
B.Z.lliev* 

PARALLEL TRANSPORTS 
IN TENSOR SPACES GENERATED 
BY DERIVATIONS OF TENSOR ALGEBRAS 

•Permanent address: Institute for Nuclear Research 
and Nuclear Energy, Bulgarian Academy of Sciences, 

• blvd. Tzarigradsko Chauss~e 72, l 784 Sofia, Bulgaria 

ES-93-1 



• 
1 
1 

• 
; 

@ 06be,llHHeHHbiA HHCTHTYT AllepHbiX HCCReJtOHClliHH . .LJ.y6Hil, 1993 

1. INTRODUCTION 

In [6] we have axiomatically described flat linear transports 

over a given differentiable manifold and it turns out that the 

set of these transports coincides with the one consisting of 

parallel transports generated by flat linear connection. In the 

present investigation, on this basis, the main ideas of [6] are 

appropriately generalized and we come to a class of linear trans­

ports (along paths in tensor bundles over a manifold) which con­

tains not only the parallel transports generated by arbitrary 

linear connections, but also the ones generated by arbitrary 

derivations (along paths). 

In Sect. 2 the transports generated by derivations along 

paths, called here s-transports, are axiomatically defined on the 

basis of restriction of flat linear transports along paths; also 

some basic properties of the s-transports are presented. Sect. 3 

is devoted to different relationships between the (axiomatically 

defined) S-transports and derivatiOns along paths. The main 

result here is the equivalence between the sets of these objects 

in a sense that to any S-transport there can be put into corres­

pondence a unique derivation along paths and vice versa. In Sect. 

4 the problem for the connections between S-transports and deri­

vations of the tensor algebra over a differentiable manifold is 

investigated. In particular, it is shown how to any derivation 

there can be put into correspondence an S-transport which in cer­

tain ''nice'' cases turns out to be unique. Also it is shown how 

some widely used concre"~".e transports along paths (curves), such 
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as parallel, Fermi-Walker, Per~i etc., can be Obtained as spec!al 

cases from the general S-transport. The paper ends with some 

concluding remarks in Sect. 5. 

2. RESTRICTION ON THE PATH OF FLAT LINEAR TRANSPORT AND 

ITS AXIOMATIC DESCRIPTION. $-TRANSPORTS 

In this work M denotes a real, of class C
1

, differentiable 

manifold [8], The tensor space of type (p,q) over M at XEM will 

be written as Tp'q(M). By definition T (M):=T1
'

0 and T*(M):= 
X X X X 

:=T0
'

1 (M) are, respectively, the tangent and cotangent spaces to 
• 

M and T~ 10 (M):=IR. By J and r:J----tM we denote, respectively, an 

arbitrary real interval and a path in M. 

Let M be endowed with a flat linear transport L [6] and the 

path o:J-------?M be without self-intersections. Along o we define 

the map s 7 by 

S
0 :(s,t) ~s: ____,.t:=LO(sl ----7Qitl 1 (S 1 t)EJxJ. ( 2. 1) 

From the basic properties of flat linear transports (see 

definition 2.1 from [6]), we easily derive: 

S 7 (Tp,q (M))s;;Tp,q (M) s tEJ 
$ -----7t "((s) '6'(l) I I I 

(2.2) 

sa (AA+J.LA')=AS 7 A+f..LS 7 A' I Alf..LEIR, A,A'ETp,q (M), 
s-----7t s~t s~t T(s) 

(2.3) 

' '' S 0 (A ®A )=(S 7 A )0(8° A), A ET"' "'(M), a=1,2, 
s~t 1 2 s~t 1 s~t 2 a ';Y'(s) 

( 2. 4) 

s0 oC=CoS 0 , 
s~t s~t 

( 2. 5) 

s 0 o$1' =ST , r,s,tEJ, 
t ~r s ~t s ~r 

(2.6) 
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s =id, '__,, ( 2' 7) 

where C is any contraction operator and id is the identity map 

(in this case of the tensor algebra at 7(s)). 

