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1. .. Introdu~tion . , . ,, .(' '~'': 

,- ;f ; ~ 

Detecting, curv~s . (contours) with gaps and. noisy background~: is th~ 
· kno~n dassic}>robiemin pattern recognition and digital image pro~ 
~E!ssing [2,3)~ -;Track]inding is the. exa~ple ofsuch problem in high 
energy p~ysics. (HE~)~·For_ modern experiments in cparticle. physics· 
thisprciblem consist in the getting of parameters of individual tracks 
for ininimum tim~s and ha.fl discussed in' many papers within the past 
few 'years. Various track~-fi~ding methods. have been· proposed- and 
employed i~ e.'Fperierice, e.g. Hough transformation (HT), histogram
ming, neural network (NN), Kalman filtering(KF), road finding (RF), 
elastic tracking (ET) [3,4,5,6,7), etc .. Each. method has some. ad van~ 

. tages and disadvantages with respect. to ariother•[7). : . 
In this paper the new approach to solving of the track finding 

problem ·is suggested. The ·approach is based ori"the new kind of 
transformations- discrete projective transformat.ions (DPT}[l):'Using 
DPT the track finding process can he considered as a modelof ~he 
linear system' [8) with known nonlinear weight 'f1in~tions-pr'ojecti~e 
invariants. 

:.Mainfeatures of DPT •and the Least Square Fitting (LSF)'h~v~ 
been used for creation of the recurrent. algorith1ll, which realizes the 
whole family of the diglt.al feedb~ck filter~~ Adaptive Projective Filters 
(APF) .. Using the infonriation feedback, APE provides the stability to 
measur~m~nt ~rrors everywhere except ~f t~o ifi~i~~· poi~ts. (poles); 

• Estimated by APF parmeters·(me(Lsurement coordinates on TS) are 
unbiased and have the minimal dispersion~ The .weight functions ar~ 
defined· by· a 'cross ratio {CR)•ofdistances of four' collinear··points 
taken in the special form [1]: In geometry the. CR:-functioris have the 
fundamental property and are known, as projective~ invariants [9]. · 

The complication of the track finding problem increases drastically 
if the number of tracks and backgromtd points grows, so as the num
ber of operations is changed· by. the combinatoria}·low. ·, APF ."allows 
to redu'ce the number of such operat~cms by. means of:hicreasing the 
accuracy in prediCtion of the point in both local and global zones, by 
the. efficient, rejection. of wrong TS-candidates on starting phase and 
by reducing of calculations per point, etc. The APF apd~tes the infor
mation during the track segment finding and mairi parameters. ~iTS' 
are determinated at the finish of.the process. Obtained parameters 
of TS and CR-f~nctions allow pick· out points of the track segment 

~ / • • k 
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am~ng background points by means of the silriple · lD histogr~mmi~g 
procedure. 

APF can be used as the fast and precise solver for detecting; count~ 
ing, filtration of a curve and/or linear tracksegmentsat·severallevels 
of track processing and for vertex finding. In general, APF can be used· 
in adequate control systems for collection, processing and compression 
·of data, including tracking problems for the wide class of detectors. 

The performance of the DPT method was tested with simulation of 
linear or/and parabola shape tracks 9;1. the· image space consisting of. 
100 xlOO pixels. The algorithm runs in the Turbo Pascal environment. 

· 2. What is' DPT? 

The main idea and the mathematical formalism are described in this 
part· of th~ paper~· . 

2.1. The Cross-Ratio Functions of Four Collinear Points , 

Let us choose on the straight line four arbitrary uncoinciding points 
1 2 3 4 

X 
Xt X2 Xj X4 

witli coordinates Xt, x2, xa and :i:4( Xi i= x J, i #j), and find the alge-
braic distances · · ·. . · 

. iJ=xi-xi,i]=:-{i,i#j. 
~ ~, . ' ,, ' , ; • • . ;. • ~ -, : . . ' '._. r : • ' .' • \ .• 

With respect to the first fixed point x1• we can get six {3!) functions of . 
these distances in.ac~ordance with the following rule of the cross-ratio 

. {CR): 

i3. 23 
24: 14. {1) 

Using {1) we get only three different CR-functions pi, i = 1, 2, 3, which 
are present in. the following notation: . 

Pt= {1234}= {1243},P2 = {1324} = {1342},PJ = {1423} = {1432}, 

where figures in the braces point out the position of the point in the. 
tetrad. · 
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For all possibledispositi~~s off~urpoints on _axis Ox _the above 
cross ratio gives us three different functions Pi(>., L, T ), i = 1, 2, a; de
fined by the quadruplet { 0, >.,L, 1-}'lts follows: 

,_. __ 

. Lr . 
p1(>._,L,T) = (7-.:..: >.)(L'- >.)' 

··-AT 
P2(>.,L,r)=(r'-'- L)CL- >.)' 

. . . XL·· •· 
'P3(>.;_~' Tl.,: ·(; ~->.)(r.7_L).' · 
- ~ . -:._ , .. 

{2) 

where the parameters >., L, r. are equal t()x i - Xt, F= 2, 3, 4, respec-
tively. · ' · . ·.. . · . 

Remark 1. The other definiti?n of!unctions. Pi(>., L, r), i = 1, 2, 3 as 
coordinates of the vector P =· (p1 , p2 , P3]T ,_one can obtain through the·. 
vector product in the following vie'w 1[l]: . . 

- lx. § 
.P = 3 ... , 
: ·· ; ·Ei=·l w;· 

. ' ''·' ·"· . - ' "> ' ' 
where LX.§= [wt,ui2,w3]~,L = [>.,L,r]Tand § = [>.2,L2,r2]T. 

