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1. One of the most imJ>ortant and interestingproblems in contempo-:
rary.molecular biophysics_isto find·a mechanism of excitation tnl.nsmis
siop. along molecular chains ofproteins [1] and tiucleic.a~ids (DNA .and 
RNA) (see, e.g., revie\\:'s .[2,3]). In order to explain an experimenial fact . 

. of:tra.nSmission of excitation of the given form t4rough ~large distance'. 
/ ·. ·without noticeable. deforniation. the· hypothesis. is succ-essfully us~d ·that 

solitons (solitary ~ave;) <;an be excitation carriers [1-9,13-15]; Solit<liY
waves have been studiedinpapers dtM above within various nonlinear_ 
DNAmodeb;, permitting to describe nonstationarywa~e processes ofen-
. ergy,momentum and. information transmission through hundreds or even 
thousandsof elemi:mtary_structureunits (e.g~. nu~leotide·pairs of DNA 
double J.lelix [16]). H~W£ver; one-comp~n~nt (N = l),:nonlinear DNA 
models were predominantly con~idered, whi<:,h describe localized excita'-. 
ti~ns of- only-one' degree ()[freedom' of molecular chain (e.g.' torsional 
oscillationsofDNA base~) [1-9,13:-15). . . _. . \; . 

. On tile other. hand; the detailed analysis of conformational • oscillation . 
_ spect~m ha.S_been accomplished ·by ·usi~g ll:riear appro:lcimation within 

-·2-=. and 3:- comlwneiit DNA models taking into_ account·. · (i) torsion os
Cillations or'nucleosides; attached to sugar-phosphate backbone in'! sus
pension points'', (ii)trans~~rse displacements' of suspension points and · 
(iii).coiiformational sugar rings.defomations [10-:-12). '.. . -· ·~· :,·; . 

Then solitary wav~ solutions describing the traiismission of ~ortlinear 
excitations which are weakly sensitive to 'heterogeneity of chain DNA 
inacrom~lecule, have been studied (see [13) and references cit~d.th~reill) 

. and it was shown that~suchsolitons can propagate along the:deforn:ied 
_ ... (i:e.; being in· el~ti~ally st~es~ed state) macromolecule chain only~· Hence 
. the' possibility of the locaiized multi-comporie'nt excitations to. propagate -
·along t.Q.e nondeformed DNA:molecule needs ~further inve~tigation.' We_ 
. shall not r~strict ourselves·to studying the nonlinear bscillations.modes, 

. which are weakly sensitiye to· the DNA ·heterogeneity (in particular, to 
·. mass difference of ba.Ses, being constituents of nucle9sides) and consider 
DNA models, with masses and other n;cleosid~ 'characteristi~s not d.e:.· 
pending m{ their ~numbers. (or cobrdimi.tes along the chain). In or~er to 

. desc~ibe nonlinear. oscillation attenuation due to 'the DNA heterogeneity, 
.one should·research a more general m<;>dei,-inwhich energy pumping and 

· damping are considered: 

.-~~-----------r ~~~.··. "'r; .. .. ...... :; ·"}_ i:• ..... --... .-{'!'".! .. . to ,, " , •.• , .. r:· • .,,:~l-' K.:.1.;.;.l:" ~ 
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Specific nol11iiiear t~rmsin DNA models can· be defined bytakinginto 
conside~ation the intrinsicnonliiie~~ity of one br several of the N interact~ ' ' . . - ' '< < < ,',' ' ' " \. ' 
ing compon.erits (trans~erse backbone displacemimt11; torsional nucleoside _ 
~scillations, variations· offuranose sugar ring geometry ("sugar pucker
i~g") and glycosid<f bon~ ~ngle [16]).-. It is worth mentioning h;ere c(i) 
paper [14), i~ which'solito~ solutions to .three~c'o:ffiponent__dynamicDNA 
mgdel· have· been found ·(in this mOdel nonlinearity appears when confor
-mational defonriations of suglU" rings ~edescribed hyusinga double.Cwe!l · 
potential,Y(P) = (P2 -"J)2,P is pseudorotationa,l angle [16]) and (ii) pa
per [15), in which a nonlinear two-:component'RNA model is cciiisidered; 
hi this modellhiear torsiori base displacements are interacting with non~ 
lin~ar confo~ational. deformations . of sugar rings. ' . '' ·. ··. ..·.· . . .· •. ; - . . . ' 

