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1. Introduction 

In this paper the invarian~·measure for a dynamical system 

defined by the nonlinear wave equation 

.L<.H -L<x:x ·+ fcx,u,=::01 xdo,h), i€R) (I) 
, . 

U(-x:-,fo):::: Uo(X>, . ul (x,lo) == ui (XJ ·c2) 

with vanishing.boundary conditions 

. u(o,!) == u tR ,lJ ::: o CJ) 

is constructed. Here f is a smooth function satisfying s_ome 

conditions of growth. In the same way one can simply construct an. 

invariant measure f_or the periodic problem when U('t+/1>-/.) = U ( X,t J 
for any '){ } t ~ _ ·_ · • -. ·- : ·. -· · 

There are several papers on-this matter for various· partial 

differenjial equations of the mathematical physics /l-5/ • In the · , 

paper /l the invariant measure for some abstract equation is const­

ructed, and in 12,J/ the same me·asures a:re
1

constructed f'or .two physi­

cal systems. Unfortunately, in the paper J/ some important steps 

~f the proof are omitted. In·thepapers / 4 , 5 / the invariant measure. 

is introci~ced for the one-dimensional nonlinear Schrodinger equa­

tion with lthe polynomial nonlinearity. Measures siniilarto those wer~ 
· 16 9/ · 

c_onsidered in the papers - but with other aims and wi thou_t 

the proof of' the invariance. The pa.p_er is organised as follow·s. In§ 2 

the basic notation is _introduced and the basic results. ar~ formula­

_ted. In ~ J the problem (I)-CJ) is invest'igated. In addition; the. 

. convergence of the solutions of the. finite-dimensional problem 
arising in the approximation of (I)-(J) to the solution of (I)-(J) . / 

is proved. In f4 the_ invariant measure for the dyn~ical system de-
fined by (I)-(J) is constructed. Section 5 contains some generalize.- , 

tions and applications to physics.· 

2. Notation. Basic results 

l 2 - . 
Let be the real space of quadratic integr,ble functions 

defined on [o, A] with the scalar product ( ~, ~)-= i ,ex) h(X) dx 
. 0 -
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and the norm \\~II= (9) ~) . We denote by 4 the ol~ure in '-' 
of th. e operator -f defined first on the space ( 0 (o,A~ 'of 

'tl,_ 
infinitely differentiable functions satisfying h ( o) = ~ ( ) = 0 . . l'2. 
Then, 4 is a self-adjoint operator on • 

Let S< 0
1 

H 5 be the supplem~t of l 'L according to 'Hausdorff 

with respect to the norm l\9lts= II~ ,11 . Then, H5 
is a Hilbert 

space with the scalar product (3,k)s= {{\13+~11~-1/3-hll:J. 
If S) 0 , we define the space HS on the usual way. : 

Let f €riln-J.,,,, . be the basis.of the orthogonal n°ormed
0 

in 

L
'2.. . - ,..,,, ... 

eigenfunctions of Ll corresponding to the eigenvalues 

o<A,1.<:,.\'l.< ... <:A.,<::... Let ·x = SL>tt11[e.. e,J. () · • 11 I ~ J • • • J '' S 
and let rh be the orthogonal pro,jecwr onto Xn in l2.. . In 
.what follows we denote by(,C.~ (2. C L J • •· arbitrary positive :q J ) . 
constants. · , , 

·Finally, we denote by C,li::(I;J() (k=0,1,2, ••• ) th~ Banac_h 
· space of l( times continuously differentiable functions \A! I➔ X, 
where I ex is ~nterval and X is a Banach space and let 

II Ul·)\le,"(l iX) -~ ~o i~tr \\ dfl\4~~i)llx ,-where \\· lx is the norm 

_in X . Then, C (I 1 X) is a Banach space. 
· The ·hypothesis on + consists in the following: 
(f) + is a real continuously··differentiable f~ction and 

there exists A>o such that 

\ t(1,u) / (i ~ u'L)1A I + l i ¼( x,u) I { A 
for _all 'J- 1 U. . 