• i ' ' . ~~ . '; ~ .. " ' .. " . • ... ~ -- .. \- >: • • . " 

2.2. Some Properties df weidht Functions 

Thus we obtain th~~~~stemof three:functions p;(>.,L,r),i = 1,2,3, 
which have the following principal and significant properties [1]: 

· 1. In th~ projective ~eometr)< CR- fu~cti~n~ ar~ known· as projective 
invariants, i.e. the value of CR-functions is unchangeable 'with 
respect to a projective transform.· In our case this means that 

' • • ... !, • . 

p~(>.', L', r')·= Pi(>., L,r), i = 1, 2, 3. 

On the projeciive plane tl~e· .X, L ancl. r ~~ordinates: are homage-· 
neous coordinates:. 

··-'· 

).. : L : T =: >.': L': r', .. 
;- __ 

~ e 

i:e. the f~ncti~~~ Pi(>., L, r) are hidepend!mt of shift and scaling 
(a_ compression or s"tret~_JJi~g~of ~~i _by. a factor J.L i= 0) : 

Pi(Ji>., J.Lf-, J.LT) ,;, Pi(>., L, r ), i = l, 2, 3. 

3 



· '· 2. The normalization of p;( ..\, L, T) : . 

3 .- . ' .·· . 

<LPi(..\,L,r)= 1. 
i=l 

3. The orthogonality of ~WO vectors p and .& :. 
3 

(P,.&).=.Lp;(..\,L,r)~Yi = o, 
i=l .J 

{3) 

where coordinates Yi are defined by the equation of straight line 
or quadratic parabola· (a, b, c - arbitrary real· numbers) 

Y ;; aX2 + bX + c 

in the co~responding coordinate X;, i.e: 

- . , T 
~ = [~Yi, ~Y2, ~Y3]. ; 

where .6.Yi = Yi- Yo, .i = 1, 2,3. 

4. Due to p3( ..\, Lr) f. 0, three inverse functions d;( ..\, L, T) can be 
obtained from the condition 'of the normalization: 

-pl . -1. 
dt(..\, L, r) =- =, ..\(L _ ..\)r(r- L), 

P3 . , , . 
. . -p2 1 
~2(..\,L,r)= -.- = L(L-..\)r(r-..\), 

. . .. P3 
. .:. '·. 1 . ' 1 - . ' '. 
d3(..\;L,r)=-= 'L(r-..\)(r-L), (4) 

' .. P3 A ' . • 

with 
3 

Ld;~..\,L,r) = 1. 
i=l 

These properties have been used for creation of D:pT .. 

2.3. Discrete Projective Transformation& ( DPT) 
' . 

From the orthogo~ality of P and'.& one can. get the folloV:.ing equation 

3 

Yo= (P,Y) = LPi(..\,L,r)Yi, (5) 
i=l. 

4 

I 

I 
1 

-

.I 
, ... ~ 

which is satisfied by an arbitra.!Y set of four u_ncoinciding points situ
ated on the ·sanie curve from the family of straight lines or quadratic · 
parabolas. . , ':.·, . . · ·· · ' . ·. 

The variabl~ ~o~fd.iri~te :Y(r:Y = Y3 can be expressed from (5) by 
mea11s of vectors jj =[dt,1;,d3]Tand Z := [YI.y2,Yof: .. 

·, . \ . ~· . ' . 

\ :; '; 3 

. Y(~)·=._{~;/) = L.d;(..\,L,'!=)Z;.: '· 
.. · · .·::;;·· E .. · i=I : J : ' 

:(6) 
~'> > r , 

If xo = 0,-th~n taking into.act~mnt (4) and r = 3:, the equa~ion (B) 
canbe written as · ·· · ~ 

··· -'-Yt ' Y2 . · ... <'Yo ·,.. . 
Y(x)= ..\(L-..\)x(x-L)+ L(L-A)x(x-;,..\)'+'..\I;(x-..\)(x-L). 

This' equation is • the p~riimeteric equation of the :q~~dratic paraboia 
or the,straight line;_:The actual form of the curv;e dep~~d(:upori. ·the 
rehl.tiv~ posi~ion o(three points (Xo, Yo),(..\, Y1 ), (L, Y2) on the plap.e. 
All·tliese·coordinates are direct.measurement.parameters ofthe:corre- ,,, 
sponding lirie. . ' , :. . .. . . , ·· .·· · .. . y . 

Eqs:(5) and (6) define. the Discrete,,Pr:oje~tive Transforinati'ons 
(DPT) or "4-points" transformations of tl1e.points, situated either 
on the stright line or on the quadratic parabola. If we fix on the curve 
(6) th~ee points (.:Y(j,1j),j =:0, 1,2, then' the fourt~ (variable);pbi~t 
(..r, Y) of the cur:xe wilLbe projected by means of t~e.weighted func

:tiO'ns p;(~, L; ffinto point (X, Y0 ), i:e; ·ap points. of the, initial'curve 
~ill· be transformed'on to points of the ·sifupler geometrical line- the 
horizontallirie Y =Yo. 

Using eq.(6), coefficients a and b of the curve Y = aX2 + bXq_.c 
can be writfen as•follows: .. . . ' 

and 

,(7) ·.·: 
:" . " 

. 1 . ... . . , .. :• ;.~. '· 
a(..\,L) = ..\L(L-'- ..\)[..\~Y2~~~~~] '; 

' ~ . ·~ ; -· 
4 

......... 
--~ . . . ·1· ' .. 