If for some s,teJ, we have 7(s)=7(t) (if s¢t this means that 

7 has selfintersection(s)). then from eq. (2.6) of ref, [6], we 

get 

s 0 =id if 7(s)=o(t), s,teJ, . __,, (2.8) 

which characterizes the flat case considered in [6-] (see also the 

remark after the proof of proposition 2.1). 

Definition 2.1. An S-transport (along paths) in His a mapS 

which to any path 7: J ~H puts into correspondence a map s 7 , 

S-transport along 7, such that s 7 :(s,t)~7 for (s,t)eJxJ, 
• --+< 

where the map s 7 , an s-transport along 7 from s to t, maps . __,, 
the tensor algebra at 7(s) into the tensor algebra at 7(t) and 

satisfies (2.2)-(2.7). 

Above we saw that to any flat linear transport over M there 

corresponds an S-transport. The opposite is not, generally, true 

in a sense that if r:J---+H joints x andy, x,yeH, i.e. x=7(s) 

and Y=7(t) for some s,teJ, then the map 

L =S7 , 7(S)=x 7(t)=y, 
x~y s--H ( 2' 9) 

generally, depends on 7 and is not a flat linear transport from x 

to y. 

Proposition 2.1. The map (2. 9) is a flat linear transport 

from x to y iff in (2.9) the S-transport along every path 

o:J---+M from s tot depends only on the initial and final points 

7(s) and o(t), respectively, but not on the path 't itself. 

Proof. Let for some s-transport the map (2. 9) be a flat 
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linear transport from x to Y·. As the flat linear transport is a 

parallel transport generated by a flat linear connection [6], it 

does not depend on the p~th along which it is performed [ 1.0]. 

Hence s 7 depends only on ;r(s)=x and 7(t)=y but not on ;r. 
'-H 

And vice versa, if s7 depends only on 7(s) and ;r(t) but 
'->< 

not on ;, then from (2.3)-(2.7) it follows that the map (2.9) 

satisfies (2.1)-(2.6) from [6), and hence (2.9) is a flat linear 

transport from x to y.• 

Remark. If the s-transport along a "product of paths" is a 

composition of the s-transports along the corresponding consti­

tuent paths, then it can be proved that (2.9) defines a flat 

linear transport iff the S-transport in it satisfies (2.8). 

A lot of results concerning flat linear transports over M 

have corresponding analogs in the theory of S-transports. Roughly 

speaking, this transferring of results may be done by replacing 

points in M with numbers in J if the former do not denote argu­

ments of tensor fields primary defined on M; in the last case the 

points form M must be replaced by the corresponding points from 

;r(J)cM. In particular, this is true for propositions 2.1-2.5 from 

[ 6], the analogs of which for S-transports will be presented 

below as propositions 2. 2-2. 6, respectively. The corresponding 

proofs will be omitted as they can, evidently, be obtained muta­

tis mutandis from the ones given in [6]. 

Let Ps be the restriction of some S-transport on a tensor 

' 
bundle of type (p,q), i.e. Ps:;r~Ps7, 

' ' 
Ps7:(s,t) ~Ps<r := 
q qs--H 

:=S;r I . Evidently Ps satisfies (2.2)-(2.7) 
s·--H Tp,q q 

7( s) 

(with Ps in­

' 
stead of S), so the set of the maps {PS, p.q~O} is equivalent to 

' 
the map S. Hence S splits into the S-transports Ps acting inde­

' 
pendently in different tensor bundles. 
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Proposition 2.2. The linear map Ps7 :Tp,q (H) ~Tp,q (H) 
q s --+t. 7fs) 7ft) ' 

s, teJ satisfies (2. 6) and (2. 7) if and only if there exists 

linear PF7 :Tp,q (M) --w, 
q s 7< s) 

vector isomorphisms seJ, V being a 

space, such that 

PST =(PFTft(pFl'), s,tEJ. 
qs~tqt qs 

(2.10) 

