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1 :irl:tfo'dtiction :n 
:·\··' 

:...··. 

:Aniong no~linear· evoltitiod equatiolis. (NLEE(d~s~ribiO:g' l:itariy n'a.t~ral .ph~nomena, 
the ~quations.integrable ~Y ·the il1~erse· ~p~dral· tran~f~rn{ (IST). an~ in the. ce~ter _of 
p~rticular 'attention (see, for example', ~llection [1] of.review aitiCies):· Owing' to.the 
IST technique orie iall say that 'an int~grable NLEE 'is an e:ica~tly ~~lvabie ~ne. For 
the~, in partic~lar, 0~~ c~ p~ssible. to c~nstru~t ali i~p~rtant class' of the locally 
concentrated solutions of soliton and multisoliton type. Since the discovering the ITS 
method about 25 yeas ago, scveral.dozens. integrable eyolution equations and'. systems 
have be-en found and carefully investigat~d. Such notable NLEE as 1\orteveg-de Vries 
(KdV) a11d nonlinear Schrodinger eqmtti?ns are. among o~hers:. . ._' : .. ; .: 

The basis of integrability'is formed by very deep internal algebrcl.ic properties, .for· 
example, '· · ·· · · · · 

• infinite sequence of conserv~ti~n' laws and evohitionary symmetries, . 
. . ,- ':' . . ' 

· • nontrivial prolongation· structures i~)the fraillework of Whalquist-Estabrook 
method, ·: '' 

• Painleve property, · 

• Hirota bilinear represcritation, 

' hereditary al~~bf~: 
.; 

There is a number of integrability criteria which are based o~ eitqer of these p~oper!i~. 
The use of iLllY criterion is reduced to gene~tion <~.n<t yerificationor: solving some ~i
ther algebr;Uc, or: differential aJgebr<~.ic,. jqentities or equations, respectively. Comp~ter 
alge~ra is~ very useful ~d often a necessary tool f0r.doing U.Ildedying algebraic ina~ 
nipul'1-tions, Some softwai-e pa'ckages' for di~eJ;Cilt COIIIP~ter aJgehra. system.s are listed 
in [2}, · . ·: ·. . .... 
.. Generally, ea4 ~riteri()n ta!<en sep~ately ~ be successfully applie<l in practiCe to 
S()llle ql1ite restrictive cl~s of N~E~, -~~ the ccise of qu(ISili~ear Nl-EE of dimension 

···HI, i.e. -yvith' one-te~poral C\Ilq O!le-spa.tial illdepend~t vari~hles;'the ~ost effeCtive' 
as 'well as constructive cqterioq is based.; Oil the symmetry approach' [a]; This criterion 
establ\she8 the existe11ce of high or<ier evolutionary s~1netries anq ron.~rvation laws, 
and can reveal not only equations ~n,tegrable by IST but alSQ those ori,es can, be lin-
earized by some appropriate transformation of variables, The well-kno~ example is 

r
.VJ:i~ .. ,., . 
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Burgers equation which is transformed to the linear diffusion equation by the Cole-Hop£ 
differential substitution. · 

The symmetry approach admits effective computer algebra implementation both for 
·one- and multi-component quasilinear NLEE [4, 5) with constant and non-degenerated· 
coefficient matrix at the highest spatial derivatives. Moreover, in the case of the pres
ence some arbitrary parameters in NLEE to be investigated; one can possible to gen
erate the integrability conditions in the form of a system of polynomial equations in 
those parameters ina completely automatic way. Hence, provided with an appropri-

. ate software package for investigation and solying nonlinear algebraic equations, this 
approach would lead'to an effective and automatic tool [9) for se~rch all theint!:grabl,e 
equations from the given multiparametric family of polynontiar-NLEE)'·"' ' · · ' : 

In this paper we showthat the integrability conditions, being a systemofpolynomial 
equations in a.r~itrary p~r'ame'ters, in praCtiCally intereSting cas'e~:of e~olution'~quatii>n's 
with uniformrank, hiwe 'nontrivial homogeneit§propertie~; It. follo\vstliat theefficiem'y 
of the Grobner b'ase8 method [6) in ~uch pwblem~ is ihcreas~d to agreat ~xteni, if it is 
combined with the'speciaJ reduction proce(hire for homdgericous polynomial sy~ieiii~.: 

' • •• : ~:-~ ·;.~ ' •• ~·; ~,·.~··; • .... > • ; i-•• 

, . ~ I 

. 2 ·~· NLEE with the unif~;rit:rank <.~ 

' -~ 

: . Consider .a quasilinear non~degenerated multi~component NI;EE of the Ncth order of· 
th~ following forin · ' · · · · · 

:!9o:~ -~ '. 

where 

u, = F(u,ut, ... ,uNL 
. . • . . ; ,· .. · •.. K~N-1 . 

