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1., Introduction 

The majority of realistic problem~ do not allo~ exact solutions. The US';lal 

way of handling these probl~ms is to. resort to an iterative proced~re or 
. • - • t 

perturbation theory. The ~esulting sequence pf iterates {fk : k = 

0, 1, 2, ... } is very oft~n poody .c~nvergent or even divergent. If one 
~ 7-. ' ;, , ' -~-. _, 0 

' ·-:,. ·'· .)_ i.,. \:_;:·' .. :~,, 

could calculate many (k ~ 5) first terms of an iterative procedure, then 
,,. •• «c .- :,~: ••• -~--. :1,.-· , , . :-: ~;.-,_ .. -:,_·.'·'---? ~ .. ': ~- :-,:~(;-~;::I<·· ... :· .. :· 

one would be able to improve the convergence or find an effectiye limit of 

a divergent sequence by· invoki~~ r~summa~ion~echn~~~~s, ~~-~~ · ~. P~de 
approximation,· Borel transforril~tion, conformal mapping;; continue<J -·~ · 

fraction representation and so on 1. 
"\-'(;' 

L::.:.:;\:. ·"~···· :J_ . -~~ ·;,·:, 'c:; ~ :.~~~_!_!: .. 
For example, when solving the Schrodinger equ~tion\vith anharmonic 

~-}._~ .... ,_:~ }-,.·. --: ~""::--·"." ~-'-~---

potentials by iterating the Brillouin - Wh;g~{p'~rturbat-i6n. fo;ni~la;one . 

meets with the fact that the convergf:mce rate'decreases' markedly as 
whether· the coupling constant, anharmonicity power ~r the energy -·level·. 

' ..... v·,:ry··' f:· : . ' ~.·:~} •.· ~-- \">:· :.~.l ·"'"':'.''· ~ ~-;_ ; ~'-.-~:-·..,__._,"' ··.::"'~~ 

nu~b~r'i~~rea~es2 :'. 111 s.uch ~ ~~~' th~ ~dc~racy' ~a~· b~ i~proved by usirig 
..... ,_·,.~ ~ ....... .,.._:_. -~···--.·.·_.-."" .. ::·.~----,·····-~)-"_f;,, ., . 

the hypervi~i.ai' th~ore~· ~~d · P~de ~PP~~~i~atio~~3i4 

However,, to calculate many iter~tes is ofte~_ t~~hllically impos.sible . . ~ . . 
The standa~d situation is when one is abl~ to find only ~few first iterative 

t~;~s:;in this case,· the usual resum~atio~ techniq~es'fail.. 
:' . • :-~! ··, . ·~:: ·-: : ~ . ' ~"'>.·-,·;, .. ,· ',._; ~' ~----~~t·· .·.,: .. ~ 

The technical difficulties arising during an iteration process can be 
. t' . , .• , : • ·.: 

explained as follows. Generally, an iterative' ~perator. fk t~~n~formirig 
, .,, .·. 

the term fk into fk+I depends .on the iteration number k, 

. fkf.I ;, ]kfk;· ' ; \·· 
----. -~-----·· . --· ---

. IIAYLIHO-TEXHHtiECKA.sl 
T:;T~-7 ~·;1-~if t;7prr_ A 
D.:;..-'"- __ _p._. ......... .;i:..~-.:.. ~.--'.!.~~ 

I . o. vl51I1_ 

._._, 



If the iterative operator is not simple enough, then the calculation of a 

·term· 

fk = jk-dk-1 = jk~tjk-dk-2 = ... = jk-tjk'-2 .. · iofo 

becomes a. rather co~piicated; if in principle possible, task. 

. This difficulty could be overcome if ~e wo~ld be able to rec~n~truct 

the sequen~e {/k} to un for which,th~ iterative operator would be 

indep~ndent ~fthe iteratio~ numb~r, i.e. . . 

!~+1·:= ]f~. 

· If, in addition, the iterative operat~r is simpl~ and contracting, the!! one 
,~ /'· 'l • ~~ A 

could ~asily fin? any iterate ' . 