"<::.~~:.·;b(>.,L) = ..\ .( ~ ..\)[L2~Yt- ~2~f.2]· • 1·· 
'~• .::. "·' , .. L L . ;.; 

Fig.l sho'~sfragmentarY graphics ~f fu~ctions-~; and d;, i =r;i; 3 
for. :fiXed'),o ==: 1 and for variable values.£ and ·r; 

"t··"':""": 

~·:Remark 2 .. Eqs.(5) and (6) can b~ ~~ed, in g~nera.t;·-for·arbitrary 
continuous curve f(x); If we choose xo and fix.on f(x),two points 

.-. ,_., ·.: ... ·, ~· ,. . .;..-·,-, .. ,_.~~,¥.~ .( ·-~ 
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: ··-~~(.1~~-~ ·, / '"~··.· . ' ' , . ' __ ;,:~:y~:~ :-. ., <·.:-~., . /~·,-:_·, ~-~·'. •'• 
It = h '= f(xo'+ >.) and h = '!L = f(xo+L); then 'an arbi~rary~' 
not equally 'with the previous on:e, point h ~ f;: = J( x0 + r) ~f(x )', 
is ill'app~d by

7
DPT into the'c~rrespo~ding p~·int'1()~i'the' ~u'rv~ br t?e 

simpler geometrical form h(r) as follows: , 
~ - + <- ~' ~ •• '. -/; } _.;._,:..::.. "' '' 

; _, · v[f(x)r= h(¥)~·cft(f) • 
' •' ~ . . • ' .; -i' ' . :·: ··:: 

(8) 

an£ ~f~~ versa, 
~ 

v~1 [h(;)J =1c;'(=;cn)h. ' 

where P and D are 3D vectors of weight.cfu~ctions and 
- _ ·. , T. :.. _· ,- . T . ":'' ·. 
F= [l\,/L,J(x)] ,1[ = [l\,JL,h(r)] . 

' -~. : { ~;t \. ": 

Let us note~two 'maih feat~r~~~cif this transformation. First, the 
family of powe'i'functions f(x) = xn,n = 0,1,2,··· is of a special 
interest from the point of, view of our transformations:' It can be 
proved [1] that for F =: [>.n, Ln, rn]T, (x0 ~ 0)- . 

• . • \ ~ c' .. 
"i' . -·, .: . ~- • 

- : ~ 

- c.. _. ·:.-·:, i-, :1j ,_n-:-1; ~-~-~-~L ~-(-~" _, :::.:; \. ;_.:·.(, . 

h(r) = V[xn] = (P, F)~ >.Lr L >._i-l ,L ,i}:lrn-i-:~-:~ ,· 
< ' i=l < • ' k=f ' 

·! 

i.e. h is the homogeneous function of >., L and.:r. Jt.follows that the , 
operation V[·(d;creasJs 'th~·p6wer ofhiult'inci-m'i~is h)r'2: ' :.. ''· : 
')f' 

•!:.t)· 

n · ,., n'' · n'~z)h 
' [D' n-'iJ · D· · { ,· · )'! n..:.z-i ·r: 1J La;x · = 'L.::./bi A~L r · . . 

'i=O :· i=O, 
~}~ ~':.\ :.~ \ ·:.,:·~-

In particular, . . .. 
"; •• : • :. :. • < •• ., • :,~ ~: •• ( :1 l '·~ 

V[C]' d:::c; V[bx +'~r=· bx~~+-C''aiid :v['dd:25t-;.bx:f'cj ~ ~~5 + b~~ .+.;c_, ..• · 
.. ;,_;ti- :~,; :C -~~:.-~ ;t-~~ ,; _-,:_ ... ¢1,..~---"'~\·.,r"--~/'..._: _.:,.:,~'.>' __ ~- .... :~.-~ -~'' :-~.:-~~--'!-.; 

The ·second feature of D PT · follows1froih' · ( 8) ·in 'tian~f~;~i~~ ·o(th~ ~ 
linear form' ( x0 = 0): ' .,: , ,,. · ·· · ·' • '·::,\:, ~,:; .·•·:·.::: •.:::~!.r~ 

;:,.'-;.- ·-~· .~.;;~_-t:::-, ·:.~::.-:::.i ~·~;,:' J~A .:. : i_r'>~:~:;:;; .. - .o. 

·,, ,,,1J[a¢(x.)+,8.,P(x)]·=ahq,(x)+,8h.p(x),' ;; ... ·- :j:(9):~ 
'"'·•i.: 

where (/>(xkt/J(x)-arbitr.ary continuous functions and a, ,8 ~ Corist.' 
Eq'.(6) allows to estimate the' influence~f.measurement errors in co· 
ordinates (X, Y) on the result of transformations, that is important 
for using DPT in practice. Assuming a measure~ent of coordinates 

.,j 
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of actual points (X, Y) yields a random errors ( fx, fy), which have the 
,Gaussiandistributiqn,N(O,a),Le., ' .. , ;."' ·' cc: .·, • •\ 

~ \ "' 
~ ;; ,:~ ;. \ _t : iC 

X·= X+ fx, Y. ~;Y;;t£y;: · 
·, 

~'.' ~1 

(~;. [.!·~.!: t'ft. 

One can show; that the con't~ibution i~ th~ total err~~"or'transfor
, mationsowing to,weight funct!ons.is ~mall in the points remote from 
p~les, therefore we can' ~eglect (~,·if lr- >. I~ 0 and lr- L j~ 0. 