-: A UN +~L: .B(i,dh.Jl (uji)di, 
' ' . . ' (i,d) j'=k~O 

1 M i u=u(x,t)=(u , ... ,u ), u.i:=J?(u) 

D=d/dx~ A=diag(A., ... ,AM), A;,/J(i,d)EC 

Aj # 0, (i,d) = (it, ... ,iK;d1····dK)-
.?.~iJnao1q ::>G:ll!J ·:. . .. . . . . . . . . • .. 
-i5 P.~ftnlti_opy_2~~-, ~·rank of differential monomial 

- ( 1) 

l')illqr_no~) :.;:bvi!_:J~q<.::-' (ii• )do ( ui>)d' . :; ( ui~<)d,.. . 
-sm :mndagir. .gm·;::b~}hn •.. · .· ·· · 1 

· • '. . · 1\ · · .• , . . · (2) 
"~1Pil ,F nrmton ~;·d" "di 2:: 0, J $ tk $;M (A $ N .-:-: 1 ), ... . · 
..., -'!' ___ ... , ~., ... '."'" .... ,~." ~'ol~- _ .. __ -~- . . -~- :· . - ; 

\ ' 

is a n.umber 7: [71. . 
o~ o:::;.J:::nq m .u~!lqqs '[lhm??~ .. :.. · . """ · · D- + .. ·. · 1- . '·" · ' ".,...... . (3) 

. .• . . 7-Wo.W1,. ·• · · 
fti1f2n~m1h 1o 3:3J~ 1s~uina.sun __ . ·~ - . - _; _;,. -~ . ~:r ~ .. r-:rj:nJ,~a~1,~~- , .. , _.,. -·. 
~!I!lr.~~l1Joi~\1 !=J_l)J,~~Ji.l}~.l(ge~1yt.t!ights assi~ned _to differential;}ndetermiiuite t"and to 
<!~.tiY~Hv,e~2PPr?t!W1;~/~~l (f~Rtr~t}.Y!ely; fJ cis. the t~~aiAegree :of monomiat.{2): arin.:-1' is: 
,<:·us! rwii;>·n:><f1(};).b!!.!\ ~~il.iomm'{z '{1~ ,-<- .• '· ,,.,hw ll;gir! '!o '2. ,,Dizi::f:> ·:HH <'id~i!d.sJ~') 
·nit ~.d ns:~ ~~!!'? .ijwdl czfs J;d T2l v..<, ·. •ulcisiui <:noi.lnllp~ .'.!.luo orr i:m•i')1 rtr.~ hnr. 
~.i 9Iqrng~5 ~tv{Q~pJ;II5Vt-~d-1~ ~25Id~i1iiV 1~ fl9i.1Am1o1~!~unJ o1Bhqo'1q ~~ ~}~ll{)£ '/_~ f b~~iiJj~~ 

--·~t. J .\.::~:-~t::·/ ::.~-

i 
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: 

the total munb~r of differentiations .in it 

K 

lJ = L:dj, 
. '· j=O 

(4) 
K . 

1;, L:iij. 
'j=1 . 

Definition 2.2. A differential polynomial F has uniform rank' if one can choose 
the weights w0 and w1 . such that all its monomials have the, same rank. 

Definition 2.3, NLEE (1) is equation with uniform rank ifF is a uniform 
rank differential polynomial. . · . ·' ·· ·· ... ·. · " : 

Note that the above definition of rank is the special cas~ of permi~sible gr~dings in 
differentialalgebra [8]. ' . ., 

Uniformity of rank of integrable NLEE is their important intfinsic characteristic. It 
may be drawn fr~m the fact that integrability is preserved unde~ the scale transforma
tions u · '-+ Jtu, x -+ vx> Therefore, for investigating.the integrability ofmultiparametric 
family (1) it is reasonable. to impose the rank uniformity condition. a' right from the 
start. ' ··; :.. ' · •: ,., • i ' .. ' : ' · 

3· Symmetries and Conservation' Laws 
....... 