2. Following [10); ~e take into consideration ·exdtation:s of two' degrees 
of freedom of each DNA nHmomer, riainely:.(i) transver~e ;'suspension 
points" displacements and (ii) trariwerse motions ~f nucleosides consid:- ;' ' 
ered to be rigid ~odies. However contrary. t~ the model s~udied in [IOL we ' 
describe torsion oscillations using equations which are nonlinear in angu:. . 
lar.displacements, intheslime way as .. has· beeri done w'hen consid~riiig .· 
solitons in one-component (N= 1) dynamic DNA.model (see, e.g:, [4-9]) .. 
We model hydrogen bo~ds connecting basesin pairs .. within DNAdouble . 
heli~'by usi~g liar~;ilic:~~I>rcixirriationforener.iy, ·ucor).;::; a( or)~. here·'· 

-8r. is a distance b'~tween bases' within pair, assu~ir{glinear .dependence of 
8r on angular and trans~er~e displacem~nts [HJ). It sho~ld be h~tid that 
in< such' appr~ximation oniy s~all angular and transvers~ displacements . 
can be considered in a g~ner;u ~ase; ~evertheless if a~gulai and transverse .• ~ ' 

< oscillations 'have almost opposite ph~es, the~;· 8r :can be small even at. . 
i:riod~r~te. values o(8's and X's (see relationship (4:}.belowL· Hamilt,~- · 
nian. and Lagrarigi~n .. densitie~ of the dy11-amic sy~tem under consideration 
are as follows (see [10] for details): · .· · ,· : · ... · 

. ,_ '" . . ,} ~ 

E~T+II,. L .:_r..:... II, •. 

T ~~~[MX;n +.~(z2~;n+2~a·~f;.Xin)], .·· 
. n,z ' ·· · ··~ 

~· · . . ax.··'. 88 •· x=_8 .. .- 8=~, 
· T • UT . . 

'(1)' 

i .• . (2) ' 
. ' 

~==~·~[a( 8rn)2 +.2V(~in) + J(8;n'"- 8;,~-1)2 ~ g(X;: ~ X;;~1)2], 
n,s · 

(3) 

..... 
2 

''.; 

8r'! i::; la·(~in + 82n) +X1n + X2n· . (4) 

. Here the summatio~ !JYer DNA chain nm~bers (=.i, 2 and nucleoside 
·· numbers n is executed. We consider. ( cf. [4-9]) . 

Y:'(8;) = /3(1 ""co,s~;). 
I 

(5)_ 

-:--_To accomplish the analytic investigation, it is usefur to perform the 
transition from the~lattice I!J.odel (1)-(5) to the contii:mous one: Using 
notation~ [iO) · . . . 

.· . 2a . ·. f3 .· : 2 Jh2 . 2. ··gh2 
ao =·M, .f3o = :--z2t s =: -12' so = M . m.· .. •. m ... 

(6) 

. (here h is the distance between adjacent nucleosides along the double. 
helix a:xis),1stibstituting t~e variables . · - · . 

~·=e1-f-82, .X=Xr+X2, 
·, 

' 1/J ~ 81- 82, · x.= x1 ...:x2, · 
' ' . . ( 

. and. using an equality ·. 

· av(8t) .+. av(8~r~ 2· 13 ·.. .. .·. ·'·. 88 . . .. 88 .- . Slll<p·COS'f', 
! . 1 ;· . < 2. . • ... 

c 
(7) 

(8) ·. 

. (9) .· 

we fi~d the. following. equ~tion set for ~ariables. <p ~d X.( cf. with ( 8). at 
G ==: 0 in [10]): · •. c·~ . . . . . . 