·A 'total error in predi<:tioir of the coordinate.:Y ( r) by ( 6) can be esti:· 
mated as · · ' ·• ! · ..J · · · 

l,fy{r) I<Q ·fma:X, :. :·: • {10) 

where . 
3 ; . ' 

Q(>., L, r) = L I d;(>., L, r) I, . 
t"•- +,:zr· , : ··; ' i::::t- -~ ·, <' _;,-~;, U' :t,:.r J :.. 

and··· 

· '· f~a;,; ,; max{l fy1 I, I fy~· I, I fy
0 

f}. ·' 
; : > 

Th~'coefficient Q canbe used for choosing the parameters'.\ and L, 
which provide thepermissible errors in the procedure ofthe starting 
prediction. ' ·.· Y ,;_ . . ' . .. · .: · .... · · . ' · 

; ~~:! 

at; Adaptiv~··~~i:\9.1'~cttye F.iitkrs_' · . . . 
The new algorithm of discrete digital filters based on .DPT and use of 
it for track segments-finding)s 1 ~onsidered in this.~n'd n~xt section~. 

u::·\ :,_,_.-_, 

3:LDPT as,a·Model of.Linear System' 
t ._.: :.- ); ·, r·._. : ~ 

We .as~ume, tha;~, ~~~ Il1o~.rl ,oft~ack ~>egme.?t~ is defin~d h.r ~~e· li~iar-
:.qua:trat!c functions(LQ-model).· Eqs.(3) :and (5) are based on the 
LQ-:model: of, TS .and· have· ~the. sructure of :the, linear regression; .. Such 
stru~tures are' typic~ in the th.~o~y of the system id~ntification:' . 
It is well known' [8], that the stationa~y:linear sys_tem with const~nt 
parameters can be described by the pulse response 'orthe weight func-
ti~n G(r).: · · - · 

" -~ 

·-00 . ,~.; '"~ 

y(t) =: 2J G( r)u.(t:;; r)+ v(t), i, 
. ~··~ ._ 

(11).!' 
! .'\ ~:;::1 f::::·-

;.;:_:') "•q;:., ;,, - • ~ ' (; ! . ~ '---~ \. ;' . ~ 

8 

:)! 

.... 

'where u(t), y(t) are htput and output sigm~ls,,~(t) is the additive noise, .. 
an~ 't ~ 0, i, 2, ... ~ Often. weight functions . are presented by rational 
funCtions and usually are ~efin~d by special ,computing procedures. :· 

. In our case. eq.(8) or (5) is the eql1atign of the similar linear sys-. 
tern, whichgivessatisfactionio {9).(additivityand homogeneity). with 
nonc~nstant, nonlinear' functions p;. As it follows from {2), tli~seJunc~. 
ti6ns dep~nd not only on s1 =:(t- >.), s2 = (t-:- L), sa= O,but also· on. 
the distance (L- >.),on the coordinate t and on two fixed.parameters 
- (>.,L). For discrete va.iuesn ~ 0,1,2 ... -and fixed >.,'L the eq;{8) can 
be written as ' " 

: ~ ... 
3 ,, , ':> ·' 

h_(n) ~ LG(;,::S;)J(n-' s;), 
i=1 ' . . . ..• . ' ~ -. ;· - ·', . -

where j(Tt) a:O:d h(n) areinput andoutput signals,.wlikh are'co'u:O:ected · 
by the correlation ~fth~ convolution:. ' . : .· ,· . •' ·. ;: y '; ' ' 

The pulse responseG( n, s;) ofthls ;ystem equius:t(;.·~;. i.'~ .. ' 
} • < • -, • • • ' ...... - - .-- ~ • -

• < ·, 

· · ·. · .. ·XL . · .· .···. · .. 
(; = pj(>.,L,n) ~ .. (11: ~ >.)(n ~ ~)':n -::f;'.\,"n -::f; L, · 

which is the'reaction of t_he sy~tem (8) or (5)..~~tlie in~ut. unit si?rial 
U 

• ,,. 
0. ' . 

· · · { 1, n = no · 
; UQ = . 0,' n-:j; ho·: 

As it follows from (2), functioils ~~- a~d P2 are' creat.ed from P3 ·by 
means of.forrrial substitutions: ;.\ :.= n·arid' L ~ nfespectively. 

In the case of the track segment, input signals are coordinates of 
measurement on TS points and output signals will be coordinates of 
points obtained. by DPT; whlclifor linear and par'a:bolic shapes of TS 
are equal to theconstant (Q.'=' fo). :: "' ' ' . ' . ' .· .·.. ; 

For example, if Y(n)'-2. Y(no)'=· LiY(n) = ~Y(n) +e(n) ·ha:ve 
measurement errors e( n) 'With. zero meanS: and normaZ:distribution, 
then following eq.(3), we get the structure of the system' similar t~ th~ 
structure of the· model of error equation [~]: 

3 3 

t:(n)_=; ?=P(n,s;)~l'(n-:- s;) = O+?":.p;(>.,L,n)e(n- s1), . (12) · 
' 1=1 .. 1=1 •, ; J 

where's; = n- >.;n'..:.: L;O.' 

9 



In eq.(12) the signal of the white nbise is transformed by dyn-amical 
through the denominator of the system with 'the 'amplitude response 
G = p3(>., L, n). Figs.2a, 2b show the graphics of I G I on the discrete 
grid ( m, n) for fixed >. = >.o in the logarithmic scale and corresponding 
contours:of equal levels. It is necessary to note; that owing to proper
ties of DPT, the· choice of values· n 'permits an arbitrary step, if o~ly 
n =f X arid n =f L; 

(-1.6 ( Z ( 2.8, dZ•0.4) 

b) 
Fig.2 The family ofpulse re~pbnse functions: 

(a) I G lin the logarithmic ~cale, A0 = 1; 

(b) contours of equal levels for .thesamefamily .. 
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The stability of the system (12) with respect to the'measurement 
· errors follows from the restriction of the input .values and weight func
tions Pi(>., L, n) everywhere, exept two pole points situated on the real 
axes. As it is n,oted in [8],the predictor in such model reduces to the 

. linear regressio~ . . 
• ;· • • ,< '~ 

• 1 -~ ,. ' '. • • i 

3.2 Algorithm of Adaptive Projective Filters 

Above results are very good tools for solving the t~ack finding problem. 
In most cases, actual data of a track image are sampled to form an im
age space consisting of Kmax ·x Mmax pixels or of discrete coordinates 

10 

)1. 