In accordance to the symmetryapproach [3] to be integrable, NLEE (1) i:nust possess 
infinitelymany time-independent high order evolutionary symmetrie8. .· · ·' 

D~finiti.on 3.1~ A 'vect~r-fu'n~tion H ~ (H<. : .. , HJ,f) in·~ flniie-nu~berof ~dif~ 
ferentiai ~ariabl~s (u, u1,.,,, u~). (n > N) is .a local evohitiona~y.symmetryo(the 
order n ~£ (1) if NLEE < •••••• • • • ••• •• ; ' • ' • ; ': 

., ... , .. ·:. '1f:=::H(u,u1)·;·•Jf!') · 
is compatible ~vith (1) .. Y::•. 

. . . 

It rnearis 't!l~t If mirst'satisfy the following differ~~tial equ~tion 
','' : . , ' " ' .' ·• '·- ':-~ ! ! , .· '. : . . ' , '. {. :< .. ' 

· ... ,.· ····!:. i.' ';. '' d:: '::::; F.H, "' (5) 

wh'ere 
N.,. . . . ,·': .k . '·.· 

F. := L F;D', [F;]kj ~ ~F,./ 8uf. · 
. i=O . , 

Theorem 3.2 [3]. Solubility (5) for as high order of•H;as desired;)s equivalent to 
solubility of.the operator equation . · . · · : · . :, : : ,;~ ·: .: . 

' : ;: ~ 
. !-t ~[<I>,., L] ~ .o .. _:.. 

. in terms of formal series ' ~ ·, ' , ... , 

m:>o ' .. ·.;-
L==':L: Ai.Dk,' ·deg(L):=in, 'rd(L)=A-1, 

· k=-oo , · ·· · ' · '; "' :· .'· ., : 
(!) 
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with 'the matrix M x M coefficients Ak being· differential monomials, i.e. depending 
on a finite number of differential.variables u, u., .. . , and such that det(Am] i= 0. · 

The integrability conditio~s, the n~ces.sary ones for solubility of (6), have the form 
of conservation laws 

!(R(i;j)) E Jr:'D, ~ ~ O,j = 1,. ;. ;M, (8) 

where q E ImD ~e.;:u's th~t q '= D(u(x,u, .. :,~k)). The conservation l~w densities 
R(i,j) are determined by formulas 

· { 8Fi.f8ui ..J. 
R(i ")= . N-1• . 

·· '
1

···· 8f8J';(trace(res(Li))], i>O. 

i = 0,. 
(9) 

Here Li is series.(7) ofdegree m = i and J.ll are integration constants which arise at the 
step of theD ,operator inversion in the recurrent formulas for sequential computation 
Am,Am-Io····A-1 in terms ofF in (1) (4, 9]. 

4 Integrability Conditions 

. In the. framework of the. symmetry approach integrability means just· invertibility of 
operator D in the class of differential polynomials, both at the step of verification ( 8) 
and computation of Ai. Such an inversion is generally possible only under th~ certain · 
re5trictions on tl~e structure of a given NLEE. If \ve consider co~fficients J3(i:di in (i) a.~ 
numerical parameters;. those restrictions have the form .of polynomial equations in the 
parameters. · 

In addition to the necessary integrability conditions which provide the existence. of 
the local conservation laws(8,9), there are "sufficient" ones providing the existence of a 
higher iocal evolutionary symmetry of the given order as a solution of (5). Sufficiency of 
these conditions is justified l:iy the well-known heuristic observatimi that the.existcnce 
of M different higher symmetries of the order n > N is sufficient for integrability, i.e. 
for the existence of infinitely many" symmetries of theM- component NLEE of the order 
N (10]. These sufficient integrability conditions for multipara~etric families of NLEE 
{1)_ have the form of nonlinear algebraic equations in Pi,d· As well as the necessary 
conditions; they are also produced from the invertibility ones for a differential operator. 
The latter is a slightly modified D operator determining the structure of higher order 
evolutionary symmetries (5, 9]. 

The algorithms for generation of both types integrability conditions have been im
plemented in the form of a softwarepackage (4, 9] written in the Reduce cmnputer 
algebra language (11]. That package allows one to generate the integrability conditions 
in the form of polynomial equa~ions as well as to find the explicit form of higher order 
evolutionary symmetries as solutions of (5). 

One should n~te that for NLEE of the form {1) the given approach provides much 
more efficient methods and algorithms for construction local, time-independent higher 

" 

i 
I~! 
·I r 
~ i l 

I 

I 

I 

f 
L· 

i ~ 

oi: Lie~ Backlund syrmiletries of e\;olnt i<;ntypc. than tht• general one, based on gencta
t.ion ami int<'gt:ation tht• detPrrniiting i:quations for infinitesimal Lie: Backlund symm~try 
generators (12}. · · ·. .· '' " : .. · 

From the above diHcussion it follows that for computationc and verification the in
tegrability conditions one c·an use two alternath·e coritputational strategies: 

-~ -· '; - . ; ''. ' < '-. ~ . . . :;" . . ' . ,- . _· ~ : • 
Str~tegy ~· . 