. (10) .<f'r1:+ :;x~r~ s2<pz~ +.2f3sin<pc?s 1/J+ a 0!: :;(za; +X)= 0, 

· . · · ~la 2 . . . : · < . ' ~ . "; 

Xrr+. M <f'rr- So Xz~ + ao~la<p +X')= 0. (11) 

'Here·zis the_continuous C<?ordinate 3long _the.double helix axis .. This 
.· · set descdbes the relative oscillations· (variables <p and X) in the double · 
. · helix,· i.e.; "bre~thing'; oLthe DNA macromolecule. Similar equations . 

for x· and 1jJ variables, which describe the motion of the DNA helix as a 
unit (bending and torsion), aqmit a ~ero solution:' x.;: 0, 1/J = 0. Sub
stituting it· into the set (10), (11), introduCing new variaqles u,v by· 
u = <pj2, · v- X/2 and denoting · 

_ m . · La • . 2 · 82 g 
• J.L -M'' p= -1 =sm80,. · k = 2o =J.L-. . •. . s !' 

"(12) 
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in di!llerisionless variables t, i' defin~d by relations 
.. I , j ... 

-- - . - Q' 1/2 
r = t~a0 112 x = z. - 0-_-· . - . ' . . s ' ,(13) 

we arrive at the following:nonlinearset of equationsf~r 'U,and ~ 

Utt-' u.r~+pvaf.JL~1p(v+ pu).+{Jsinu·= 0, _ (14). 

Vtt _:__- k2v.,:x+ JLPUtt j ( V -f- pu) = 0. 
; ' . _ __.. '- ' 

(15) 

Lagrangia~ ~nd. Ha~iltoni~n densities· of the-dyn'amic system descrihed · 
byEqs. (14), (15)are as follows: - · · ·- · .· ·, _ - , · · · - . _ 

'i ':·- ·.··.·._·. • ' .. _· >-~.- ' ~ ;·r 
.£ = _2[ur-u;+JL-1 (vl~k2v';)+2put31t-jr~'(v+ p~f,-_2{3(i-'e?su)h ~(16) _ 

. . 1.: . ·. .· - - -' .< ~ . ' . 
~ = 2[uf+t£;+p-1

( v[+k2v;)-J:-2putvt+JL~1( v+pu-)2+2{3(1-cos u)J. (17) _, 

3. Investigatesteady.:~~te.solutiims ·to. the.set (14),(15) 
• __ ., ',· c' ' •• • ·" -

-u(x, t) :2:: u(~), v(~,t)~ v(~), .·-~=X-'-' Mt, . M ~ con;t . . , 
' ,__.., -: .: 

For such~oluti~ns the set(i4); (15) tak~sjheform · 
......... ' . ~ - .· ' . . . . ~ - .· ' ' ~ 

·--

I. ,, - . • ,- ' - , •. 

(M2 -I)ue~+pM2v~~ + JL- 1p(v + pu) + {3sinu ~ 0, (18)· -_ 1 ' . . . . ·, ~ . . - - ' - . ' . 

"(M2 ~k2)v~~+ JLpM2u~~+:(v +P1!) ~ 0.:, · (19) . . ..- ' ', - ' ,• ·-· ;• . ' . 

We seek solution~ ofthi·s:·setassumingthat 
. -\\ -.. . . . •:. . .·" '• ...• ·, 

'-

~v+ pu = 0,' __:__ __ 
·-/CC .• • > 

(20) 

and consequently v~€:·: -pu~~- Thtm it:follows'from (l~)that,for t~e . -· 
nonzero-solution v(~)= -pu(~),to-eXist,the_relation ~mst,be fulfilled· 

·; 'jvi2 =k2(l:...:JL)-1; .- . (21)~ 

which defines the velocity-of localiz~d excit~tion:tr~nsmissio~; noJe' tli~t . 
-its value proves to be uniquely'fixed by parameters k and Ji; Using (20), 
(21) and boundary.conditions u~(±~)= 0, : v~(±oo) = 0 (u( +oo) -= 
21m, · u( ~oo) = ·_21r( ii± 1) ), by. integrating Eq. (18) we find localized 
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(solito~)·solution to the set (IS),. (19) with ~he u(f) and vfO functions 
.?.aving the form ofkink (antikink): · 

u(O =,4arctan[exp(±5112~)], v(~) = -pu(O, .. 
- • > • • 

(22) 

8- . .- {3 . - ; - _:_ _l -iJ(l- JL) 
. .. -c:- 1 + M2(p2 ~·I) --1-p+ k2(p2 -1)' . :(23) 

~. ~ ( 

here we assume that 8 >'0, i.e: 

1 + k2(p2 -:-' 1 )(1- JL)-1 > 0. 
- - . (24) 

It is natur~lt~ c~ll the; solution (22),(23) atwo~component kink (an
'tiki'llk), or a two-compon~nt topol6gi~al solitoU: (~mtisoliton). 