II"': 

•,! 

(X, Y), which have a structure.similart~ the TV signals: 

· u ' { (x •• Y•~) 1 k =1, 2, .. : {"~:.; m = o, r, 2, ... ,N.}, 

where Kmax- a number of rawsandNk·,:_ numbers of points on k-th ' 
raw. . '·. 
. According to. (6), the track segment (linear or curve) is defined 
completely by its three points (parameters): the. basis and two pivot 
points.· These points give us the cr~ssing point (Yo) of TS _with raw 
X = Xo and the curvature ofTS, which isdefi!led;bY (7). As the basis . 
poi~t, one can choose an arbitrary point on the basisraw, while theY..\ . 
and YL are positioned on tlie poles X = ~Y,A and X~ XL accordingly 
(Fig.3). . . 

- ~ ~ 

,':I __ r~~~ -v~~-:~;~ __ :~_;):,L:j!s<: 
-~-·-~~·--c ..... ~C-----~~!-~-1"~- -·-··J·r· )Vn 

8LI -~ ·. 
: ~~x · · > ... -,'Y. ---------,r.--·-·------·-tc··> :·n 

l ~- ~ :~ ~<. : ~ · · : I · ! · 
: .~ ,.¥)\, i l i ol ;;:·;·'··"·j····:··••uuu:·:··:·:·.· .......... t::·::u·u·:· .. :· .. , ..... i .......... : ................... i ............ i 

, . . . ; X:>. • . ·.. )( . . . " X . . v I X · · ....... · ·· .,. · o ·.··:• ,. t ·: "'L 

".'·'t·,_r/ 

.·. 

_,,· 
. ~ 

• .' ,·'; - _} : t ~ , ,· I {~ ! ,: , _) ; ' .- , '; '·, • 
. -Fig.3 S.ket~.h·()f m;t!n parameters ofthe track segment;'. ' ~· . . .., - . ' 

! ..... ) •" -.::.~ ::' ' . \ ! ... ~ 1 ' .. 
,f: 

By shifth~g. ~f the', ~9.o.r¥1:1~t~ system. t~ 'the ,basis poi11t (X 0 , Yo) :;: 

--c:, '· rk = .x~ -.:.' .. ;f.(),: '·' 
4L 

vk.n = Yk~- Yo,_ .. ·. . (13). 

w~ ;red~ce the number par~meters by 1, simultaneously changi~g er-
rors(e11 = €y- Eo): . 
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A =~X>.- Xo, 

L = XL-Xo, 

Vo = 0, 

o>- = Y>. - Yo, 
. OL = YL- Yo. 

,'t ', 

_(14) 

If AT is a step of discretization of values T, then for Tn = nAT 
the weight funCtions Pi and di are d~fined in discrete points on raws 
±1, ±2, ~ .. , ±n, ... (n f. A, n l L) in relation to the basisn = o. 

Using (12), (13) and (14), the LQ-'- modelof a track segment or 
the predictor, iswr~tten in the form ~ ·. · 

·vn = (Dn,0)+e(n), (15) 

where .Dn = [d1( n), d2( n )]T = ,[d1( A, L, n ), d2(A,L, n )]T is the vector 
of regressors, vn·= V(n) is prediction ofVn,·n is.the coordinateofthe 
raw with respect to the basis raw and 0 = [Ox, lh]T is considered as a 
vector of unknown parameters of TS. 
. The hehaviotir of errors' of the prediction Vn depends upon the 
choice of paral!leters A, Land is estimated similar to (10): 

,. 

I ev I< q · emax,; 

where 
2 

q(A,L, n) =:= L I di(i..,L, n) I, 
- i=l 

and fmax = max{! e,;.\ 1;1 evi. 1}. Figs.4a and 4b showthe behaviour 
of,Lg(q) for fixed parameter A0 • The modelq5) iswell known as a· 

linear regression model; with giv~n ·functions• di(n)' (regressors)' and 
·unknownparameters0>.,0£. Discrete observations {Vn} are obtained 
.onthe known sub;et of independent variables n w'ith no measurement 
.errors. If the data are unbiased arid variances are equal tb a 2 , then 
LSF-~stimates of0 in·(15) have important 'statisticat,properties: they 
are unbiased estimates and the least squares estimate has the smallest 
possible error (the Gauss-M~rcov theorem) [10). 

The n?rmal equations or LSF for _(15) are written in the matrix 
form . 

(AT A)0 =AT~, (16) 

12 

J 
fJ 

..) 

' -~-
f~l 
·.JI' ;'I 

where A is n X 2 matrix of di( n ), ( i = 1, 2), 0 is the vector of para~
eters and 

::. . - - . ~· . ·. - · .. T 
V = fVt.V2, :~.,Vn] ' 

· is the vector of measurements.·. 
e~) 

~ 
... 