I. C'onipute i hP il(·nsitiPs H(i, j) for tit~· first sc~vt>ral n;·c~Ha;y i~tegrability condi
ti!Jtis (8) n:ith i = 0; 1 ... a1HI j = I. ...• Jl. and verify these contlitions. 

2. In tlw J>n"Hence ofarbitrary Jlill'illlli'IPrs d1i.d) and/or..\; in (1), to soh-e the·cor
l't'SJH>IHiiug polynomial systc•tu of Sll·p l. If there is a,.JJOntrh·ial solut iow with, 
som·., dli,dl =I= 0, gc·twratP and \Wify a few uext cOJiditi<iits;(S).' ;Tim·<; diffc•rt'nl · 
situations may occur at this sleJi: ' · 

' The twxl conditiou:; an· J'ullillc·d id<·ntica.lly without any additioual rP~tric-
t ions. 

~ NPw c·otalitions produn· ;uldit.ioual:alg<·hraic I'(Jililt ions· in arhitran· param, . 
' der~, if they presPnt i;1 ( 1). . ' .. ·· · . · . · • . 

• Tht> uext conditious an• not ~at isfiecl. 
_ .. '~ • 1 -: ' ~ ~ • 1 ; • : ! ' • • .. 

In the last ca.se the iutt:gt:ahility analysis terminat.Ps. 

3. Generate and verify the sufli,:i<>nt. iutegrahility wmlitions,which pro\'ide the <'X· 
· istcnce of higher cvolntio!I~H:Y symmetries for (I), SJwcifiPd at S!.eJls I and 2 . .In 
J>t:act.in~; the first. several ("()Jidit:i(ius (S) usually providP'tlw' integrabilit~'· This. 
step, however. may also lead to 111'11' rest.'rictions .... :;; . . . '' .. 

~ .~ . .,_, ' . - I - ~. ·__ " , . '- --. :· :_, ' \r; , • 

4. · :\mongitll the integrable ca~l's · seled.ess~iitially difft;n•ut NLEE which ar·c;' not 
reducc•d one to another h_y .reparamet.rizat ion. 

Stt.;ategy II. 
J:. 

1. Generate the sufii<;ient intq?;rahilit.y conditiousJor (I) providing the ,;xist'<·nn; of 
:Jlf different higher evolut iouary symnwti'i<'s or: sonw. lixed orders 11 > .\", · mul 
Vl'J:ify ~heir fulfillmcrit. ' :; -

2. In the case of presence arbitrili'Y. paramet.ers in (I). to solv<• t.IIP result iu; pol~·
nomial system of Step 2. 

·· .:1.· Sdcct .cssential.ly different :::olutious of Step:!. ;:. '-~ ; 

At !irsr: sight.' t.I•'c, .~t;;tightfo~~,:ard Siri~t·<·gy II ~~etn~ to. lw 'uw;:c: ,;urac; i~·;.:: IIii\i·;:\·,· .• :. 
except very simplc.'probl~tiis, ·sti·at~·gy I i~ ·.;.ore~ ;;,;ti.;Jal it; i>~:;;,'t i;:(' by t'h~' f,;ll,;;,.\ng . 
rea.~ons: 

:.5 



• Restrictions which arise as sufficient .integrability. conditions are .usually· much 
more complicated then those ones resulting from the necessary cmiditions. For 
their generating, simplifying and solving one needs mudt more amount of com· 
'puting time and space.-

• A symmetry of the given ~rdcr, ~~y N + 1, uiay not exist ~t ~11 e~en for it;tcgr~bl~ 
NLEE. In this ca.Se appropriate computations are vain, unlike at}alysis ·of {&).::The 
latter allows one to precise .the structure of integrable equations step by step. 