To imestigate the problem (I)-CJ), consider the equation 

. . t . ' 
\flt)= k ct -to)Uo + k'd-to)U1_- I h-klf-'r) t(·} '{)(ir-)), (4) 

\( 
-%. . 1/2.J to .. 

where ct) ::: 6 Sw,, 4 t _ and f is the unknown function 
of the 'real argument t - with values in some space 'of functions' ofX. 

Also let us introduce the finite-:-d,imensional problem 

u~ - U~x -t .Ph [t {·>u 11)]=.0J X t( 01 ~)J t € R, (5) 

. ~ . 

u.\~to)-=, p" Uo, *Lt(x,io)= L AK(U4,~} ~.(6) 
. ' k'.::i 4. 

One can easily wr;i.(.e the eqili:iJ.'fio~~\to 

\ 

H, \C:Jl.,r.<; lltlW r:i.;;1r,.i J l 
. . ua'!tt3M1: ucc.:1e1ei1unn · • 

.. 1 6H•;,m,tOTEHA _ -~ 

(4) for (5)_(6). 



It may be simply seen that (5)-(6) define the system of ordinary 
differential equations 

Jl· . \ ( . 
Tt'2. a."+ "l(QI( -+ 1,l7t) = o ) tE-R, <1) 

a\(lto)= (Uo} €ic)J d 0..tcClo)::: \ . (u e ).. . . (1<=1il) (s) 
d-t _ /\1< 1 , I( -.1. > ' , 

wher~ li.-=-.,(CA.1_, ... ,tt.,), tl((Cl..)= JAfcx}t./'(x,l>Jel((x) dx 
and. l,.\~:::. ,,_? ¾ eK . Hence, (5)-(6) ~as a unique solut.ion l/1(ti) 
which is delined for. al~ t E~ by the _hypothesis (f). The first 
result of the paper consists in 

~eo!~-1 . 
Let the hypothesis (f) be valid. Then 

(a) the problem' . (~) . has a unique solution which belong~ to · 

C.(I;f)n cicrJ· H-i). for any T>o andJ=-fto-T.,lo+TJ 
. "'L -J. 

and for any Uo t L } -ui f H . 't . -i 
(b) for any finite· l C R. J U.o EL ud. EH .· . . '• 

) d ' . ·1 ~\'YI r Su.p nu~())- 'f.( h ll + ~"'-rllatf Uh(-,fJ-'f( til}I :::. o)· ~~la . ~ • ~ 
Cc) for any finite I cR} f >O there exists ~ >O 

such that 

'ii\A-~ l\u~ (:)l)- ~~ (-,i) II + ~v..p lift"[ u; (·){)- U;'.(·>iilll_, ~ [ 
HI Hl · .J. 

and 

s~pl\1 1( t>-11.< f>ll ..,. ~llt' llai:,[~-tl i>-~'L<b]IL.{·£ 
tfl . . H, I . 

/ " ~ 
for any two solutions U! > Ui. of the problem (5)_(6) or for any 

two solutions of the problem (4) . f or __ ~h:1c!:_ _ ___ _ .. __ -~ ... 

\\Uj' l· ,l,)- u~ l -,lo) 11 + \I M \,(~ c-; lo\ - U~l· ,l,)]ll_/~ . 
and · · 

\\f 1l lo)- 'f,J la)\\+ \lt[f-1L l~)-11.l t,a)])I <~; 
\ -.1 ' 

(d) the pro9lem
1 

(lQ..~ qef'-ne s t,¥ dynamic al 

space l'i>, ft) E .1\_: l )( H . 
system on the phase 
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Re:nark 1 

In what follows we call the solutions of equation (4) as the' 

eeneralized solutions of (I)-CJ). For the reason of-this definition 
/IO 11/ · · · . ' .. ( . 

see. · ' ·, _for example. Formally the connection between (I)- J) 
and (4) is obvious. 

4 4 
Let Fl-x,u)= ~ !1~,r*{p, 'P(u):: j Rx,~J~>) dx,2 -1 

Let 1f and W- be the pentred gaussian '1ieasures on L and H with 
. ~ ... ·· - . 

identical correlation operators .d . • Since this operator i_s nuclea; 

'\r and \Jf are e-- .:.additive Borel nieasures. Let f = V:® W'. ·. : , · 
be a direct product of the measures 'Ir and 4f which is the measu-
re·• on )( • Let . · 

( . - ~l~) .I . 