The case k2 = 0, p = 1 needs special consideration_. For.suchparaill.:' 
- eter vcilu~s Eq:(t5) takes -the form . · ' · · · · · · 

- ' . ... ~ ' '\ ' ~- - : 

(v_+ pu)tt +v+p1f ~ 0, (25) 

it has ~bviously particular solution (20) .. By using (20), ~n~gets from 
( 14) · ~n equation ·. · · 

. . . .. 2 ·. - ·• 
; (1 :- p )'l!tt -::_Uxx + {3 Sill U = 0, : . .(26) 

which cari be tr~sfbrmed by U~iilg the linear scibstitiition t ~ (i- p2 ) 1~2T 
into the sine-Gordon equation having well-k~own _solitonand breather so

· .. _ --iutions. It is ea.Sily seen that tlie -v~iocities·Mo(th~se localized solutions to 

· Eq.(26) ~bey the inequality~M2 < (1-::p2 )-'· 1: Thus the set ofEqs:(14),(15) 
~ at ~~ .= 0, JL =1 ha.S exact nonst~tlonary. solutions .!.vhii:h describe (i) 

completely elastic interaction of N two-component solitons and (ii) ·non-
··radiating two-::comporient breathers(bions; soliton bound states) having 
· ~- amplitucles In. the interval (0, 27r)._ · Hence ~ne may- conjecture that 

··- Eqs.(l4), (15) at k2 = 0, . JL = 1 des~ribe completely i_ntegrable dynamic . 
system. - . __ · · · - · · - . 

It should be ~ot~d that in general case of (14), (15) the solution (22), 
(23)describes the angular displacements of <t_ large valiu!, and_therefore 

. tl:ie rel~tionship {4) should be superseded by -~ '£nore.complicated exact' 
. relation~ · . · ·- ··. · . · · · . . - -~ 

4.However, there-~re localizedex~it~tions, described by the nonlinear 
set-(14), (15), for whichj;he using ofrelation (4) isallowable. We m~an 
self-localized osdllatin~two-coniponent excitations with rather a small 

·---
'. 
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amplitude, that can be interpreted as. bound states of a two.:component 
kink and an antikink- (22),(23). Tojnvestigate thein, we~ appl~ed the 
B~golubov-Mitr~polsky' method, i.e;; ·the ·expansion of solution under-, . . .. ' 

investigation in asymptotic series; previously, similar· self-localized solu~ · 
tions have been investigated with. this technique in one.:.com~one:nt non-

·nnear dynamic models described by_ the nonlinear Klein-Gordon PDEs,at. 
first in one-dimensional (x,t) geometry [I7];-and then in spherically 
symmetric (i:,t) modek[I8]. We search for small.:amplitude(u,v ~ 1). 
self-localized oscillating solutibns to Eqs. (I4), (I5) in the forni:': · · 

• I • I' f -·,: ,. '· '- '• 

· u = A(x)coswt.~ B(x) cos3wt +. ~.,,. B(x) .<<A(x), _ · (27) · 
• u···~ ...-'. • ' .•~ ~ • ' ~ 

v ='a(x)coswt + b(x)cos3wt +.'· .. , '. b(i) ~ a(xf.' .. (2_8) ·. 

Substituting (27), (28) intp (I4), (15), usingrelati<)nsin u'~ u·-::: t11.3: . 

and equating coefficients <~,t coswt and cos 3wt to zero, .:we get .from (I4), 
(I5) . -.. . . : . - . . / . >. : . .. -·. . . . • -.. • •.. ~ 

•'· .. )o· 
·-
!· ·. . f 

-··J·-. "t 

A.,.,· ~(,6+·JL-·1 p2 - 'W2)A+ t!.A3 +(w2 - JL-1 )pa-= 'o . (29) · 
- .··.·.!. . . .· .. ·_8· . . . . · ..... ·. '·. . 