· • As mentioned above, the necessary conditions arc often the sufficient ones as well. 
_.J 

5 Homogeneity 

Let 
m=1,2, ... ,,H {10) 'f, . '"' . (i) m = ~ am,(i)X == 0, 

(i) 

be a: finite set of multivariate polynomial equations,' where·( i) :;;:_. ( il, ... 'in), am,(i) '= 
a\~) · E C x(i) = x'1 ···Xi". · · · · ' · 

llt••·''" ' 1 n 

Definition 5.1. The system of {JOlyno~ial eq~atiori~ '(10) is homogeneous if 
there is the scale transformation 

:.:,, ,-<' 
x; -~ cr;x;, x(i) ~ cr<ilx(iJ, 0 < cr; E R (11) 

with at.least one f~ctor._cr; i; 1 s~ch th~t each mono~ial .of any gi~en polynomial 
f~(xb ... , Xn) acqui;es ihe sainescale factor. . - . . . .. . 

In other words, for two monomials xCil and x<il of polynomial fm the equality 
Q-lil = cr(il or' ' . ' .. . . 

n .. 

~(ik- ik)iik = 0, iik = l~g crk · (12) 
k=l 

takes place. Generally the common scale factors crCiJ, might be diffe;~nt 'for di~erent 
polynomials frr..· . • 

.. Collecting equations (12) coming from different polynomials of system {10) we ob-. 
tain a system of linear algebraic equations with integer coefficients: , ., . 

n 

· ~ ::;k&k -~ o, z;; e z . 
;: 

{13) ) t: .. 
k=l 

From Definition 5.1 a.nd (13) it follows that polynomial system {iO) is' homogeneous if 
and only if {13) admits non-trivial solution with at least one ·a; i; 0. _,Obviously, in. the 
latter case, {13) h~ infinitely many sohitions. In addition; some s'ubset .. -.. . . . · 

! ' < > ,- • • c • ' • • • • • - •• >. ' • ' • • : • ~ ~ - ' '. ~ ~. 

{iiiu .... ,O:t,} C.{a., ..... ,cin}· 

•'s 

:li l; 

, 1 

I :J·-l , I ~ 

b~ u\. 

can be considered as a set of free parameters, and all the others ii; are uniquely defined 
in terms of these'parameters. . · ' ' 

Definition 5.2. Variables x; corresponding to an arbitrary ~~al~·factors ii; ar~ho
mogerieotis variables of system { 10 ), and their maximal number is its homoge'neity 
degre-e: · ., .: · :> ,. ' . ' . · · · · · ' · 

_ .. The follo~i~g til~r~m ~s·t~bli~hes h~mogeneit; p~ope~ties of int~gi~hility ~<niditions 
f~r multipa~i'met~ic families-~£ NLEE of the form {1). · ·-. · • · .,. ·· · 
' -. • • '- '- ~ _,_ - . '.. '· - ' • - ,., ' . . • • . • • . ., i•; 

_Theorem 5.3. • Let (1) be NLEE with the uniform rank, and coefficients .8(i,d) are 
considered as free parameters. Then a. system of nonlinear algebraic equations on these 
parameters,· being the integrability conditions, possesses the following properties:' . ,. 
(i) It is consist~~t~ 

(ii) · If it ad~ its a solution with at least one non-zero coefficient',Bc;,d)> its .zero-manif~ld 
· · · has a positive dimension.· ' ' · · · 

p ;.~ t '~ ' 

(ii9 It is homogeneous. . '~ 

Proof. Part (i) of the theoremfollows immediately from: the fact that.any linear, evo
lution equation satisfies all the -i~teg~ability ~onditio~s.-' Hence; th'e system .has always 
the,tri~ial solu,tion .8(i,d) ==0. Letthere is,anontrivi~l ~olution wit.~). ,{Pt.·~.-' .8k} -~ ~ 
set of non,czero coefficients of {1 ).in the given nontrivial solutiqn,- .Then under the s<;:ale 
transforn1ation. .. ; ... ',. , .; . ;. : • . ·,,,. ''< " 

u' --:+ pui, x :-+ 11x, t.--+ liNt, , p'; 11 ,E R, 
,. -._ .... -. .. . .. . ... '•' .. ·: . ., . 

obvi~usly, preserving the integ~ability conditions; {1) i~ transformed to~the form'· 

· ,. ! , . K<N-:ol · . 

Ut = AuN +' E f:l(i,d)/-ID-liiN-1 n . ( u'l)dj' (14) 
. (i,d) 1 j=k?::O 

where lJ and l are defined in {4). The rank uniformity conditio'n ~cans ~h~t'ra!lk (3) 
of any monomial is the same as rank of the linear term ofF in {1); Hence, 

. ' ; . . ~ . . . ' 

wo(D -1) = w1(N -l). 
. ·~.: 

<.; :~ l· .;•. 

Then from {14) it follows 

'' . (' ~)· D:_l K~N:_l ·. 