JU(Q_)=. ) e . f( '4 A) . . 

for any Borel se~ cX. where <Pc,)= ~<31Jif 3= (gi>g1.) -
where ~i Eu-. I 91.. E fr1 . The basic result of the paper consists 
in 
·. .. '.£heQ!~_g_ 

J\,\ is an invariant measure for the dynamic al system defined -
by (I)-b). 

1 J. !'_ro9.f :of_theorem 1 

_ We only sketch the proof because the 'methods of.investigation 

of the problems (I)-(J) and (4) are well-known (see; for example, 
/10,11/ On . . 1-... _ • e can easily see th., t for small T > O and - -

:::{ to-T 1 to -t T] the operator on the right-hand side of (4) is 

the contraction ·of the complete metric spaceC(I~and)he local , 
result (a) is valid. The global existence follows from the estimates 

\\\j lt)II~ Ci 114~11-t c'2.uuf(i + C1 t· U~('r)II d'i' 
{o 

- and 

·-u-Atltlll_if Cilluall.t c~··l1~ill_i 
t: 

.+ C; ~ l\'fltc)II ch-. 
ft) . 

'Dien, usin(', the hypothesis (f) one has the inequality 

\\'t(JC)'f 1.) - fcx) ~d I\ ~ C lllfi - ~7.// (9) 

with C-= Con~{ >O. independing of \fi,'f'2.. f l 2
_. Hence, for any 

T>6' -, .:, ·r =[ f o - T ) ta f T] and for anY tv,o solutions' 

5 



- \f, and 'fl.. of (4) of the class ( (I • 4 'l.J the ihequality-
1 ) ,.... . .. : . . ' - t 

lt'ftlh~Y':z_tl) II ~¼.II 'ftdol-~1.d.,,ll+C,IIJf Yi do1-'f'1.do>ll~-i-C'!,Jn~(tJ-1'1<Hlttfr-
- . - .~ 

· is valid .and the sta:tement (c) is proved. (For the problem (5)-(6) 

arid for first,derivat.ives the Jroof may be hold b~ analop.;r). · 
~· Let 1 us prov~ (b). For \A (·1~) 1 'jl(t) € ( (] J L/1·) I I -
• () ( J. ( I ; J.f!) · . . . we get by (9) : · · · .· · 

l\\ltl{.,i)~ 'f ti) II { ½.11 u ~(-,lo)- 1( fo>II +Ci.II ft-[ u.11<·,lo)-' \f ( lo)] II_ t 

t c°, St a fl ii~ ~•t-,yJli clrc_ + C~ /IH(·,'f< ~il-fJt ,'f!111~ . 
f ' . ,, t. . ' 

· 0 · Cl t . . 
,;; · o..,_ -t · C, tu If (tl-u"~,-r-lll h, 

where ~> 0 and CLV\ tends to O when \'\-+ 00 , and ·the first 

result of (b) is proved. Tiie s~cond one follows by analogy. 

Finally, (d) is.valid by the proved statements, and theorem 1 
is proved. 

4 •. An invar:J:.anLJfil!!~~ 

The system· (5)-(6) is hamil t onian. by ( 7)-(8), For Borel I s , 

~- C X ><X let 

PnlA)= (:f" ~ ),t'- Je-¼ i ( A~ -x; + )j~) dxJ~, (ro) 

j I \(=! . F 
. . ht'! . 

where. °X.::.tXi.)·--J ")(h) ) ~:::~~I ••. ) ~ ... ) t.,f<.. 7 r,th:) J.~ 
are the Lebesque measures in.~ . , F=f ('x,~)j( LX"e" j L ~ic,eK)E:_ ffj._, ' . ·A ( -<{>(9) - j ) ~!. . _l(:,.L 

and let PV\ l ) := A-e_ _R(q~ . . . --
Then, using (7)-(8) one can easily prove that f is the inva-. x· - Y\ riaiit measure for (5) ... {6) and that fn{ i<){, -::::1, 