Proposition 2.3. If for •s7 
q • --+t. 

the representation (2.10) 

holds (see the previous proposition) and Y. is isomorphic with V 

vector space, then the representation 

Pgl' =(PFl'fl(p[.T), S,tEJ, 
q o; --+t q-t. Cl II 

(2. 11) 

where PE
7

: TP' q (H) ~~. seJ are isomorphisms, is true iff there 
q s 71 s) 

exists isomorphism D7 : V -----tY: such that 

PF7 ,-, o7 oPF7 , seJ. 
q • 

(2.12) 

Hence on any fixed tensor bundle every S-transport along 7 

from s to t decomposes into a composition of maps depending sepa­

rately on sand tin conformity with (2.10). The arbitrariness in 

this decomposition is described by proposition 2.3 (see eq. 

(2.12}). 

Propositions 2.2 and 2.3 are consequences of (2.2), (2.6) and 

(2.7); Now we shall also take into account and (2.3)-(2.5). 

Putting in (2. 4) A
1
=A

2
=1EIR, 

(2.3), is equivalent to 

S
7 A=A AEIR. 
8 ----?t I 

we get s7 1=1 which, . ___,, due to 

(2.13) 

Let {E I } and {E
1 1 } be dual bases, respectively, in 

I T<s) 'lis) 

T (M) and T* along -,:J---+H, seJ. (The Latin indices. 
T(s) 'l(s) . 

run from 1 to n: =dim(M) and henceforth we assume the summation 

rule from 1 ton over repeated indices.) 

·------
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From (2.2) it follows that there exist uniquely defined func­

tions H1 (t,s;r) and H'J(t,s;-r), s,tEJ such that 
. J 1. 

s: ----+t(EJ 1-rcsl)=H~J(t,s;;r)Eti7Ctl' (2.14a) 

s 7 (E'I l=W'(t,s;o)E1
1 • 

s ~t '1Cs) 1. Q(t) 
( 2. 14b) 

By means of (2.4), (2.5) and (2.13) it can easily be shown 

(cf. the derivation of eq. (2.13) from [6]) that 

H 1 (t s· .... )H.k(t S"t)=.5 1 
. k J ' • J. J ' J 

(2.15) 

which, in a matrix notation reads 

IIH
1 

(t,s;oliiiiH''(t,s;olii=D=II'
1

II· 
. k J. J 

(2.15') 

where .5~ are the Kroneker deltas and as a first matrix index the 

superscript is considered. 

From (2.14) and (2.3) we conclude that H1 (t,s;;r) 
. J 

and 

H' J ( t, s; ;r) are components of bi vectors (two-point vectors) in-
1. 

verse to one another (10]. respectively, from TQCtl(M)®T;Csl(M) 

and T;ct
1

(M)®T
716

l(M). The following proposition shows that they 

uniquely define the action of the S-transport on any ten~or. 

Proposition If 
I , ... ,1 

T=T 
1 'E I ®. . ®E I ® 

J
1

, ... ,jq 1
1 

7(s) lp 7(s) 2. 4. 

J 1 J 
®E 1 ... 

1 1
®···®Eql , then 

0 s 71 sl 

s 7 
(TJ= [ 

"---->1 TI, • ][rr' ., ]1, ... 1 
H.~t (t,s;T) H1 b(t,s;7) T/ ..... /x 

a=l a b=l b 1 q 

I I 

xE I ®· · ·®E I ®E 'I ®· ··®E 'I 
k 7(t) k Q(t) l'lt.l 71t) 

(2.16) 

I p 

If {E
1 
I) and {e

1
} are 

then the matrix elements of 

=F 1 (s;7)e. So, if we put 
. J I 

-----· 

bases in Tx(M) and V respectively, 

1 F7 , sEJ are defined by 1 Fl'(E I )= 
0 s 0 s J 71 s) 

F(s;o):=~F 1 (s;olll. then from (2.10) 
. J 
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for p=q+1=1 and (2.16), we get 

H(t,s;o):=IIH
1 

(t,s;olii=F- 1 (t;7)F(s;o), s,teJ. 
. ' (2.17) 

This matrix will be called the matrix of the considered s-

transport. 