~..: 

b) 

(-2 < Z < 2.4, dZ..0.3) 

~~
~~~ iJ';tfAJEI :: . 

..J 

I II 

~9~~,E 

-·!.~. -~; :.1 ~7'! l' , ~I ~~ J -'- -'- t I -fl 

ri = tau 
_ u n ·= tau .. ~ ~ ' ' 

Fig.4 The estimati~n 'oft he. error' prediction. q as a: function of T and-
the parameter L for. A~ =.15 :. 

· :{a) logarlthm'ofq(A·~; iJ; r-); 
··(b) c~ll.to~~s of equal levels for Lg( q). 

, D~~j~jln~~~·inde~endenceof d:(n) a~d d2(n), th~ rank of (AT A) 
equals 2, i.e. det(AT 4) f..O. The solution of eq.{16) gives the LSF-
estimate of 0 {the, c,orrector) in th~ form · , · · 

./ ... ' ' 

~::(AT !lY-1 A~~.- (17) 
',_ '~ 

The. difference or the residual r' between predicted and measurem(mt 
coordinates is. defined· as 

;.ji r(n) = Vn;: Vn·. (18) 

Measl1remimt coorilinates Yo, Y>. and .:Yiare used for .firidirig the start~ 
• ,ing'values B>.'and OL by (14). ·Now, using equations (15),(17) .and 
. (18), we can' construct the 'recurrent algorithm for finding the fourth 
coordinate of TS ·on the nv:.... th raw ( v -1 is the·mimber points, whlch, 
have been includedi:it TS before) .. •< · · · · · ·· · , 
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Vnv = (Dn.;, 0nv-1 ), 
r(nv) = Vnv'.:... Vnv• 
:. T -1 T ~.' ,. 
0nv = (AnvAnv) Anv V nv' 
nv = ±1, ±2, ... ; v = 1, 2, 3, ... ; nv /= A,L, 

~:' 

(19) 
; :. - - ' ; ,J ' . : '.: '? :; . ,·,. ' ' 
where 0n0 = [B>.,·lhf, the indexnvpomts o~t;that in estimation of 
'pa;ameters 0 were used the'yal~~sof~~gressors ~n nv.,.:.th ,raw and 
the actual coordinate v~.;,-for which the residua.J. r(n~ )·is less. than a 
\ \, '·. . ".· . ·. ''.'.-. .' 

· . given, threshold of _the prediction Tp '·· - ' <• · . ;• ;: . 

lr(1tv) 1< Tp. 

:-· At- the starting. steps of the algorithm the small changing of the esti
. mateslJ>. and OL is tested _by the given threshold To 

I {Jinv• - Oi,nv-1 I_< To_, i = A, L. 

Remark 3. When threeparameters are used then 0 :::,. [Y~, YL, Y0 ]T, 
D = [d1(n),d2(n),d3(n)]T and A will be nx 3 ~<l:t~i?C of di(n), which 
are also .linear independent ( i = 1, 2, 3): . · ... ·. · . . . . 

Elements of the matrix A.r. ~nd of.ve.cto~'i5i.:are·t~oul~t~d as L.U.T. 
inside the selected window: ·After· that the · calclilation · dr 1tlie · ·~ew 
prediCtion by (19) rieeds only three short operations~ To define' th·e 

. l :.. : ' . .. : - ' '_ . . ' - ' ' ·. -. ' .. :. .. ·l.. -. ;~' ·~ "' ~ . . 
new 0nv the accumulated on the previous steps sums·are used:' This 

· pro.cedure takes about'i8 .short and one long arithmetical op~r~tions. 
It should be noted, that after achievement 'of the sufficie~t aceu~acy' 
of estimates, the correction procedure is turned off~. The total number · 

· of oper~tions p~r step of the aigorithm ( 19) is estimated· by. 27. ThJs 
number. can be essentialy reduced by paralleloi: systolic procedures .. 

Algorithm (19) has a structure·of th~ adaptivealg~rith~ [S),jn 
which .the prediction ·on the next step ·.uses the 'information state',; 
accumulated before~' it. is deaf' tha:t the "'informa'ti~~ .~tat~; is <;(;fi_:. 
tained hi (~ · a~d·i~ measur~ment~~- ~hich h~ve be~n sel~~ted. b~for~; ,, . 

· Filters; which. use. the· adaptive algorithm,· ar~ c~ll~d-. ad~ptive. filters.· 
The 'information feedback' is utilized i~}~e c~~atio~ ofthat filters. 

14 

Digital filters (19) depend on two parameters (A, L) an~ are based 
ori the determinated regressors di(A, L, i), i = 1, 2, which arethe pro
jective invariants, defined by cross-ratio of four'colline~r points (1). 
Therefore, (19) is the family of fil~ers, named as Adaptive Projective. 
Filters or APF. · · · · · · 

4. Track _Segments>·Finding by.APF 
. ' . -' . ~ 

An arbitrary image of multitrack events with backgrounds and gaps 
can be projected on some pixel grid,· where discrete coordinates of sep
arate points are arranged by raws and lines (see subsectioif 3.2). Fig.5 
shows the diagr~m of the>APF~algorithri fof'findirig trackse~m~iits 
presented on the disc~~te grid; ' · · · ·· 

· ). L (k} 

(---*---~--.' \ 
! I L. u. T.' I ·I L. U.T. II I 0 u T i . D[k] . [AJ I 
i i 
' ... ·---·---·-·------' 

Fig.5 The diagram of use APF-aJ.gorithm for track segments finding. 
~ .· ' .: . ' 

L. 

>The position and: the shape of the individuaJ.TS on such image are' .• 
defined only by three piv~t points (triplet)~ These points (Yo;l\,'YL) 

- We: take Oil the three different raws: the b'asis' and two poles, which 
remote f~om the' basis: ou'· dist~nces A and L. In the real 'situation < - . . -. . " . . ~ ' . ~ . ' ·' .. . ~ .. " 

wehave N0 , N >. and N c points (including backgrounds) on every raw 