· One. Qffo define measures pV\ 1f V\ ;n tilli Borel I s· ~ al-
gebra !l.n A using the rule · 

PnlA)=f,lAn [X,,x XJ\ Ju~ lA)=fa,,lAnfX .. xX] 
6 

1 
j 

~f 

\,; 
,j 

l,; 
-~ 

!!f'.!!i!:!!Ll 
In what follows we call the solutions of equation (4) as the 

generalized solutions of (I) ... (J). For the reason of this definition, 
•. /IO 11/ ' · · •· ' · ( ) ( Ree ' , for·example.Formally the connection between I - J) 

and (4) is ·obvious. 
4 

. Let Fl-x,u):: r !c~,p>dp 1 cf>(u):: j Rx) L<J-:t>) dx ·2 ~ , :..1 
Let 'IT" and W- be the pentred gaussian 11ieasur_es ori L and H with 
identical correlation op~ra.to;s L1:.2. •. , S;in~ e th:is o:pera tor· is nuclea~ 
'\r and \}f are 0-, -"-<3.dd,itiv:i B~reil measures. Let ,, p:: 1J"®W' ' 

be a direct product of the measurefl 11" and 4f which is the measu-

re. on X . Let · , 

JU(Q)= l e- 1.l~l f( d J) , , 
for -~~y Bore\_se~ c}(, where <P.C~)= <f(9L) if, 3= (gi> 91.) 
where ~i E' l 1 9'l E H i . The basic result of·. the paper consists 
in 

'.£he21:~ ... L 
J\A.. is an inva:-iant measure for the dynamical system defined 

by (I) ... (J). 

J,. Proof_of_theorem· l. 

We only sketch the proof because the methods of· inveRtigaticn 

of the problems (I)-CJ) and (4) are well-known (see, for example, 
/10 11/ '. '. . 1-, ' • One can easily see tm t for small T > O and -

::.[t,0 -T ,t 0+T] the operator on the rieht-hand.·side of (4) iR 

the contraction of the complete metric spaceC(I~and the local: 
result (a) iR valid. The·global existence follows from the estimates 

. . t .. 
\\ 1 lt) II~ Ci 1,~oll t · c'2. llu!l/ ... i ·-~ c.~f U ~(T)II d't-

{o . 

a11d 

-~ ltft<flt)ll_t~ Cilluoll tC~ lluiu_i, t c~ 
-1: . . 

i l\'f ltt)II ch-. 
C) ' 

Then, usinr, the hypotheffiR (f) one haR the inequality 

\\ t()CJ'f .d - fcx, ~i.lll ~ ( 111f i - ~-di (9) 

with ( -= Con~{ > 0 independing of 'fi 1 'f2. f l 2. • Hence, for any 

T>o· ' I=[fo'- T ,to t T] and fo.r- anY tvio solut:ions 

5 



,· 

'f1 and 'fl. of (4) of the class ((I) L/)· the inequality 

. . ·. t .· 
· II 'ft(h.;. 'f2. ll) II ~~II 'f1l?0)-'f 1.d., lll+C2.IIJ['(i cla1-:1fi_d

0
)]/L-,.(~Jl~('r-Jt <Hflifr-
. -.L. fo 

is valid and the statement (c) is proved: (For the problem (5)-(6) 
and for first derivatives the lroof may be hold by analon)-
.. Let us prove (b). For lA (.,-{), 'f_(t) E ( (]jl'L) I/ 
{) (L(I;J.1-1) . , vre get by (9): • 

l\\{"l))"".'" 'f {,!)11 { Ci II u~c-,f0)"" 1( l0)II +Ci.II¼ [ ~t1c.>lo)- • 'f ( l0 )] /[t 
t . ; f .... · .. ·. :i 

-t C3} II"~( T)-\A)·/l'JII ch-: +Ci, Jl/tl·,~( 7))-tJfl-~1{-rlill/tri 
~- t .. -~ . 