Evidently (see proposition 2.3), in (2.17) the matrix F(s;7) 

is defined up to a constant along 1 left multiplier, i.e. up to a 

change 

F(s:1) ~D7 ·F(s;7), det(D7 ):;1!:0,co. (2.18) 

Proposition 2.5, A map s 7 of the tensor algebra at r(s) 
, -->< 

into the tensor algebra at -r(t) is an s-transport from s to t 

along 7 iff in any l.ocal basis its action is given by (2.16) in 

which the matrices IIH
1 

(t,s;>lll and 
. ' IIH''{t,S;7lll are inverse to 

j. 

one another, i.e. (2.15) holds, and the decomposition (2.17) is 

valid. 

Proposition 2.6. Every differentiable manifold admits S-tran-

sports. 

3. THE EQUIVALENCE BETWEEN S-TRANSPORTS 

AND DERIVATIONS ALONG PATHS 

Let inMan S-transport S be given along paths, 7:J~M be a 

C
1 

path and T be a C
1 tensor field on T(J). To S we associate a 

map V such that V:r~v7 , where D7 maps the C1 tensor fields on 

7(J) into the tensor fields on 7(J) and 

(V7TJ<7(S)):=V7T:= lim [_!_(S7 T(7(S+E))-T(7(S)))) 
s C s+C~s 

E -->O 
{3 .1) 

for s,s+eeJ. 
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Henceforth for the limit in (3.1) to exist, we suppose S to 

be of class C1 in a sense that such is its matrix H(t,s;o) with 

respect tot (or, equivalently, to s; see below (3.4) and (3.5)). 

As a consequence of (2.J) eq. (3.1) can be written also as 

v'T={-aa [s 7 (T(o(s+e))ll} 
s - C s+C ~s C=O 

( 3. 1') 

Proposition 3,1, The map v7 is a derivation of the restric-

tion of the tensor algebra over M on o(J). 

Proof. It can easily be verified that from (3.1'), (2.3), 

(2.2), (2.5) and (2.4) it follows respectively that v0 is an 

IR-linear, type preserving map of the restriction of the tensor 

algebra over M on r-(J) into itself which commutes with the con-

tractions and obeys the Libnitz rule, i.e. on r-(J), we have 

v7 (~A+~A')=~V7A + ~v7A', ~.~e~. (3.2a) 

V'it oC=CoV0 , (3. 2b) 

V7 (A®B)=(V7 A)®B+A®(TI7B), (3.2c) 

where C is a contraction operator, A, A' and B are C
1 tensor 

fields on -;r(J), the types of A and A' being the same. By defini­

tion [ 8] this means that v'~ is a derivation of the mentioned 

restricted algebra.• 

Proposition 3. 2. For every path r-: J ~M. s, tEJ and S-tran­

sport s'~' along r- there is valid the identity 

v"~ oS'~' =0, 
t s ---'It 

( 3. 3) 

v~ being defined by s 7 through (3.1). 

Proof. The identity (3.3) follows from (3.1') and (2.6).• 

Proposition 3.3. If T is a C1 of type (p,q) tensor field on 
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:) 

I , ... ,l 

;r(J) with local components T 1 
P in a ba'sis {E} defined on 

J 1' ... ' j q I . 

r-(J), then the local cOmponents of V0T at r(s), seJ, i.e. of v'~'T, 
' 

are 

(V'~T)It'' .,!P=(~Tt1, ... ,1P) + 
s J , ... , J ds J , . . , J loc s' 

I q 1 q 

p I I , . 