. ; -.· .:..1 1 2 . 2 ; ,6:·3 - 2 : .:::1>. • ( . ·' 
B.,., - (/3+ Jl.. p - 9w )B j- 24 A + (9w _ - JL_ )pb = 0,_:" . (3_0) . ,_ 

- k2a.,., +(w2 ~ I)a~ (JLw2 -d)pA~o,'. (3I). · 

· k 2bxx + (9w2 ;__ 1)b +(9JLW2 ~·I)'pB•~ 0. - : (32) -
• ,• ,'< ;:, • • .---::>~/ ~-:'·,, • j ,,,',\c•' ;• •,. - -~ ' .• 

First consi~er for simplicity the ca.Se k2 ==. 0. Fron;i (3I) an!i (32) we 
g~t - . . . --~ . • . . . . . '"' . . - -

. - . ; ,_. a(x)~ P(JL~2 -I)A(~), ' :, .(33) 
-·-_. · ... w ·-:I ~> ... 

· --~- p(9JLw2 .:...I) - . _ 
'b(x)-.-. o;.2 __ 1 .. B(x) .. 

,_ ... -

'. ·. (34) .. ·-· _·· 

,/' 

I In view of (33) we g~t frorri (29) all equatiordor A(xf 

A "- (,6+p~lp2-w2)(~2~I)+Jl-1p2(JL~2-I)2A+~A3=0 . (35) 
XX. . ··.(w2 ..:...I) . - . . . 8 -- - '· • 

which may be tni~sformed, ~y using relationsobtruned ~hen inve;tigat-: . 
ing the linear two-c-omponent set [IO]; to. the form: · · ~ . 

·~. 

. -A +(I_: 7J)(w2 ~-w?)(w2 
_: wn A+ ~A3: o ". (36) . 

XX.:- (w2..-J)···. · .. 8· ··. ·' . ·. 
' . . . ' ,.. ' -- .• 

) '. ,-~ 

6 

·-

,·,I 

»-._' 

\-

~where 
. ,. . \ 

·2 ·c -1 2 - . .a - 2 . . 2c .. -1)' w1_~pi-7J_)_., :w2 ~ 1_ 77 , _7J=JLp, _p=l-p 2-JL ~ (37)'. 

. For f3 ~ 1 an equality w~ <t:.·.w¥ holds> To m.'ak:e numerical estimations, 
one cari use the following values:: ._ p ~ I/2; JL = 2/3 ( cf. experim;;rtal .-
data cited in [IO]).o · , . · · 1 

_ _ 

Qonsider self-localized os~illations having frequency w ;S w2;:neglecting · 
"'w2-value in comparison with wr~ I ,_on~ gets from (36): 

. - . .2 _. 2• ... j3A3 
~xx+_P(W,- -w2 )A~_T=O: t . \ 

(38) ·. 

Introducing- dimen~i~nle~s. vari~bles ·. 

y ~- xw~p112 , 'Y ~_,6(8pw?_2)-\. 0_= w;w;, : 
··- ----" . . . . . 

._· (39}-

'\Ve trailsform (38) into 

-·. 

. • . " 2 . 3 . 
Ayy.- (1- n )A+'YA = 0. 

·~: . 
. (40) '-

· The-localized s~lution to ( 40) . 
···.··· ', . . . 

~ ·~.. 

: .--· / . ·. . {-- .-· 
A(y)= (21 -1 )1/2c- - , · c =(I c:. 0,2)1/2 

.. . ' \ ---'-- ( ___ \' . ' ' ( 4I)_-'". 

i~ iriitial x' va:r:iable.ha1' th~- fo~ · 
. . . . . . I 

A(x) - 4w (p,6-:-1) 112c- . · . · · 
· ·_·.. - 2 ·. :' cosh(c-w2p1/2x)' 

c- =-ri.:..·c ~)2J1/2 
' . - w2 : . .._ {t2) 

N~te ,that the term B.,., in. Eq.(~O)'is small in comp~iso~ with the . 
others, B~., "'c-2 B, andit may be neglecte!i wheri c-2 ~I.: In view of(34) 
we find from (30) . ' 

. ·' -- (9. 2 I. )j3A3( ) · · B(x) = · w -_ x · L · .. '-..(43) 
. _ - ._ 24[(,6 +JL-1p2- 9w2~_(9w2 -I)+ JL-1p2(9JLw2 -:-IPl:. · -

· Relations·· (27), (28), (33), (34)1 (42), (43) describe two:compon~nt 
.small..:amplitude breather at rest (M = 0). Similar breather-thatmoves . 