~ u."' -t C.! f II~ ( ,r)- un(.>'t)ll dT" l 
0 . 

where ~'> 0 and Cl.V\ tends to O when ~--+ G>O , and the first 
result of (b) is proved. Trie second one follows by analogy, 

Finally, (d) is valid by the proved statements, and theorem 1 
. . . ' 

is proved. · 

4. An inv ar;!;_an L~!!§.!!!.!!. 

The system (5)-(6) is hamiltonian by (7).:.(a); For Borel' s 

/\ C X ><X· _ l.et n . "' '"' . . . ., . . 
P. lAJd.,_r.f" 11 t f e-½ l (A~")(;+ )J~) d x J~ , <roJ 
) I K=i F .. 

where X-=-txi,·--,'X\,)) ~::: w~, ... )~'"')€./VJ ? "'ax, J.~ . 
are the _Leb~sque mea_sures _ ~i( ~ · , f=f (~l~}j( t_/-v.ev. ) ~J.'JKt!K)E:ff J ' 
and let JUV\lA) =. ~ e S) R (d~). ' . -.. . 
Then, using (7)-(8) one can easily prove that f is the inva-. X :v Y\ riant measure for (5)-(6) and that _f}n( n ½, :::.l_ · 

One Qffo define measures pVI 1f V\ · ' on th1 Borel I s G=-- al,-
gebra in A using the rule· 

P"lA)= f. lAn Ix., x XJ\ J'AV\ lA)= t" 1A nrx . .xXJ 
6 

A 
!~ 

·i 
,, 
\ 
n 
" / 

Sin~e R ncx)·x·h].i·s open, if A cX is_ open,. this is, correct. 
1~_iLl . . . 

Let the J1ypothesis (f) be valid. Then,. th~ sequence . ( pi, I 
weakly _coverges to p . 

Proof 

Fj rst, let 11s prove_ the _weak comp.actness -of ?fn] , 
' 'L :...-fl '-)E''S'1.xH~-i,.·, I R n'l ~7 .· , 
,Let-~1e(o,I:)J~R- ~>" n .. · · · \3ls_/,"k.1-fT?_,r,_and _, . 

let l?.R be the closure of &R. in X . Then, gR is a compact 
By lemma II. 1. 1 from 1121 one has · 

: . . . 2 
P~(X\E" )' ~ [· ·T'l.. A-1+S.f ·] · .. 
r . R . R1 . 

Hence, • by the Prokhoro:' s theorem the se_que:nc ~ f 
11 

is weakly.. · 

oomp•~;,,, 1,t M =f (! ,h) E XI [(~,es,i,, .. ,( ,,ei., ),(h~).,.,rlJ(i l# 
be the cylindrical set in X where , F · is a Borel' s set in_ f · 
and ·\ .J. i. if Kt<ivl orlc

1
i>tn and .'r(.j. t . By 'the '.definition (iq 

, J\i( + J \. l. ' , • _f . . . . . > .• . 

~l "' l/2 ( _!:: ~ }i-. 7.?.. · rl'\ (M)~ ('2.'tt) ~ I{ Aj J e "l.. l(=i JI( K Jx = D( M)' .· 
. . ~'<{l(F J .. 

where ')( ::: (Xi J ••• , 'X.e) ? for sufficiently 

large h. Since there exists a unique continuation of the measure 

from an algebra to the minimal ~ algebra, fl'I ➔f weakly. 
Lemma 1 is proved.· · 

Lemma2 . X .. -1£r:a ~n! fY\(Q.nf(Q) if.Qc_ is open. 

.t.W\ S14-Y, ~h ( K) ~ Ml\() if KcX is closed. 
. V\-,oo I I '1 . 

For the pr~f see lJ _ . 
1 

Let ~lt):X➔ X. be an operatormapping (ul·,<t),ut(•;r)) 
into (\A.l·.} htt)) u\ t·1!+'1')), y;here_ Ul•1~1 is an arbitrary . 

. solution of (I)-(J). By analogy, let s"' th -(X"'xXhf7(Xt\xXJ 
be an operator mapping any lu.~l•1't'l )Au~!_~y't)). into . \'\ 

\\kV\l·,\:1-'t))i-u.~\-,h't)) and let 11'\d:)= Sl'\lt)_f!;. By 

theorem 1 the operators ~ i..l) } SV\ d), 111 tl) are continuous 
for any t · 

7 



I 

Proof of theorem 2 . 