• I Ak I 
fk"= I fo· 

Such. iteiat~d inaps can, be .tre~t~d as dynamicai syste~ss. The motion 
!" :., 

in discrete time is called a cascade. The iterative transformation beinga 

contracting m~e implies that the sequence {!~} converges to an attractor 

representing the sought solution. 

In this report we show that an arbitrary sequence of iterates can 

be approximated by a ca:scade whose attractor is the soughtlimit of 
' ; • • l < 

this sequence. The advantages of this r~sults are obvious: we need to 

know only a few initial terms in. orde~ to find an effective limit of a 

sequence, and the ~onv~rgence of the latter can be checked by consid

ering the stability of motion for the cascade. The approach described 
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below has been developed6-8 at' fir~t by basing on the renom~-~1-;~a~!in ~ 
• • .... . . ~ ' . ! 

group ic!eas, although the analogy.~ith dyn£~ical sy~tems ~~ been al~o 
emp~asizedS• ? . Here we demonstrat~ -t-~at_ th~·:dynamiciti - the~ry .. la~- · 

·· , . ·guage makes the i11terpretation of the method_much simpler and permits 
, .\ -. ..,: v-.~··,~: ·~ ,#., . • _', 

I 

I 

' .I 
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some important generaliza~ions . 

2. · Iterative Cascade 

Suppose we are interested in a function f(g) with the variable· ·g E· · 
' -

.. n. , which satisfies a very complicated '"quation :to be soived using an' , :- . .·--~ _.- '. ''. -~~;i~ .;·-~~~:: ·. :,~~---;.:~~---· _,-_; 
iterative procedure. The convergence of. the latter. is known :to depend 

. , .. :~, .. . ...}~- ;~ .. >.-~:';_.:. -< .. :~.~-~(_< ~·~:~ <, ··-:,:~,:~_-·,-~-.:~~~;-~~ .,._. _;· ••• '· ., 

on the choice of an initial approximation ~fo(9f>::r#~·p'roc~:diire can 
• • . . '~·-:.,.··',· • _ .... ~--~--!· (-;\ : r~_;_._".> ·,-:.,\~:~,.!~.-.... ~:~~·:~~:-.; .. "~" 

be contracting for some values of Jo(or and aiverg~nf'foC<f.tl1ers; All 
... '. .. ' . =·~ . . _ ... - -. ~ ---~. · . .,_~ ~!:-~-:-~:-~.".:-·~_:-:.~.:-~ 

'possible. iriitial, approximations_provid~ng. ~he uniform ron·vergeiire~form 
\ . . . . .• _.. "·li . _;i_-: ., . 

·an att_t:action;egion; p·, Jn 'this way, a s~quen~S'.:of iteratesjn~~rPr~ted 
.. ·-··: ·- --.<' • ': ,-: ;:',. : -~:-_· ....... '<.· '"': .. ~; -~ .,. ::.:: . ;, ~ '·._.-~ "'~~~~--:;> .·-:_·.·.· ·•• 1. 

as a _c~~de,_.Irioves .to· an at~ractor· pro~id~d .__tha~. f 0(g) 'E ~·C.':.. :.,The 

~~ve;gence. is fa8t~~ for tho~-~~~~nces,wll~~e z;~; ~;~r~ii~~tio~s ,are. 
. ~ ' . -"' - : :;· :. . . . ·; .";/~·,.._, . ·.· 

closer tothe attractor. !-· • ' -. ·• . . 

In, order that a~uen~~~fit~rate~ ~o·u-;d·~~1~;~~~£!~Ci~ity of an 
~r .• - ~ . ..:.,... . . 