Ut = AuN + ~-~(i,d) Jl,ll'"' )1 {ujj)"j. 
• •"' < (i,d) · .· . .l=k?:O 

. ; (15) 

Comparing {1) and (15), and taking into consideration arbitrariness of 1-' and 11, we 
come to the following conclusion. If non-z~rci set '{p~;.:.,,Bk}is'a s~lution ofthe 
integrability conditions, then its scale transformation of the form {11) -: 

; \4 

{ a D,-1 a D.-i} 
1-'1 P. '. , ••• , PI:P ' 

• ._-' - ' • ' .. ~- l • • ... - \ ' ' •• · 

'1 '1 



where .iJ, > 1 is th~ t~tal degree of a ~1onomial with coefficient {3i, produces 'other 
solution {or any I? E .~·. 0 . · , . · · · 

Theorem5.1 shows that any substantial, i.e. contai;ing ~'onlinearintegr~ble equa- . 
. tio~s, classification problem for NLEE of the form'( I) is reduced to solving homog~ 
neouspolynomial system with infinitely many solutions. The GrobnerbaSes method (6) 
isthe l;n9st universal a11dconstructive inethod io treat such polynomial systems. Main 
obstacle in practical use of the Buchberger algorithm {or a Grolmcr basis construdio;, 
is its very complexity. For positive dimensional polynomialideals it is estimated [15) as 

.. cr•?n, where dis the degree of the initial p~nomial set and n is a number of variables. 
· Fortunately, homogeneity allows one to simplify the problem by splitting the initial. 

polynomial system into a finite set of subsystems with the reduced number of vari;lbles.· 
· We call this splitting the homogeneity r~duction and give below ashort descriptio!, 

of an algorithmic procedureJor doing such a reduction .. This procedure have hr-en 
implemented i.n ·the Redu~ p~ck~ge ASYS [i3) with tise of the Grobnerhases tcchni(,;lc. 
More detailed description and analysis of the algorithm is given in [16). 

1Iomoge11eity ltequction 
;,' 

1, Generation and solving linear sy~tem (10). -. . . 
One can use-different methods to solve (10): lri the ASYS package (13] the Orobiwr 
bases technique is used. The set ofhomogeneou~ v~i-i11bles is found as the corre~po1idiug 
one to a maximal indep~ndent' ~et [14) modulo ideal generated hy l.h.s.· of (13).' If this. 
set is empty, then· the polynomial system (10) is non-homogeneous." Otherwise, a 
set of arbitrary ci1 , •• ·• ·, ci1 and the corresponding homogeneous variables x 1, ••• , x1 are 
determined. Solution of (13) is given by · ·.l 

I . 

a;=Lqikak,· %EQ, j=l+I,.,.,n. 
k=l . . . 

(16) 

2. Transformation of variables. 
Substitution ·-

I 

xi'= (IJ x~•)xi (17) 
k='l 

for non-homogeneous variables x;, j > l, where q;k are determifled in· (16), transforms 
(10) to the form . · ·· 

fm(XJ,••••Xn) =J(,.;.(.Th···•Xl)jm(X!+l•···•;i:n) (18) 

with factors 
. . . . . I . '"R · . . _.. ·.· ~ . II •~;+ L...j=l+J qJk., 
l\,.(XJ. .· .. ,a:,) = xk 
• k=l 

dep~nding only ~,; h~iriog~i1eoi.r~. variables. · 
• • • - > - • ·- •• ~ 

. ~. 
" 

. 3. Reductions by non-zer.o:homogeneous .variables: Let x; # 0, i =I,; ... , l. 
Then ( 18) is reduced to subsystem 

j.,.(xl+~>· ... ,:r,.) = o, (m = I, ... ,.M) (19) 

·,- 8 

"' 

,.,. 
in n-:: I ,·ariahles. Compa:tibility of thi~ subsystem can be veri fled by construction of its. 
Grabner basis G. HI E G, then one should come to the.next siep. Othen~ise, system. 
(19) may be fu~ther investigated by the C:robner basis method or any othe~ appropriate 
technique. Fir~ally, back transformation to initi~l non-hom~gene~us variables is made 
by the suhstit~rtion, inverse to ( 17). , . . . . . · . . . 