Let .Q (.~~--:-open, Qd2-)-::. Sd 2.-iJ.)Qd,JJ J,((Ql~)}<Oo-
By theorem l :!::i.l lf1.) is open, too. Let us fix f >O ·. There 

exists a compact ~1 c9.l{i) ·.. such that JA(Stc{1) \14)< f. 
Let K._ ::~1.{'l.-li)KL . Then, K'2. CQ<l2.) is a compact. 

Let 

J.. ~ hit" f ,fo.r (\<1,dS2d1)) ;. J,sf (IC~} '";)Q_ di>) r 
Then i>O . By _th~orem 1 _for any 9 E ~& -there exists a ball 

\l.:.{9) c Qtl.1.) · r/.. such that J~~t(fh(i2.,l1 ) g., 
T~L!1..-f!)u < 3 _ ,·. for all hE B(3) 

and for all h : Let .Qr-,(i-i.)=[~EQ,l"l.)I ~cstr9,'iJ.Qci,))~¥]. 
and let ~(3:1), •.. ,f<»e) be a finite ~overing of•~.-.· 

by the balls, <J) = L~J. [)(3d . By construction t cf1:-i1) ~ 
C QJ. l t;l..) ._.·. fo~ all sufficiently large h . Then, by lemma. 2 

jlA(9~i~))·~}'(1))+£ ~ A~ Lht fa~ (JJ) ~t = _ .. 

:: f-.:· . LI\ t }\n t S!, ti{-i1_) ['f) n (X n *XV\)])+£ { .f (£2cl,J)+f; 

) 
Due to the arbitrariness of tf ) t~ and \ )Q one gets the 

equality 

jUlQ 1..!1.,) -= J-t<.Q(.i1_J). . cu) 

For any Borel 1 r. set Qtl1.)cX ;;,e get the equality (n) 
approximating 2.d:c) U.=f,1) by open sets from outside and by 

closed sets from inside. 
Thus, theorem 2 is proved, 

·•5, Generalizations and a1mlication·s 

For the proof of theorem 2 the strong hypothesis (f) waS 

assumed. ·rn fact, this assumption was ,only used t_o prove theor~m 1, 

Let us formulate the condition; 
. ( ( ) Let a ~o:n:ti~uously differentiable function t(:c,1..t) 

be such that theorem 1 Ca) is valid and 1·et there exists a sequence 

t, I (-x:,u) convergin_ g to }( x, Ll) . for any A'. I l{ .. and satisfyinc ' 
~ .. . . L~ . H~ 

(f) with the follov1ing property: for any L< 0 E 1 ) I,(! t 
and I >o the sequence L{IJ(x)t) 'converees to U.(x):) in 

8 

;I> 

r 

lli 

Since ~,n [X)XJi~ open df. A cX is_ open, th;s i~ correct. 
. I&!!!.IlliLl . . .· . . . 

Let _the hypothesis .(f) be valid. Then, the- seq11ence l J?i, 1 
weakly .~overges to f . 

PrQQ! 

Fjri;t, let "us prove the weak compactn_e_ss of lfh] _ 
. . 

Let_51 e{o,f )J g,R=,f ~ ,t)~ll1.~H~-f j l\3lls1~RJlltlk_cfRl. and 

let &R be the 'closuie of gR in X . Then, . gR is_ a compact •. 
By lemma II.1,1 from/ 21 one has 

' Pn('X\t ) ··~ ·r· ·T'1. L.:i~1+s.1 ]2. 
l' R . R1 .• .. 

Hence·, by ·the Pr?khorov•s theorem the seque~~ fn ··· is weakly . 