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respectively. Let us assume, that N 0 x N>. x NL f o~· Generally, the 
separate basis coordinate Yo is' the common point forN>.i =, N>. 'x NL 
possible track segments... ,• ' . . .... 

.If th~ triplet _TiJ, (i. = 1, 2, ... ,N>.,j "= 1, 2, ... , NL) of such. pivot 
.coordinates are coordinates o·f true points on the actual. TS, then~ all 
other points of TS are find by the APF-algorithm with the simulta
neous correction of pivot coordinates. For look over all possible Tij in 
case·ofthe only basis point the number of operations is proportional 

. io N>.L and.stroiiglyincreases fo~ large N>. and NL. . . . ... 
· ·. ; Generally, main s~ructl!red peculiarities of the track segment are: 

. (a) TS have LQ-model 
(b) Points are arranged irregular"along TS ., . 

. '' (c) Dia'fu.etrkal corirdin~tes are scattered 

(d) The minimal number of points on TS is limited by 4 
· · (e) Backgroti~d poillts present · · 

(f) High density oftracks 

. .. ·(g) At l~aJtthe one_ piv~t coordinat~ is absent. 

If 't;ue .pivot c~o~dinates: of the TS are k~'o\vn,:t~'~1l it~ms (a), (b), • 
(c) and (e)ar"e':removed hy APF. The item (d(isremoved also'by' 

'use pfAPF·for one point;hut··~ithout:the·corieetiori, ·while the item. 
. (f). creates great: pr~blems . bec~use of a huge number of wrong· TS. is ' 
apeared for· multitrack'events. The simple claster procedure:is used 
for finding the pivot' ~oordinate (item (g)): this coordinate is defined 
aS .the. average (}f closed points taken on raws, neighbouring .to the . 
pi~~fraw. -- ··• ' ' · · ···· ·· · ·· : · · . ... . . · • 

A 'considerable number of'false tr!plets' c~n.berejected yet on the 
inltiaf ~~-a~chi~g ·phase, f;r ex~mple, by use of the threshold ;value of 
th~curvatt.ge (!c)· Eq. (7) defines_thecoefficient 'a(..\, L) of the curve 
passing over three points. Thise value is proportional to the curvature 
of th~ possible TS and can be used .for rejecting of 'false . triplets' by 
the effective' criterion : . . . • .. ' . . .. . ' 

. I aij(>.,L) I~ Tc,· . 

where· ij point out indices· of pivot points: Fig/6a and 6b''show''th.e . 
beh_avior:of z =I a(M, J) I and of it contours ofeqllallevels, obt.1ined. '.l 

for fixed ..\0 .and.J0 (..\ 0 '= -25,J0'=15;Tc:: o~1,~Z ='·o.oo3);wliere 
M.= L -..\;;, Io = AYioand·J ~ LS.Yj. For example, ifwe chose.tlie ,. 

• •• • " > ¥, 
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parameter M '== L - A0 = 10, then ahnost · 70% of the total number of. 
' po~sible't~iplets'ca~ be,rejectkd 'as ~rong (Fig.6b). · ·:.,·: : .. . . 

~ ' '., : ?'~· ·_: ;; '1 ~} :: ' '- . ~ -·.~ ... ·.: . ; : ; ' : - ~ ~ . ;_ :. ~: ,;· . ;·. ' • ' 

j. 

~h-26, dM-1 ol 
lD••.1S, d1•.11 

II 
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.tl 

t::t ... 
. •·. -11 .. 

',. ~ :: '; . - -' ." ,;.. i 

. (0 ( Z < 0.1, dZ•0.007) 

.. ~ ~-f ... ~ -~--~··+:J:-:~ 
•" -.~,. . .. , , .. ~ ... ~ .. ;.a ~--- ~---1-·· -·P 'r:s ~- . '" . . . ~:::> ··~ 

a) A- ·•e · cil , .. . . _!-: .. ~_.!:-•~• .L._ ,-!-: • .L.,-!-:4-L.~t~-~~~~ 
' ' · "II!.:... 7 

. ' . ' ;· I U . , 
. . _; ; . ·. b) :.! ' j' 

Fig.6 Three-points estimations of the curvature of,TS·.as a function oL 
J = 6.}). (poi;{t'~:-~~ th~;Lr~~) ~nd ofthej>aranieter:"M = L".:::..\

0 
:.~ ··· · 

' :. j ' . ': ··i .•, . . _··._.:·:: __ ;· ... ~··::';' )_:; ... ·· . .,.~:-·'.. . -:~· ;~.·.~ + . 

(a) absolute values .of estimations; ·· : · . ·· . · .. ··,: 

. (b) ~on tours of~kii<il lev~Is 'for o:~l a(M,J) 1<·o.1~'~z·;:·o.oo1. 
; . ,'J . 

' ~ ~ .. • 

'i . ·:<'' .... - -~ .. - • •. _~'~ ··_:. '. -o:··:; } - ., ;""' .. ,.·~·~ '"';'-... -·:.~.-.~ 
.. The performance of the APF-has'been'recili~e 'as the TP5-p~ogram 

. fofflndingihe: simulated:on:tJ:le'im;ge space. (-100 X 100 pix'elsY linear 
; and/or .quadrati~ 'i'~ack ~egments :with errors;.backgrounds .and gaps. 
Tlle"e~~ples of~~-;;:s_ofthe p~~gram are show(m on Figs.7, 8, 9. The 

· algorithm has confirmed the high stability in following for the track. 
• - . > • . : - •, ... ; '•, - j: .• "J ' .,. ~- : ·- • . • • ~ ; • 

segment with respect ~to·: the wide·. variations I of· measureine.Iit ·errors ;' . 
i g(l.ps ~nd,~ackgrou~ds (I £~}~·5_pixels). Results ofTS firt'~n.g prbgram'' 
¥e pr:esented by means of hi"stogramming_of ~alues-, · 

. Nc =No+ O>.Pt(>.;'L, n)+'oLP2(>.;L,n):+·v~·piA:; L, n),': 
' ' ···.-. , ' -~ '-. ~~:::,_'-· ,:.· .. " :;· \.<;·:!::- ·_. ~ 
.where No = ';, N is the nuinb.e.t; ofpixelson the raw in the window.· 
In accordan'ce with e<((3),'~the' track segment with Np _?: :Nmin points 