· :~ at~ract~r,' this sequence should· be governed in.s~IJlec~ay. T,o this en~, . . . ...... .. ~- . . - . . ~ . 

by choosing a.ll'initial ai{pro~im~tio~._intr~cJ_uce hlio:it a ~et oftrial pa-
. _--. .. -- ..... "'" .::_- _·; :-=- ... : .. ;._ .: . ·,..... - . '_;~> 

rameters>z, so that f0(g):;;,;/0(g,'z).~:-.Thc;:ri; all.further it.era:tes also 
. ·. ;:::~'~ ~--· ~j; . . . :.;_i.-:· --~ ~-!'- ·.-. ·. . _ .... -- . ·.: :.. . . ' 

bec.omedepe.ndent on thesep.arameters:· J~r(g)'~ fk(iJ, z) . Define a set 
. . .... ,. ' - :-.:"~:.:: .. - ·--·~ . . 

of functions · z1:(9 L,~h_o~iL~~!cds to :govern the behaviour of the sequence 

;. 
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{fk(9)} formed of the terms 

fk(g) := fk(g; Zk(g)); . k = 0, 1, 2,. :. {1) 

so: as to keep these terms close to an at tractor. Because of their. role, t·l~e 

f~nctions, zk(g) are called6-9 the g~~~rni~~·function~, an~ the set. 
_.J 

Q := {zk(9): k = 0; 1, 2, ... ; g E R.} {2) 

can be named the government. By definition, the governi~g ·f~
1

~~tions 

guarantee that all terms , 

fo(g, zo(g)) ~!1 (g, zt(g)) ~ .. ~· =·f.(g, z~(g)) 
.. , 

are close to an at tractor and move to it as k increases; the at tractor . -.. . . ~. ~ . ' '; . " ··. 

representing the sought fu~ction f(g) , 
~ ' ... 

f~(g) = f~(g, z;,(g)) ~f(g). · • i (3) 
·: i.. 

· Ti1e~efo're; 'the gener~l d~flniti.on of the g~v~~ning:func;tib~~s can b~ given 

as the, relation 

_!'' 

fk+v(g,zk+p(g)) ~ fk(g;zk(g));- k,p ?:.0,,. ,(1) 

which is to be· understood in the' sense of the Cauchy criterion· of the 

uniform convergence ' I' 

lfk+p(g, Zk+p(g))- fk(g, Zk(g))l < t:, 

where k 2: s(t:),,p?:. 0, g E.n. The.'ielati~n-(4)Jollqws.fioma 

particulctr form of the Cauchy, criterion in which is(i) =:=.- 0 ,-and which ' 

ca~ be· cal1cd the fastest ·- convergence cri terion8. 

4 . 
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The idea of reconstructing a ,sequence of approximations.in .order 
' ' •••• J ·., .~· ':; • ' •• 1 >. ;_ ;~ .. •· ·.·,' > _ .... / __ ;,~': :;-~---· ! __ • 

that this sequence would be convergent has been advanced in Refs.IO,ll 
.4! ) ,r, 

by introducing additional functibns 'satisfying the fastest - convergence 

criterion. This is now widely known as renormalized, or modified, per-
-: ' l ~ -,._. • ' -~ ' ' • ~ ; • ' •• 

turbation theory. However;an,option of th.e governing functions zk(g) 
"" • f • ' • ' \. ~- • 

up to now has been heuristic, thus there has been no firm grounds to 
.... '-' . ' 'f'.. ''•'. .·_·· ~' -~ \ t . ~ _. . . ~ ' .. --

prefer one of sevei:a'l ku'oiin.~aiiants10-15 :· . 

Note that the introduction of the goyern~ng functions can be combined 
:- ' •• '+ - • -

with the use of integral transformations, like the Borel transformation or 

the Hubbard transfo~rnation ::.r 

1 . J+oo ., .. <(·· u2 . ) 
exp( -</) = 2~ exp - "4 ± iwp du 

·700 

In the dynamical approach .we follow here, different adoptions of the 
. . . ' ~ 'f' . -~ . 

governing functions can be classified and analysed, so. that • it becomes 

''pos.sibleto 'concl~d~ 1~~hich of the ;~fiants is g~ner~lly pref~rable. ;,, 
The interpretation of the sequence: 'l!k(g)} i 'as 'a' dy~arii'icar system 

assumes the necessity of defining a mappi~gt'ra~smuting a term fk(g) . 
' ,, ' ' "''. ,, ·-. 

into fk+t (g) , To find such a map, let us introduce some new notation. 
·. • . . • . . . ,. ' f . . . ' • ' . '. ' ~ . " . ' ' f " ( ' . . ' . . . 