00

···:;,r, let ltJ(i ,h l E J{ I [(~,es,), .. ,c,,ei,,, ),(k~i,,rlJ{i )flJ 
be the cylindrical s_et in X where . F ii, a Borel ts set in. R!-.. . 
and \i l\. if ~L{lvl ork1i>m < ancI ~'f- C . By "the ~.definition {1o) 

l'\'\lf). "L-ZA ~ -__ r" ( M)" ('1.'io)• k~ \J e--;:: •'1- iK -XK J.x = p< M) > 

where . ')( ::: ( xi J •.• ) Xe) ' for sufficiently 

large h, Since there exists a unique continuation of the measure 

from _an algebra to the minimal· (j'=:_ algebra, fl"I ➔r · weakly. ' 
- Lemma 1 is proved. - · 

Lemma2 

--r;- ~"! ru.Y\(Q.nrucQJ ifQcX is open. 
n➔o0 J · J · 
.t:,W\ s~y, ~h ( K) ~ Ml\() if I( cX is_ closed. 
V\~00 /lJ/ 11 . 

For the pr~f set; · • . . 1 

... Let_· ;:ilt):,X~:){ be an operator mapping lllh't")1 Ui(•;t)} ··. · 
into(\.l..l.·1h't))ur(·,t+1'")), y;here Ul•1~i · isanarbitrary _ 

solution of (I)-(J). By. analogy~ let sh. d\ ·(X\«xxh~(X\'\xXJ 
be an operator mapping any lu: l-31") 1 A unl ·,t)) . into . ti 

\_\A..'\~,\:-t't)l~u\\l-,ht-)) and let Tl\Lt)=- Shtl).F!i- By 

theorem 1 the operators ~ i..l) } Sri ll), Tn ll) are cpntinuous 

for any t . 
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Proof of theorem 2 

~~ .Q c.~~-~open, Qt{2.)-::.·S<l 2-iJ.)Qt/4.)J J)(Ql4))<0a. 
By theorem l_ !:JI. lti) is open, too. Let us fix f>O ·. There 

exists a c·oinpact ~1 c9.di) such that JA(Slc{1)\~)< f. 
Let kl= t\.{-i. -ii) K.L • Then, K1. cQ <l 1.) is a cc!Il!lc"' ct • 

Let 

. t-=. h,(t\ f rfo.f L\<1) c)Ql{j)) ; 4,sf ( k'2} '"dQ di>) r 
Then d->0 . By theoreril 1_ for any: 9 EI(:{·- ·there -exists a ball· 

~(9) c9d.1.) ' rJ,. such that dt~t (Thc'2.-l1) a' 
TnLi2.-li)t) < 3 for all hE fs(g) 

and for all h . Let Q~ct~)= r~fQil~>I J.cst (9,'iJQci'l.)}~p,1 
and let ~(31), ... ,f<»e) beafinitecoveringof ~ ·-

by the balls, 9) = [!
1 

BC3c:) . By construction- 1_d1 -t1} J) 
C QJ. ( bl.) for all sufficiently large h . Then, by lemma_ 2 -

·. . . 1i . . ' ... 
<fe(Qiii})~-JdID)~f ~ ;t;~ Lht Ml'\.($) +f = 

h➔oo J . 

:: ~➔: . Lnf' J'-{n l ~ (t2--iir[<:D n {}(, >< I~ )])+r~ y(£2ct,J)+t; 

Due to the arbitrariness of tf ) {1. . and [ )O one gets the 

equality 

JU lQ tf1.J) =J,t_lQc. i'lJ). (11) 

For any BoreT's set Q (l1)cX .we ·get the equality (11) 
approximating Sc.Lt{_) ll'..=171) by open sets from outside and by 

closed sets from inside. 
Thus, theorem 2 is proved. 

_5; ·Generalizations and a:rrnlications 

For the proof of theorem 2 .the strong hypothesis (f) v1as 

assumed, In fact, this_ assumption was only u~ed to prove theorem 1, 

Let us formulate the condition. 
... ( _( ? Let a co~Unuou~ly differentiable functi'on ftr,t.t) 

be· such that theorem 1 (a) is valid-and let there exists a"sequence 

{,_, (iC1u) converging t~ -1( x, IA.) -_ for any °A'. 1 1.{ · · and · saiinfyine ·i 
(f) with the following property: for any. U. 0 El) U4.t.l-f 

and l >o the' sequence V..IJcx)) converr;es to "IJ..(x,i) in' 
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( (flo-T ,lo+ T]; Ii-) n ( d ( fto -T,io 1_ T],· H-:t.) • where u,., 
is a so~ution of (I)-(J) corresponding to f::: -JfJ. Under the 

· assumption (C) one can construct an invariant measure for (I)-(J) 
so as in the paper / 5 / for the :O:onlinear bchrodinger equation. 