+ [ r.~k(s;r>T/, ... ,J 
a= 1 1 q 

. , I , k, I 
a-1 a+l 

.. ,1 

'(7(S)) -

" I , ... ,I 

L r' (s;>)T' • (7(s)), 
.Jb Jl, ... ,Jb-l'k'Jb+l''"ljq 

(3.4) 
b='1 

where 

aH
1 (s,t;r-) 

' -~·2'~-----r (s;o):= at 
. J 1,0.=- aH

1 
(t,s;7) I 

. J (3.5) 

Proof. This resUlt is a direct consequence of (3.1'), (2.16) 

and (2.15). • 

Remark 1. If we define r 7 (s):=llr1 
(s;l")l, then, due to 

. J 

(2.17), the second equality in (3.5) is a corollary of 

ril"(s)= aH(s,t;l') I =F---1(5;}") aF(s;o) 
at t=s as 

( 3. 5' ) 

Remark 2. If the vector fields E
1 

are defined on T(J) such 

that E
1

1
7
(sl' sEJ is a basis at -r(s), then from (3.4) it follows 

that 

vor·E =(17 )k E =rk (s;r-)E 
I , I k , I I< 

(3.5") 

and, vice versa, if we define rl' by the expansion (3. 5"), then, 

from proposition 3.1 (see (3.2)) and (3.1), we easily get (3.4). 

If V is a covariant differentiation with local components 

r' and 7 is a C1 path with a tangent vector field 7, then the . ,, 
comparison of the explicit form of (V.T)(o(s)) (cf. [8, 10))_with. 

7 

(3.4) shows that the derivation v7 is a generalization of the 
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covariant differentiation V along o. Evidently, v0 reduces to a 
7 

covariant differentiation along o iff 

1 1 (s;o)=f'1 (o(s))7k(s); 
. J . J k 

( 3. 6) 

where f' 1 are components of some covariant differentiation ~­
. J. 

Lemma 3.1. The change {E 1 17
<s>} ~{E1 , lo<al=A:, ( s)E 1 17

< , 1}, 

sEJ leads to the transformation of f' 1 (s;o) into 
. J 

1
1 

1
1 

j l 1
1 

I r ,(s;o)=A (s)A ,(s)r (s;o)+A (s)(dA ,(s)/ds), 
.. J I J . J I J 

( 3. 7) 

where II A'' II' =II A'' ( s) r'. 
' J 

Proof. Eq. (3. 7) is a simple corollary of (3. 5) and the fact 

' * that H.J(t,s;7) are components of a tensor from TD<LJ(M)® ®To<sJ 

(see (2.14)).• 

Proposition 3.4. If in any basis {E I ), 
I 7( B) 

sEJ along 

7:J~M there are given functions f' 1 (s;o) which, when the basis 
. J 

is changed, transform in conformity with (3.8), then there exists 

a unique S-transport along r which generates r 7 (s) '=llr' (s;o) II 
J 

through (3.5') and the matrix H(t,s;o) of which is 

7 7 -1 H(t,s;o)=Y(t,s
0
;-f' )[Y(s,s

0
-f' )] , s,tEJ. (3.8) 

Here s
0

EJ is fixed and Y=Y(s,s
0

;Z), Z being a continuous matrix 

function of s, is the unique solution of the initial-value 

problem 

dY/ds=ZY, Yjs=s .. u. 
0 

( 3. 9) 

Remark. The existence and uniqueness of the solution of (3.9) 

can be found, for instance, in [4]. 