Define the couplirl'g' function 'g(f) by the equation -. ' ' 
... ~ .. ., . ; .. : . ~'. ~ ; 

fo(g,zo(g)) = !; g= g(n., •·• (5) 
- . . 

. ··, .. -·. :. ' .. '" . i;.; r _"" ~ \ 
Introduce the function •'' " 

; : j__ ,. '. i!{ ;.:: '.' ~.. f. . ' 
Xk(j) := fk(g(j), Zk(g(j) )), (6) 

:•5 



whose limiti~g properties in accordance with' (5) and (3) are 
. ~ ·') 

xo(/) ==:f. (7) 

and, respectively, 

x.(f) =J.(g(f)). (8) 
·' 

· Defining the inverse function -f-1(g) by the equation. 

;, 9u-1) = g; 1-1 = r·l<fih 

we can return from (6) to (1) following the relation 
' ~ ·. ' 

xk{f-1(g)) = fk(g,zk(g)),= fk(g). 

The fastest - convergence condition ( 4) in terms of (6) reads 

x/.+f>{!) ~ xk(J). (9) 

Putting ~ere .k = 0 , we get . xv(f) = f substituting which into the 
' • ' . ' • • . ' 1 o I 

right- hand.sideof (9) we obtain_ 

Xk+;{f) '== Xk(Xp{f}) . . ' (10) 

This relation is oftel}.,calleq the property of functi<;mal.self: s~miladty. 
' ; • . • : • ~ ' '• ~ ·~ ; ' f ' 

This is why the method based on (10) has been called the method of self 

'-'similar approximations6-9. ' 

On the other hand, the functional property {10) characterizes, .as is 
"-' \ < ~ • '':' • ' • ' v" '''; • 

known5, a dynamical system in discrete time, that is a cascade .. The 

6 

l 
1
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ordered sequence of ,terrris ( 6) starting at the point (7) is named an orbit, 

or trajectory, 
,. l 

,·7i ~'([,·i~u) .. x2{!), ... }. 

In this way, to any sequence {fk(g)} 'satisfying the fastest - conver

gence criterion (4)'it 'is admissible' to put ihto ·~orre~~on'dence a sequence 

{xk(f)} with fhetn!Hitio~ (10) chimiCteristic of a cascade; 

3. Iterative Flow 

An additional information can be extracted if we pass from the ca.Scade 

to a flow. Introduce a continuous variable 

t E. n+· =: (0, +oo ), (if) 
'!, 

and make an analytical continuation of (6) to a function a.~(t, f) .. such 

that when t crosses a positive i~t~ger, .say t = k , then x(t,f) 

coincides with the correspondi~g 'value of xk(f) , . ~ : . ' ' : ' ·. . \ ~ 

x(k,f)=xk(f); k=0,1,2, .. ~· (12) 

The cascade property (10) for the function x(t,f) becomes that for 

the flow 

x(t + t',f) =. x(t,x(t',f)). {13) 

The initial condition (7) now is, 

:r(O, f)·.~· f. (f.i) 
;·~ ~.~ t' 

7 



.The existence of an attractor expressed in (3rand (8) reads 

. '·~· 

x(s.,!) =; J.(g(f)), ( 15) 
r • ; ~ , ', 

. where s. is a saturation numberS. •'·' 

' The self - similar relation (13) can be presented in the differential 
" . • ••• ,, ' ' i ' 

form. Differentiating {13) with. respect to· ,t /and .then putting· t -+ 
• ' • <.- "-' • ' . ' } • '~ - - ' ' 

0, t'-+ t , we get 
d 
dtx(t,f) = v(x(t,f)), (16) 

where .... ,· 

v(t) = lim.dd x(t,J). 
t-+0. t . 

(17) 

,T~e latter function is called the ,vector field, or.velocity. Equation (16) 
• ; i •• ' . 

is typical of an autonomous dynamical system, that is of a flow. The 

·trajectory· is 

7J = {x(t;'f)': t E [O,oo)}'. (18) 

Thus, we have shown· t~at an it~r~ti~~ sequence. 
. .. 