For the application one can use the Poincare recurrence theorem,' 

Theorem J /l4/ 

7e~f-b--:-Such th~t JU.(XJ< 00• Then, almost all points of X 
are stable in the Poisson sense. 

'l'his is an important result for the theory of 11soliton 11 

equations, There exists an old observation by Fermi, Past and Ulam, 

These authors considered a chain of balls with a nonlinear inter~ 
action between them·; ~'hey discovered the phenomenon when an 

arbitrary solution of the ·cauchy problem from time to time returns 

back to ,its initial cm ta wit~ any accuracy. Later, in the soliton 

theory this return was called the Fermi - Past_- Ulam phenomenon, 

By computer simulation it was observed for many "solit'on!' eg_uations 
/15/ · (see · . ) , , 

And finally, theorem 2 is valid for two physical ninlinearities 
{tx)u.):: llU - Y-i. ll and fcx,u_).:: 'l\,l- U.-e-o(u , where 

~~\(lo- /16/ 0..) rJ... , are positive constants , • We remark that the methods of this 
paper are applicable to the nonlinear Sc'hrodinger eqtiat ion. 
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}1{1111J.Kos n:E. 
MHBaplllaHTHaR_Mepa AnR Hen111He~Horo 
BO~HOBoro ypasHeHIIIR 

ES-92-305 

np111ae4eHbl AOCTaTO'-!Hble ycnOBIIIR Koppet<THOCTIII CMeWaH­
HO~ JaAa'-1111 
u tt - Uxx · + f ( X , u ) = 0 , X E ( 0 , A ) , t E R , 
u{O,t) = u(A,t) = 0, 
u(x,t 0 ) = u(x), u~ (x,t 0 ) = U1 (?(). 

nocTpoeHa 111Hsap111aHTHaR 6openescKaR Mepa AnR AV1HaM111'-!ec~ 
KO~ CIIICTeMbl ( C 6eCKOHe'-!HOMepHblM q>a30Bb1M npoCTpaHCTBOM), 
onpetJ.enReMo~ 3TIIIM ypasHeH~eM. BamH~M_np111nomeA~eM 3T6ro 
pe3ynbTaTa RBnReTCR TeopeMa O 8O3Bpa~eHIIIIII nyaHKape. 
Pa6ota:RBnReTCR npotJ.onmeHl/leM HeCKOnbKIIIX ny6~~Ka~111~ as-

, • • ' • 4 • ~ 

TO pa Ha 3TY TeMy. ' 

Pa6oTa s~nonHeHa s fla6opaTop111111 TSopeT~~ecKo~ ¢1113111K111 
OM5H1.. . 

flpenpHHT OOl>ellHHeHHOfO HHCniryra ll;tepHb!X HCCJie;ioBaHHH. lly6na · 1992 

·( 

Zhidkov P.E. 
Ari Invariant Mea"sure for a Nonlinear 
Wave Equation· 

ES-92-305 
;_, 

I, 

Sufficient con di ti ons for· the correctness of the 
initial-boundary value problem Utt.:. Uxx+ f(x,u) =O, 
x E (O,A), t E R, ·U{O,t) = u(A,t) = 0, 
u(x,t 0 ) = u0 (x), u~(x,t 0 ) = u1 (X) 

are formulated. An invariant Borel meas~re is const­
ructed. for the dynamical system (with. the infinite­
dimensional phase space) defined by this equation. ~s 
an important ~pplic~tion, the Poinca~e recu~rence the­
orem follows from this result. The investigation is a 
continuation of several author·s papers ·ori this matter. 

The investigation has beep performed at.the Labora­
tory .of Theoret i ca 1. Physics, J INR. 
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