Proof. At first we shall prove that for a fixed ! 7 eq. (3. B) 

gives the unique solution of (3.5') with respect to H(t,s;7)= 

=F- 1 {t; 7)F(s; 7). In fact, using dF- 1 /ds=-F- 1 (dF/ds)F- 1
, we see 
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t 
I 

(3.5') to be equivalent to dF- 1 (s;T)/ds=-f'7 (s)F- 1 (s;7), the gene­

ral solution of which with respect to F- 1
, due to (3.9) is 

F-
1
(S;7)= =Y(s,s

0
;-r7 )D(7), where s

0
eJ is fixed and D(r) is a 

nondegenerate matrix function of 7. Substituting the last expres­

sion of F- 1 into (2.17), we get (3.8) (which does not depend 

either on D(7) or on s
0

; cf. proposition 2.3 and the properties 

of Y (see [4])) . 

It can easily be shown that, as a consequence of the trans-

formation law (3.7), the elements of H(t,s;r) are components of a 

• tensor from T
7

< tl (M)®T
7

(sl Hence, by proposition 2.4 (see also 

(2.15)), they define an s-transport, the local action of which is 

given by (2.16). ou;e to the above construction of H(t,s;-r) this 

S-transport is the only one that generates r 7 , as given by 

(3.5').0 

So, the definition of an S-transport along 7:J~M is equi­

valent to the definition of functions r' (s; 7), seJ, in a basis 
. J 

{E
1

} along 7, which have the transformation law (3.7}. For this 

reason we shall call the functions defined by (3.5) components of 

the s-transport. 

Proposition 3.1 shows that to any S-transport there corres-

ponds, according to (3.1), a derivation of the restriction of the 

tensor algebra over M on any curve 7(J), i.e. along the path 

7: J ~M. The next proposition states that any such derivation 

can be obtained in this way. 

Proposition 3.5. The map v7 of the restriction of the tensor 

algebra over M on r(J) into itself is a derivation iff there 

exists an S-transport along 7:J~M (which is unique and) which 

generates v7 by means of eq. (3.1). 

Proof. If V7 is defined by some S-transport through (3.1), 
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then by proposition 3.1 it is a derivation. And vice versa, let 

'Dr- be a derivation, i.e. to be a type preserving and satisfying 

(3.2). If we define r 7 :=11r' (s;-r>ll by (3.5"), it is easily veri-
• J 

fied that the transformation law ( 3. 7) holds for 1 1 
( s; D) and, 

. J 

consequently (see proposition 3. 4), there exists a unique s-

transport for which r' (s; D) are local components in the used 
. J 

basis. The derivation corresponding, in conformity with (3.1), to 

this S-transport has an explicit action given by the right hand 

side of (3.4) and hence it coincides with v7 as the latter has 

the same explicit action (as a consequence of (3.5")).• 

So, any derivation of the restricted along a path tensor al­

gebra is generated by a unique s-transport along this path 

through (3.1). The opposite statement is almost evident and it is 

expressed by 

Propos! tion 3. 6. For any S-transport along a path o: J ~M 

there exists a unique derivation v0 of the- restricted along D 

tensor algebra which generates its components r 0 (s):=ll1 1 (s;r-)11 
. J 

in a basis {E
1

1
7

c,.J}, seJ through equation (3.5"). 

Proof. The existence of v 0 for a given s-transport is evi­

dent: by proposition 3.1 the map v0 , defined by (3.1), is a deri-

vation along o and by proposition 3.3 it generates the components 

of the S-transport by (3.5), or, equivalently, by (3.5"). If 

'V7 is a derivation along 7 with the same property, then from 

(3.2) and (3.4). we get V-;rT=''DDT for every C 1 tensor field T, 

i.e. 'V7 =v0 .• 

Thus we see that there is a one-to-one correspondence between 

S-transports along paths and derivations along paths, i.e. maps 'D 

such that for every D: J ~M. we have 'D: D ~v0 , where 'D7 is a 

derivation of the restricted on o(J) tensor algebra over M. 

12 

4. LINEAR TRANSPORTS ALONG PATHS DEFINED BY DERIVATIONS. 

SPECIAL CASES 

Let 'D be a derivation along paths (see the end of Sect. 3). 

