ 1 =x~+l/6(m1 +2m2+2m3+m4 )h, 

y~+1:::y~+l/6(k1+2k2+2k3+k4)h, 
where h=fiz- is the step of integration, 

m1=$1(p1,.,p~,xi,yi,zi,xi,yi), 

-~ 'h 'h h ' h ' h m2-~2(p1,.,pn,xi+xi2'yi+yi2'zi+2,xi+m12'yi+k12)' 

(2) 

- 'h h
2 

'h h
2 

h ' h ' h m3-$3(p1'"'pn,xi+xi2+m14 ,yi+yi2+k14 ,zi+2,xi+m22'yi+k22)' 

' h2 ' h2 ' ' m4=$4(p1'"'pn,xi+xih+m22 ,yi+yih+k22 ,zi+h,xi+m3h,yi+k3h), 

k1=f1(p1'" ,pn,xi,yi,zi,x~,y~), (3) 

- -h -h h ' h ' h k2-f2(p1'"'pn,xi+Xi2'yi+yi2'zi+2,xi+m12'yi+k12)' 

- 'h h
2 

'h h
2 

h ' h ' h k3-f3(p1,.,pn,xi+Xi2+m14 ,yi+yi2+k14 ,zi+2,xi+m22'yi+k22)' 

, h2 , h2 , , 
k4 :::f 4 (p1 '• 'p~ ,xi +Xi h+m22 , y i +y i h+k22 'zi +h, xi +m3h, Yi +k3h). 

1 



Performing in (2) differentiation with respect to the pa-
rameters p_(j=1~···~n), we get the following system of equations: 

J 

Bx Ox ax: Om Om Om __ i+1= __ i+ __ 1h+ 1/6(--1+ __ 2+ __ 3)h2 
Opj Opj Bpj OpJ Opj Opj 

Qy1 +
1 

Oy
1 

By~ Ok1 Ok2 Ok3 2 -- = -· + -- h+ 1/6(- + -- + - )h 
Bpj Opj Bpj Opj Bpj Opj 

Ox~+ 1 Ox~ Bm
1 

Om2 Om3 Bm4 
Bp! 

B + 1;sc;y- + 2;y- + 28 + B )h, pj pj pj pj pj 

0y~+ 1 By~ Ok1 Ok2 Ok3 Ok4 ~ =-0- + 1/6(~ + 2~ + 2~ +~ )h. pj pj pj pj pj pj 
Assuming that in the general case 

x1 = u(pj,x1 ,y1 ,z1 ,x~,y~), 
yi= v(pj,xi,yi~zi,x~,y~), 
x~ = u' (pj ,x1 ~ y1 , z 1 ,x~ ,y~), 
y~= V

1 

(pj,x1 ,y1 ,z1 ,x~,y~), 
we introduce the f"ollowing designations: 

r ' ·h ' • ' r ' h r h lli =?(i (xi • ~i' xi )=xi +xi2' ::(·i =X:.i (xi' ;,i 'm1 )=xi +m12' ;,.i =zi +2' 

r ' •h' • 'r ' hr- h cei =.Ei (y i' ~i' Y i )=y i +y i2' <~:i =<£i < Y i ~ ;,.i' k1 )=y i +k1 2,!::. i -·zi +2, 

(4) 

(5) 

(61 

' 'h h
2 

' ' ' ' h h Oi =Oi (xi, bi "xi ~m1 )=xi +xi2+m14 ,oi =Oi (xi' bi' m2 )=xi +m22' C i :::zi +2' 

- ' - 'h h
2 

'- ' ' - ' h - h Wi-Wi(yi,bi,yi,k1 )-yi+yi2+k14 ~Wi-Wi(yi,bi,k2)-Yi+k22'bi-zi+2' 

2 - ' ' h ' ' ., ' ti-ti(xi,£i,xi,m2)=xi+xih+m22 ,Oi=ti(xi,si'm3)=xi+m3h~ti~zi+h, 

2 
v1 =u1 (y1 ,~1 ,y~,k2 )=y1 +y~h+k2~ ,u~~u~(y~~E 1 ,k3 ):::y~+k3h,£ 1 ~z1 +h 

and also define an operator 

(j 
BX. 