gives the pick~of the histogram ·in the neighbourhood of Nc::;:: N 0 ·• 

The speed of APF-algorithm depends on the number' ofTS-points, 
which are used in the dynamical process of the adaptation and on. the 
number of background points.~~ The efficiency of the' p~ttern recog
nition can be tuned by the·choice of>. and L and other parameters 
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of the algcirithni''(Tc,Tp,/Te, etc:).' r;;:i~pite. of th~ bbtai~ed ~Fell~i- . 
nary estimates, the algorithm promises the -~ery good chafact~fi~iics 
as compared with traditional approaches. 

" ..... ·' 

. . · 

·. 
. . .. 

~ .. -.. . . 
:• ·. 

,· 

\ 
< .-.~ 

... _; ..;_:, 

"' ·' 

'y, ~ i•! ....... •• ·: • 

. . ·"':·;\·~·:v. r::.:.~ ..... 
, :;,;_, ~ ... 'i~4·· ... _ . •• • :·--·: , .. ·:' . 
··.--·.;;··;·:. : ... ····. ;·~,·:.,. ·. 

' . ·'" _._.,. ... , .... , .::::•y• .... • . , .. ·. 
~ ~-

•• • ,;,~~""·· •· ,. .. • • ......... :."!-. ... . ...... .. _,...,· ... 
c 

, I ' , ; (,..~ 

Fig.7 Examples.ofthe ~~tput of.theTSJindingprogram for simulated.'· 
images (:X ~.-:-;)6,i =~--34, If~ 1::::: 4)onthe grid 100 'x 100 pixels: -~s 

,•. . • 1 '·, ~ ,,. - .• - • •• -

(a) L;U.T: for matrix A; :~- -~:-,-.:!.! 

(b) L.U.T. for vectorsD and tlie.function q(Xc,,L0 ;k); 
. · (c) the si~ulat~dinp~t ii~ag~; ~ . ' ' . . 

· (d). histogfainming picks of 'tht~- d~t~~t~d. tr~ck. s-egments; . 

·(e) pivot :"~~~s;' p~vot . p~}.l!t~.11~4 Jri~~riil~diat~ ~utp;~ ·;~f. the,: 
. APF-algoritm; · 

. (f) ~the ~eactioiJ, ~f the system. on actual.signals and ·estimations 
for. 0 A, 0 L; (horisontal track~). ,, , 1 ·t ' ,: . .. .. . ;·,;. ;" 

---· ; •- • -. • • • • u, • 
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Fig.8 The case; wh'en two TS \vitli ii~' basis points ar~: 'Ari't/ det~cled 
(X.= -45,L'=' -239;1 fJI 1::::: 2)':;, 'i)'_.:: · ,, _,; ·:.i ' ·', . 1 
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5. Conclusion 

A new approach to 'the' tracking problem is considered. The method is 
based on projective in~ariants defined by eros~ :ratio of fo~r· collinear: 
points, which are used as weight functions of adaptive. filters. .The 
recurrent algorithm of APF ~as been created and tested on simulated 
samples of track segments. Preliminary testing of the APF-algorithm . 
shows that the projective transform approach k~eps the main positive : 
aspect_s ofkpown methods.[4,5,6,7] in solyin"g.the trackfindi~g problem~
and has following advantages with respe(:fto traditiona1 ways: ... . . : . . 

(a) Both linear ,l~d/ or q·uadratic _sha~,~~ o.f track segments ~r~ ;· 
· processed by:the same algorithm ,(LQ-model of TS).; 

·(b) Use of local a~dglobal predictiori~ · ':. . · . 

(c) Weight functions and ma:t"rfx element~ ~f the filter~are known 
and are tabuhited in Look Up.Tables . 

~ . ' ' 

·: (d) The parameh~rization of the algorithm. 
_..,,.., .;. > • '">" • • ' ' ~" - ' : ~··'"" ~ ' • .'. • . • 

. (e) TheJigh a,ccur~cy of the predi~tlon of new point on TS 

·: (f) Use of theinfor.~ation fe~dback-in the track following pro-
cedure. 

(g). The _stability of the algorithm to .measurement errors and 
backgrounds 

(h) The possibilityof the parallel processing 

(i) Use of measurement coordinates as starting values of un-
known parameters · - · · · · 

(j) The effective test for rejection of wrong possible tracks at 
. the initial phase. 

-> • ~ • •• ' l • 

The"itecis {c),.(e), (f);(~) and·.(j)ari_-rele~~4.:.~ith the,speea of;~< 
wli:ereas .. tl:le .. (l>), (e), Cfr and (g) are rela~ed with the reliability of theL~ 
algorithm. The flexibility of the method:is provided by the items (a);"· 
( <D and the (i) provides the ease and-~ the conven{ence in practice. · . 

: -:r:he APF algorithm ':is adaptable to the ·achial'conditions. ofthe' 
track image,· to th~ gi~e~ family of curves and· illows one to find the . 
track segments in the parallel mode. · 

1 
• . • • ' ; 

The unisotropic and unknown two pivot poi~ts are main disad- . 
van~~g~s of the propo~ed approach. But these.:dis~dvantages can be'~' 
removed by simple procedures of the.rotation of the coordinate system 

,!"<. 
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. ) 

<~;nd o~ ~~oi~~ ofthe pivot point on neighbouying with ba.Sis and pole 
raws. ·. · · · 

DPT and APF satisfy the many requirements of pattern recogni
. tion · and' provide a wide "way 'of elaborating· aigo~ithms for different 

purposses in a digital image processing, especially for processing of 
complicated multitrack events. · · ' · 
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