The identity (3.3) gives the following way for defining the S-

transport corresponding to 'D, in conformity with proposition 3.5. 

If D:J~M. then we define the needed S-transport along D by the 

initial-value problem 

DD o$'1 =0 g'r I =id, 
t S -----7t I S -----7t l" S 

( 4. 1) 

where for any tensor field T V~(T):=(V7T)(-r(t)). In fact, the 

initial-value problem (4.1) has a unique solution with respect to 

s-;r [4] and it is easily verified that it is an S-transport 
" __,, 

along o from s tot, whose matrix is given by (3.8) in which r 7 

is defined by (3.5"). By proposition 3.3 this means that the 

derivation corresponding to this S-transport (see (3.1) and pro­

position 3.1) coincides with 'D7 , i.e. it generates v0 . 

Hence (4.1) naturally generates the S-transport corresponding 

to some derivation along paths 'D. The opposite is true up to a 

left multiplication with nonzero functions. i.e it can be proved 

that if the S-transport is fixed, then all derivations along 

paths for which (4.1) is valid have, according to (3.3), the form 

f·D, in which f is a nonvanishing scalar function, and V is the 

derivation generated by (3.1) from the givens-transport. 

If D is a derivation of the tensor algebra over H, i.e. if it 

is a type preserving map satisfying (3.2) on H, then along a path 

o: J ~x to it there may be assigned an S-transport along 7 in 

the following way. 

13 

• • 



According to proposition 3.3 from ch. I in [8], there exist a 

unique vector field X and a unique tensor fieldS of type (1,1) 

such that 

D=Lx +S, (4.2) 

where Lx is the Lie derivative along X and S is considered as a 

derivation of the tensor algebra over H [8]. On the opposite, for 

every vector field X and tensor field Sx of type (1,1), which may 

depend on X, the equation 

D=Lx +Sx, ( 4. 2' ) 

defines a derivation of the tensor algebra over M. 

Let a derivation D with the decomposition (4.2') be given and 

a C
1 path ;r: J ~H be fixed. Let in some neighborhood of ;r( J) a 

vector field V be defined such that on 7(J) it reduces to the 

vector field tangent to ;r, i.e. VI =7(s), seJ. We define V7 to 
7( s) 

be the restriction of Dlx=v on ;r(J), i.e. for every tensor field 

T, we put 

(!l
7

T) ( 7(s)): =!l!T: ={(D I x~v) (T) }( >(s)) · ( 4. 3) 

It is easily seen that the map v7 thus defined is a deriva­

tion along r. Of course, generally, v7 depends on the· values of V 

outside the set 7(J). However the most interesting and geometri­

cally valuable case is that when v1 depends only on the path 7 

. but not on the values of V at points not lying on ;r(J). In this 

case the map V: 7~-----+D1 is a derivation along the paths in M, 

therefore according to the above scheme, it generates an s-

transport along the same paths and, consequently, in this way the 

derivation D generates an S-transports. This S-transport depends 
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only on D. Vice versa, if v7 depends on the values of V outside 

;r( J), then to construct a derivation along paths :V: 7 ~v7 we 

have to fix in a neighborhood of every path 1 a vector field V7 

such that V7 1 , =7( s), seJ 
7<• 

and to put 

(!l7T)(>(s)):=(DI T)(>(s)). Analogously, 
X=VT 

us~ng the above des-

cribed method, from V we can construct an S-transport, but V, as 

well as the S-transport, will depend generally not only on D but 

on the family of vector fields {V7 : r:J~M} that is to- a great 

extent arbitrary. 

Hence to any derivation there corresponds at least one S-

transport. Without going into details of the problem when this 

transport depends or not on the family {V'~}, we shalf present 

some examples important from the practical point of view,examples 

in which the transport does not depend on that family. (All known 

to the author and used in the mathematical and physical litera-

ture transports, based on affine connections over a manifold, are 

of this kind, i.e they do not depend on {V7}.) 