4. Reduction by zero homogeneous variables. All different sets of homoge- .. 
neous variab)(•s when at least OJle \·aria-hiP vanishes, are ~onsidered \Vith substitution or' 
each such a sPt in (10). The'n tlw process of h01.;.10geneity 'reducti~n is performed·again 
as long. as nc\\; systenis ,\-ith reduced nmnber of ,·ariables are generated: 

6 Examples 

Following to Strategy I of previous s(:dion, we illustrate the homogeneity aspects of 
integrability analysis by two examples of NLEE of the form (1) which were first inves
tigated in [17, 18] (see also (2; 4, 13]). As a result of homogeneity reduction. the output 
subsystems in the form of the lexicographical Grobner bases can be solved algebraically. 

Example I. Seven-parametric family of the seventh-order KdV-like NLEE [17) 

. • .. . 2. ' :' ' . 3 .. 3 
'Itt= '117 + >.rutts +.>.ztt,u4 + >.;,uzti:J + >..,u 113 + ,\suu,u1 + >.6u 1 :f" .\;11 lit. 

The necessary integrability. conditions (8) for i :S G (j =: 1) generate thc> following 
system of nonlinear algebraic.equatiuns in·>.;: 

where 

>.I( >..1 - >.s/2 :t -\;) '= (2/7 ,\f - .\.1 )( -10>.1 + 5>.2 - >.3) = 0, 

(2/7>.i -·>.4)(3>.,1- ~s+ ,\;;) = 0. · 

a,( _:_3>.1 + 2>.2)+ 21;12 = ar(2,\l 1 2,\s) + nz(_:_45>.1 + 15>.2 - 3>.:!) ~ 0. 

· 2ntA7 + a2(12>.4- 3>.s + 2,\.,) = b1(2>.2- >.J) + 7~ = h,,\3 +7b~ = 0. 
b1 (:-2>.4 _: 2>.s) + b-1(2>.~ _:_ ~L\d + t\.!b:1 = 0, . . .. 

br(SfiJ>.s,+ 6>.s)+ b2(lL\,- 17/:L\2 + 5/3>.:~)- 168/~1:::: 0. 

15b,>.r + bz(5>. .• -2.\r.) + /~:,(-120.\r +:10>.2 -6>.~) == o; 
-3bl>.i + M ->.~/2 +>.s/1 - .\,;/2) + b:J(21>., - 6,\2) = 0, 

.:, . ,- ·.· 

-3b-l>.r + 11:!(40>.4- S>.s + •L\,.) = 0. 
' .. ' . ;-

flt = -2>.f + >.,>.2 + 2>.,:X3- ,\~..:. 7,\s + 2l>.6,' a2·~ 7S; .:_ 2>.j,\,t + 3/7.\t. 

h1 = >.r(5,\,- :J>.2 + A3), b2 = ,\.(2,\ll- ·L\4), b:J = ,\r.\·;/2. 

The homogeneity reduction shows that. this system is of humogr-;u•ou~ of d~·gr•·•; 1 
with homogeneous va~iablc ,\ 11 and t.lwn~ are 6 nuuvauishing subsystems and in ilw 
final output.·· One more s~lbsystcm gin·s :t.<'l'!) \'alries of all till' polynomials at St•·p :1. 

:~: 

t 



The computing time on an Sun 4 machi1ie is 6 sec. The complete set of 6 solutions 
givi~g essentially different parametrization ·of the tret>~dinw1isio!1al so}ution space is' 
presented in [2]. · . . . . · : · . · 

The next integrability conditions (8) with ·i > 6' sdect 3 a dually ilitegrable solu
tions representing the seventh-order syn}metries of the well-kiJO~VnJm~ orlJer intPgrabJc 
NLEE: KdV, Sawada-Kotera and Kaup-Kup<>rslunidt equati<)Hs' [17]. · 

Example II. The third-ord~; c~itpled KdV;lik~-equatio\1s [18] .. 
. ) .'' .. ' ' •' . . ' 

{
. u1 = a0 u3 +a . . 1u Ut .. + a2v Vt + aau Vt +d._ •. v tlt. '-t. b' · ··b · -1- 0 · b no r o, ao o r . 