. in th~ laboratory frame of references at the velocity ·_M, ·can be found as 
. \ .'~ ' ~ . . ~- . - . -' 
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the breather at. rest in coordinates ~ = x ....:: M t, . r. = t bysearching for . 
_... localized oscillating sohition to the set: ./ · . 

. . ' ~-·-~·--

M2u~(--2M u~~+Urr-U~~+p(M2~~c-:2M Vr~+v;r )+~---1 p( v+puY+.Bsi~_u = 0, 
. . : : ' . .• . . . ' •.. ' . - .. .. : . > ' .• ' . ( 44) 

M2v~e-2Mvr~+vr;:...k2v~{=i-JLp(M2u~~-2Mur~+u~;)+(v+pu)= 0. (45). - - \ .--

. Iii a cl8Ss· of one-field models described by. the nonlinear Klein~ Gordon 
Eqs~ in .(x,t) case the sniall-;amplitude_breatlieisare, as a'rule, weakly 
radiating approximate solutions withrathera long lifetime [17,18] except 
the case of exactly solvable sine-GordoU: .equati~n; 'it is--important to em:· 
phasize that these. breathers are.self-forming excitations(1S]. 'Apparently 
the two- compon:ent small~aniplitU:de breathers found in the present paper 
are self-forming long-)ivedexcitationstoo. So webelievethat N- compo- . 
nent breathers should be con,sidered as effective eflergy ~nd information-, 

·carriers in chain rhacroiliolec~les (of proteins, DNA, Rl'{A).Their role of· 
carriers becomes especially imp~rtant when the dynamic system under- ' . 
consideration d~es not. po~sess 'stable S(:>litons. As an e~ample we recall 

'that steady-state solitarywaves '(solito'ns)described by the Klein-Gordon 
eqti~tion · - - · . . . . , . . · . · 

.. :·. '3 •'\ ' 
Utt - Uxx + u --: u = 0 (46)· '. 

are' unstable (see) e.g., review [19]); for. t~e ,same. Eq.( 46)' self-for~irig .. · 
.("stable") long-lived breathers do exist [17,18] for all valu~sc of velocity .. 
M, s~ch.that I M 1< 1. .. ·. .·· •· · . . . :: • . ." · .. ·.·· 

The set of Eqs. · (14).; (15) possesses high-ainplitu~e (urlia~ ,_;.27r) 
breathers too~ but investigation of such breathers cannot be fulfilled by 
means ofthe Bogolubov-Mitropolsky technique (or other related meth-
ods based on expansion into a series in sm~ll ainplituoe). WehavefoU:nd 
high-amplitude breathers in computer experiments within the frame
work of Eqs. (14), (15) at k2 = 0.2, p =. 2/3, in which,initial d~ta 
have been specified ·;k a two-compontmt kink~all.tikink pair; .evolutionjn 
time. of this initial state leads: to formation of weakly radiating high
amplitude b~eatherwhich is~ osc~llati:O:g in time long-lived bound state ...... 
of two:component kink and.antikink. (compare w~th. the one~comp_?nent. 
case[20J). Formation ~f radiating breather and inelastic interaction ·of 

-two-component solito~s. ~hich y;e have seen )n computer exp-eriments 
within Eqs. (14), (15} at k2 = 0.2,p = 2/3 mean-that in a general caSe 

8 .. ., 

' ' -~~·,·· 

/ 

/>"'' 

_(k2 t= O,p ~1) the syst'em (14),.(15) is not completely integrable unlike· 
the special case k2 =, 0, p-=· 1. Detailed investigation of soliton interac
tions and breathers :Within. the two-component DNA model consideredin 
this pap~r will be p~bli~hed ·elsewhere. . . " 
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