Let M be an L space, i.e. it is to be endowed with a linear 
n 

connection V. As for any vector field X Vx is a derivation, in 

conformity with (4.2'), it admits the representation 

Vx==Lx.+I:(X), (4.4) 

where I:(X) is a tensor field of type (1,1). It can easily be 

proved that the local components of I:(X) in {E} are (L(X)l' = 
' . J 

=(V X) 1 -T 1 
Xk in which T 1 are the torsion tensor components. 

E i . J k . J k 

Expressing Lx from (4.4) and substituting it into (4.2 1
), we 

get the unique decomposition of any derivation in the form 

D==Vx+Sx-L(X) (4. 5) 
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which turns out to be useful· for comparison of the general S-

transport with concrete linear transports, based on linear conne­

ctions, of tensors along· paths. For instance, using it, the 

method presented above for generating S-transports from deri va­

tion, and the definitions of the concrete transports mentioned 

below, given in the cited there references, one can easily ~rove 

the following proposition (cf. proposition 4.1 from [7]). 

Proposition 4.1. The S-transport generated by a derivation 

D, with a decomposition (4.5), is reduced: 

a) in a space Ln with a linear connection to the parallel 

transport [8, 10] for Sx=E(X); 

b) in an Einstein-Cartan space U to the Fermi-Walker trans-
" 

port [5, 11] for Sx=L(X)-2L; 

c) in a Riemannian space Vn to the Fermi transport [11] for 

Sx=L(X)-2b; 

d) in a Riemannian space Vn to the Truesdell transport (12] 

for Sx=B·5; 

e) in a Riemannian space Vn to the Jaumann transport [9] 

for SK=E(X)-w, 

where 5 is the unit tensor (with Kroneker symbols as components), 

B:=[(VE X)
1 

is the expansion of X [5, 9, 12], and L, k and ware 

' ' 
tensor fields of type (1.1) with, respectively, the following 

covariant components: L :=-hkh 1 X +(h T 1 Xk) +V , 
IJ l J [k;ll II .Jk [IJ] [I;Jl 

in 

which h :=g -X X /(g XkX 1
), g being the metric components, lj IJ I J kl IJ . ) . X , 1 :=(VE

1
X , and ( ... )IIJI means anti symmetrization (e. g. • 

X1 1 ; Jl :=(X1 ; J-XJ; 1 )/2); L :=X X Xk 
-1 J I J; k 

for g XiXJ=-1; 
'J 

and 

w :=(X -X Xk ) . 
I J I ; j I ; k ; J [I J I 

The list of concrete transports in proposition 4. 1 can be 

extended to include the M-transport [2], the Lie transport [ 5, 
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10), the modified Fermi-Walker and the Frenet-Serret transports 

[ 1] etc., but this is only a technical problem which does not 

change the main idea that by an appropriate choice of· Sx and 

the application of the above-described procedure one can obtain a 

number of useful transports of tensors along paths. 

5. COMMENTS 

In the present paper we have considered the axiomatic 

approach to transports of tensors along paths generated by 

derivations along paths, called here S-transports. this is done 

on the basis of axiomatic description of the parallel transport 

generated by flat linear connections and gives possibilities for 

further generalizations to be a subject of other papers. On this 

ground a number of properties of the s-transports are derived. We 

have proved that in a natural way to any S-transport there corre-

spends a unique derivation along paths and vice versa. If one 

considers general derivations of the tensQr algebra, then this 

correspondence still exists but it is, generally, not unique and 

needs in this sense an additional investigation. 

I~ can be shown that the S-transports are specia.l cases of 

the parallel transports in fibre bundles [3, 8). Elsewhere we 

shall see that the theory developed here can be generalized so as 

to include also these parallel transports as its special case. 
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