'l,t = bova + blv Vt + b2u Ut +b3v Ut + .111 Vt. ' · .. ·· 
0 

' . ~ 
Conditions (8) with 0 ~ i ~ 5 j = 1, 2 lead to the following polynomial system 

Ck = Ck = 0, (k = l -;- 6),-

where ek = ek· 1.,;;,, and 
~ ' ' i 

et=Ut (a3-a4)-a4(ba-b4), 

e~,; (2aa- a-t) Yt - b;y; , Y1 = ~auaab; + (ao-: bu) (ai + a4b2) , 

e3 = 'a2Y1 - (2ba- b4) Y2 , Y2 = 6aoa2b3 + (ao- bo) (a1a2 + a4bl) 

e4·= 3ao (a2b2 + a3b3) + (ao- bu) (at+ b3) a4 , 
' '2 '. 2 '. ' . - i 

·es' = 2 (2a0 + 8aobo- b0 ) a3b3 + 2 (ao- bo) (4ao- bo) ,aab4-
. . 2 ., . . • 

6ao (a0 + 2bo) a2b2 + (ao- bo)- (5a~aa - .. 5ata4 + a4b4)-'-

(au- bo) (7ao- bo) a4b3 , 

eG = 3ao [ (ao- bo)3 -,-3ao .(au,+ 2bo)
2 

] (a2b2 + a3b3) +. 
0 

• 

(ao- bo)3 [ 3aoala3- 2 (2ao + bo)aia4 ] + 9a~ (ao-; bo) 

[ (ao ..,.- bo) a4- (ao + 2bo)a3 f be-:- (ao- bo) (2;L~- 30a~bo +, b~) a4b3 

This ·system with six~dimensional solution space has hoitwge,neity clegree 3, and 
{ a3, b0 , b3} as a set of homogeneous variables; There are 22' different non vanishing 
subsystems in the output after homogeneity reduction. Their lexicographical Grobner 
bases allow to find the. explicit parametrization all the solution space.· The running 
time of homogeneity reduction with the Grobner bases constru~tionfor; the output 
subsystems is 34 sec. on ~n Sun 4. One should note tl1at construction 'of the Grobner 
basis for the initial polynomial system leads to very large c~mputati6n;·with more than 
3 Mb outptit [13, 19]. The homogeneity reduction simplifies this problem dramatically. 

The complete list of integrable equations after taking into account the next inte-
grability conditions is given in [18].:' · ·;, ,_ 

. ~- l 
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rep~TB.ll • 
· OJViopo~HOCTb yCJJOB~<dt HIITerpnpyeMOCTH ,IIJlll 

MHO!'OllapaMeYpH'ICCKHX CeMeHCTB IIOJIHHOMHllJlbHO-HeJIHHel 
!}BOJIIOU.HOHHbiX ypasHeHHH 

PaccMOTpeHbl yc.JiosKll HHTerpnpyeMOCTH WJll MHOrona) 
aJibHO-HeJIHHeHHbiX 3BOJIIOU.HOHHbiX ypasHeHHH C npoH3BOJI 
sclxl>nu.neHTOB ~HijxJ>epeHU.HaJibHbiX MOHOMOB. 3TH 'YCJIOBI 
BbiCWHX 3BOJIIOU.KOHHbiX CHMMeYpHH H 3aKOHOB COXPaHeH!'fll 
H3 HaH6o.rJee 3<1><l>eKTHBHbiX KpHTepHeB HHTerpKpyeMOCTH, K 
noneHTH&IX, TaK HW!ll 1\fnoroKOMnoneHTHhiX KBa3HJIHHeimhl 
npocrpaHCTBeHHOH nepeMeHHOH. floKa3aHO, 'ITO yCJJOBHll 
Co6oH CHCTeMY UOJIHHOMHaJ!bHbiX ypaaHeHHH Ha npoH3BOJII 
OHHbiX ypasHeHHH O~HOpo~HO!'O paHI'a o6na~IOT HeYpHBHl 
3TO U03BOJilleT s4xJ>eKTHBHO HCnOJib30BaTb MeTO~ 683HCOB f 
HOH pe,IIYKU.HOHHOH Te~HHKOH Will O~HOpoJVibiX IIOJIHHOMHa 

Pa60Ta BblllOJIHeHa B Jla6opaTOpHK Bbi'IHCJIHTeJibHOH T 

llpenpKHT Q6J,e~HHeHHO!'O HHCTHyYTa ll~epHblX I 

Gerdt,V.P. 
Homogeneity of Integrability Conditions for 
Multiparametric Families of Polynomial-Nonlinear 
Evolution Equations 

In this paper we consider the integrability conditions for 
nonline·ar evolution equations with arbitrary parameters as 
These conditions are the necessary ones for the existence of hi 
conservation. laws. Their verification forms the basis for one< 
which is valid both for one-component and multicomponent 

' temporal and one-spatial dimensions. We show that the int• 
polynomial equations in arbitrary parameters, in tlie case o 
have nontrivial homogeneity properties. It allows one to us• 
combined with the special reduction procedure for homogenc 

The investigation has been performed at the Laboratory 

tion,JINR. 
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