{fk(g)} carl' be 

.represented as a flow .with the equation of motio11 {16) describing the 

trajectory {18). Therefore, the sequence 
,I 

T..ep(g) := {fk(g): k = 0, 1, 2 ... } 

can be called the representation ~f trajectory (18). We have managed to 

obtain the equat~on of motion (16) by 'introducing the governing functions 

providing the property of self- similarity (13) .. It is possible to say that . 
' t f • • • ~ ; • 

the self- similar symmetry {13) is imposed by the governing functions. 

> 

·a 

. i 
.~ 
I 

,\ll i 

This fact principally distinguishes our ~pproach from continuous analogs 
' ;.,, :: .· ''. ' ,., 

of concrete iterative methods16, 17 as well as froOlth~ re~ormalizatioh -
·group method1.8 of, quantum- field thoory; based on' symmetry properties· . 

of particular equations· of motion . 
. ; ' ' ii 

Integrating Eq.(1?)Jrom ~. k .. -th approximation to the saturation· 

point · s. , we have · 
:r(&.,/)·;,:·, .. 

J dx . k 
.. -(.) = s •. -'- . . 
·VX 

:z:(k,J) 
. ,.. -. 

The substitution J-+ J-1(g) fo~· the lower and upper limits gives 

(19) 

x(k','f-1(g)) ='=fk(g),'·: x(s.,J-1(g)) = f.(g). ,· ,, . ! 

As a result, it follows from Eq.(19) that 
. ;,l ;: , . ·:. ~ J :,: ' .• ~ ~ ' 

/.(g) . 

J 
df, . . 

,;:v(f) = s.- k. 
fk{g) 

(20) 

This equation d~fin~~ t~e ~~ught ~~If:. siiT!ilar ~pJ;oxi,rriatiC>n 'J.(g) .. ... 

!•.-

!. ':4. Vector Field \: 

-To integrate:(20);.we, need to know the explicit form of: the.vector, field 

v(f) . ·In reality, all the information we have is related to the discrete 

. representation. Therefore, we are forced to,return to it wishing to write 
.),. I ' I' : 1 

an expression for the vector field. The .. discrete representation for , the 
:,, ', i . ·: •' ' , ''"'; I • ~-, ~~,.( :·: .: ' •.. : •. ~· ••. ~~.l·~.:- • ~ ,·-~- ··, < 'i::, 

latter can be written6-9 as 

. ,; · .. ·(.'!. ) ~,66~'(!) 
· V&k - k 

S-;-
(21) 

rr 9 



by using th~ fi~ite difference 
.•.• :-!-

\; ,, 

a 
. Do8 k{f) =Js(g, Zk) -fk(9,Zk) + (ziJ -·Zk)()zk fk(g,zk), ,, (22) 

in which 
:,_r,: 

9 = g(J), Zk ~ zHg(J)), · k < s. 

Then, integral (20) is to be replaced by 

J;k(g) 

J df ... · . 
. Vsk(J) .= s. - k, (23) 
ik(g) . 

the self- similar approximation J;k(g). being <;)ependent on the chosen 

velocity (21). 

Define the relative fixed ~ point. distance 

bsk := s.- k: 
s.:....k· 

With notation. (24} the integral (23) takes the form 

.J:k(g) 

J df 
Dosk(J) = bsk• 

!k(g) 

(24) 

(25) 

',A more elegant expression can be given for (25) by introducingthe func-

tion 

· 'Ysk(f) = {D.sk(f)o,.k}-1
• 

"Then~ .(25)can be written as the normalization law 

-'.\ 

J;k(g) 

·,f:Ysk(f)df = 1. 

fk(g) ' 

10 

(26) 

(27) 

v" ILweassume.that the attractors of the considered cascad~s and flows 

are fixed points but not limiting cycles or chaotic and strange at tractors, 

then we can readily derive the corresponding stabilit~ conditions19. To, 
. ' . 

'con~erge to a fixed point, the self~ similar mapping (10) has to be con-

tracting, which implies that _the corresponding mapping multipliers must 

. be smaller. than unity, th~se multipliers being defin€1d by · . , .. 