' 

B Bu 
= au ox

1 

B Bv B Bu' B Bv' 
+ av ax

1 
+ au~ax1 + av'ox

1
· (7) 

Then taking into account (4)-(7), obtain the following represen-

{
Bm1}4 

tations for a- : 
pj 1=1 

om, 
i3pj= 

a~, 
- + 
Opj 

G<jl 1Bxi 
--+ 
6x1 (Jp j 

B$10y i + 

6yi0pj 

il~ 1 ox~ G<P 1 iJy~ ---+---
Bx~Opj Uy~Op/ 

2 

Bm2 0~2 ~~2Bxi ~~20yi ----+--+---+ 
op~- Bp! ~~,Bp. ~~iop. 

cl J J 
[~~~+ ~2]0<+ 6~, 2~~i i)p j 

~~2+ ~2]i)y~+ 
Lii~~ 26,.i Op j 

h[~~2Bm1 B~2 Bk 1 ] 
+ 2 Bx:.~BPJ+ B.:e~Opj ' (8) 

Bm3 iJ<jl3 ~<P}ixl il¢J"Iyi [6¢3 ~3]B< lo~3 
Opj = Opj+ Oo

1
0pj+ Bw10pj+ Oo~+ 20o

1 Opj+ 6w~+ 
~3]0y~+ 
2~Wi Opj 

+ h2[a<)l3Bm1+ 6~3iJk 1 )+ h[6Q>Jilm2 + 6~/k2) 
4 6o10pj 6w10pJ 2 Bo1Bpj 6w 10pJ ' 

Om4 = 

Opj 
B~4 6¢4 Bxi ~<jl4oyi [6~4 6~4 )Bx~ [6$4 
OpJ+ 6y

1
0pJ+ 6u10pj+ 6y~+ hBy-

1 
QpJ+ 6v~+ 

~~ •Joy~+ 
h~vi Bp! 

h2 ~q, 4om2 
+ 2 Bt

1
0pj+ 

6<jl 4ilk2] ~~4om3 
Bv 1 BP j + h l6t~ Op J 

6¢ 4Bk3] 
+ Bv~Bpj . 

. {ok1}4 . . Representat1ons for a- Wlll have the same form (8) w1th 
pj i=1 

one ctifference: function $1 should be changed for £
1

, 1=1, .•. ~4. 
Taking into consideration ( 8 _), the fir:i.al expressions for 

the derivatives in (4) take the following form: 

Bxi+1 

Bp! 

0yi+1 

BpJ 

Bxi Bx~ { 3 d~1 [6$1 6$2 6<1>3]Bxi - + h- + 1/6 z - + - + - + - - + Bp! BpJ 1"1BpJ 6xi 6~i 6oi iJpj 

+ rB~,+ ~+ 6~3JB::i+ ~~'+ 6$2+ 6<1>,+ h/~2+ ~~31)ox~+ 
lBy1 6<£1 Bw1 Opj lBx~ Bx:_~ Bo~ 2 6~1 6o1 Opj 

[6~ 1 B¢2 ()~3 h B¢2 G~3 ] oy~ h[o~2 
+ ~~+ 6'><>'+ Bw'+ 2<6<£ + Bw ) B + 2 6.., + uyi ~i i i i pj ~i 

+ h[6<1>2+ ~~3)ok,+ ~3om2+ ~3iJk2}h2 
2 Bce1 26w1 Bpj 26o~Opj 2Bw~Opj ' 

~3]Bm1 
2Bo

1 
Op

5 
+ 

Byi By~ 
- + h- + 
Bpj opJ { 

3 of1 [6f1 6£2 6f3]1lxi 1/6 z -- + - + - + - - + 
1=1dpJ 6x1 6x:.1 Bo1 Opj 

+ f5t1+ Bf2+ 
l(§y i BiE

1 

6f3]0y1+ f5t;+ Bff+ 6£?+ h(6f2+ 6£3 )]Ox~+ 
~w. Op. Uix. a~. 6oi 2 6~. ~0 Bp. 