. ' • M:k(g) = Ii:Ui. l:lffp(g(J),zp(g(f_)))l·~ 
. 1""7/;k(g) . . • • . 

.(28) 

· In addition,' the equation of motion (16) C!l-n be analyzed with respect to 
·i 

the asymptotic Lyapunov stability19, which requires that the Lyapunov 

exponent 

Ask(g) :=; lim . . ddlfVsk(f) 
• '' . ' '1-+J;k(g) . 

'(29) 

has; to be neg~tive. Thus, the suffiCient conditions for .the fixed point 

:J;k(g) 'to be stable.are ,:! 
1!" 

·M:k(g) ~1, 
.. 

Ask(g) < 0. (30) 

These two conditions control the choice of governing fu1,1ctions and of the 

vector field. 

5. Ergodic Sequence 
-' -. ' :.'f 

It may happen that the dynamical system desc'ribed by Eq.(16) may 

have an attractor which is not a fixed point (stable node or stable fo-
t . ! . ; '. ~- . :. . ' . ~ ~ " - : 1 . • . . ), 

cus) but which, e.g., is a stable limit cycle, stable torus, quasiattractor, 
. ., 

. chaotic attractor or strange at tractor. Then, the stability conditions (30) . . . . 

.11 



are not valid. Hmv is it possible then to define a correct self - similar 

approximation of the sought function?-

When an attractor is not'a.fixed point,·then the analysis of the Lya

punov stability should be .replaced by that of the Poisson stability2Q, 

although for a limit cycle and torus !Jle Lyapunov analysis can be .ap

plied. A function; x(t,f) , real and continuous; given:for .t E ·R+ ·is called 

stable ala Poisson, or Poisson stable, i(for each t > 0 and any t E R+ 
. • ' : , ,1;. ' 

'ane can define an infinite sequence { tP · ~' tp( t, t) : p = 0, 1, 2, ... } for 

which' tp-.:. 00 as p :..:.t 00 , such that 

'-t . 
lx(t + tp, f)- x(t;J)I < t; p = 0, 1, 2 .... (31) 

:Aperiodic motion. corresponding to a limit'cycle is, as is obvious, Pois

son ·stable. Then; one may put 'ip = pT· ,. where T is a period. A 

quasiperiodic motion corresponds to the motion on a torus .. Alm()st a 

periodic motion i~ related to qua.siattractor. Both the latter motions are 
i 

Poisson stable20. The motion on a chaotic at tractor is mixing. A strange 

attractor is particular kind of the chaotic attractor with' a dimensionality 

lower than a manifold into which it is embedded. The mixing motion is 

also Poisson stable. 

All kinds of attractors are metrically transiti~~>' Ther~fo~e, \~e can 

~efine.the ergodi<; ayeretge -.,,_ 

T. , -· ·, 

' 
;erg(/)·~· lim .!_·1·· ,x(t,J)dt:· 

. r-+oo T, , . . r. :: · 
,(32) 

0 

12 

which must be independentof an initial point, 

Xerg(/) = ~erg· (33) .. 

. ) 
The discrete analog of {32) is 

. . ' . 1 p 

ferg(g) = lim - 'I:J;k(g), 
" . P~.':'!-P k-1 (. 

' . . ~; ", -~ : .. .:.., ,- .. ,';-;. ·._ ' 

(34) 

'· ... 
where s = s(k) > k and the initial term corresponding to k = 0 is 

omitted in accordance ~ith d3). Tne erg~dic'average (34) i~·~h~ lir~it 

lim J;{g) ;; ferg(g) 
p->00 

of the sequence U;(g) p = 1, 2 ... } composed of the qua:siergodic 

terms 
1 p 

J;(g}= p Lf;k(g);_ . s = s(k). 
k=1 

(35) 

Therefore, we may call. the sequence .{f;(g)} the ergodic sequence. 
~ •• • < ' ; '' ; - • ' . • '· ' • -. 

The definition of the ergodic sequence gives us a practical tool for 

. constnicting higher orders'cif self- 'similar appfoxifuat.ions .• '• ' \ ,. 
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