~ J ~ ~ 1 2 J 

[o
f 6£2 6£3 h 6£2 6f3 ]By~ h~f2 ,6f3]Bm1 + __ 1+- +- + c- +- ) - + - + .~...~_ - + y~ 6~~ 6w~ 2 0~1 Bw1 Opj 2 6~1 26w1 Opj 

+ hr6f2+ ~3)Bk1+ ~30m2+ ~30k2}h2 
2l6(£1 26w1 OpJ 26o~OpJ 26w~Op3 ' 
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(9) 



Bx~+ 1 
OpJ 

0y~+1 
opJ 

ax~ 
-"+ 
op; 

,
o¢ 1 o¢2 o$3 . B¢4 [G¢ 1 6¢2 G¢ 3 G¢ 4loxi 

11 - + 2- + z- + - + - + z- + 2- + - - + 
Opj Opj Opj Opj Oxi O~i Ooi Bti Opj 

~<~>, 
+ ~ + 

uyi 

6¢l2 
+ h(B)(.+ 

" 
G$2 

+ h(tlii! + 
i 

[
6¢3 

+ h 6o~+ 

o¢2 6<1>3 6<!> 4] oy i r'J<l>' 6¢2 6¢l3 6¢4 
26 + 2Bw + 6 ·a+ l6'+ 2B:>c'+ 26'+ 6t'+ ~i i vi Pj xi i 0 i i 

6¢3 6$4 l Bx~ r'J<P 1 o¢2 6$3 6¢4 
6o.+ or.) Bp.+ LaY~+ 2611!~+ 2owi'+ Bv~+ 

~ ~ J l l l 

6¢3+ a¢•)]oy' + hC<P2+ ~3]am,+ h~<P2+ ~3]ok,+ 
6w

1 
Bvi Opj B:>c' 26oi Qpj 611!~ 26wi Opj 

~4Jom2 + hr'J<P3+ ~4Jok2 + h6¢l 4 Bm3+ h6¢ 4 Bk3}h 
2611 opJ l6w~ 26vi opJ G0~op; 6v~Bp; ' 

_l+ 1/6- + z-z+ z- + _4+ _1+ ay'. {Bf' Bf B£3 at ~t 
opJ opJ OpJ opJ opJ Gx1 

()f2 
z- + 

IJ;'(i 

6£3 6f4 ]0xi z- +- + 
aoi 611 op; 

[
6f, 6f2 l5f3 6f•J 0yi r'Jf, 6f2 6 f3 

+ 6y.+ 2 611!
1

+ 2Bw.+ Bv. Op.+ Lax
1
'+ 26)(

1
'+ 2Bo~+ 

l l l J l 

6 fz 6f3 M• ] 8< ~t, 6£2 6f3 M• 
+ h(Ry + " + Ry> ) " + 15-, + 2.,--, + 2RWd r;-+ 

u~i vOi v 01 upj yi v~i v i Vi 

()f. 

6'('. + 
" 

Bt
2 

+ h(Bil! + 
i 

(jf3+ 0£4 )]Ely~+ 
Bwi 6vi Opj ~f2 "6f3 )om1 r'Jf2 .M3)ok1 h - + .u..__ - + hL6 + ll..,._ - + 

~~ 2601 Opj 611!~ 26wi Opj 

[
Bf3 

+ h Go'+ 
i 

~418m2 + h[Bf3+ ~4]0k2 + h6f Om3 + h(jf 8k3}h 
2B{1 op; 6w~ 2Bvi OpJ l5f~OpJ 6v~opJ · 
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OIIHHI(OB B.r. 
JJ:n<J><J>epeHI(HpOBaHHe napaMeTpH'fecKHX ypaBHeHHii, 
npe,n:cTaBnsreMhlx B BH,n:e pa3HOCTHhlx cxeM PyHre - KyTTa 

ES-93-39 

IlOJIY'lleHbi npOH3B0Jl;Hhle ITO napaMeTp3M OT pemeHHH o6hiKHOBeHHHX 

IIH<P<!>epeHQHaJI&Hhlx ypaBHeHnii BTOporo nop5!)1Ka. PemeHH>I ypaBHeHHii npeii
CTaBJieHbi B BH.IJ:e pa3HOCTHhlx cxeM PyHre- Kyna c HaqarrhHhiMH yCJioBH»MH. 

IIpnBelleHhl <J>opMy.nhl nponSBO/IHhiX. 

Pa6om Bblno.nHeHa B Jia6opaTOpHH cBepxBhiCOKHX 3Heprnii OMSIM. 

Coo6ru,eHl1e 06'be~l1HeHHoro HHCTHT}'Ta MepHblX HCCJIMOBaHHI1. )l;y6Ha, 1993 
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in the Form of the Runge- Kutt Difference Schemes 

The derivatives with respect to the parameters from the solution of ordinary 
differential equations of the second order are obtained. The solutions of the 
equations are presented as the Runge - Kutt difference schemes with initial 
conditions. 
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