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3aMe4aHHe 06 HHsapHaHTHOl1 Mepe 

AnR tteni.1He11Horo ypasHeHHR WpeAHHrepa 

CTpOHTCR HHBapHaHTHaR Mepa AnR HenHHei1Horo ypasHeHHR 

WpeAHHrepa co CTeneHHOl1 HenHHei1HOCTblO. AoKaJaTenbCTBO onH

paeTCR Ha 6onee paHHIOIO CTaTblO asTopa. nony4eHHbl11 peJyflbTaT 

noJsonReT npHMeHHTb TeopeMy O B03Bpal.J..leHHH nyaHKape K HenH

Hei1HOMY ypasHeHHIO WpeAHHrepa. 

Pa6oTa BblnOnHeHa B na6opaTopHH TeopeTH4ecK011 q>HJHKH 
m1A1t1. 
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Zt,idkov P.E. 

A Remark on the Invariant Measure for the Nonlinear 

Schrodinger Equation 

E5-92-23 

I he Invariant measure for the nonlinear Schrodinger equation 

with the power nonlinearity is constructed. The proof is based on 

the earlier author's paper. Due to the result obtained o_ne can apply 

the Poincare recurrence theorem to the nonlinear Schrodlnger equa
tion . 

The investigation has been performed at the Laboratory of Theore
tical Physics, JINA. 
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1°. In this paper the invariant measure for the dynamical 
system defined by t:)lenonlinear Schrodinger equation is constructed. 
Really, the polynomial nonlinearities are considered. In the previ
ous author's paper [1] the analogical result was proved for st~on
ger assumptions. There are a lot of papers on this matter·for other 
equations of mathematical physics [2--4]. Unfortunately, :l,n the pa
per [2] the proofs.of the important properties are omitted. In the· 
papers [J,4] the invariant measures for the Vlasov equation and the 
Euler equations are constructed, respectively. 

Let us consider the following problem: 

C1-<1: +l,{xx + f(-x>lv.1'l.)l,\::-o) xe-(~A)JltR, (I) 

with two kinds of the boundary conditions: 
(a) the vanishing boundary conditions 

(2) 

(J) 

(b) the periodic problem with periodic functions t(t 1 {) , l{0(X) 
with respect to )( with a period A >O ; it is required in 
this case that the solution U.(-x.1i}. is periodic with respect to 
X with the same period A. 

In what follows let us consider the problem (I)-CJ) because 
the periodic problem may be treated by analogy. 

Let us formulate the basic assumption. 
(A) Let the function 't be such that for any 1,( 0 € l 2 ( 01A) 
there exists a unique solution u cx,{J of the problem (I)-CJ) defined 
for all tfrtR of the class el~) l2. (o, A)) Such that lu\ ::.f ~ \l.(("X.1!Jl'2. d~?¥z. does not depend on t. Let the 

operaf"or ~
0

lb :\..t.o ➔ 1-<l~iJ from L'l.co,A, to t7r(o,A) be 
continuous for each fixed t • Let there exist a sequence of con
tt_nuously differentiable functions ()(.1 ~, converging to lcx.,s) 

/J for any fixed )() s W13'.1?~.Jh~:h .. nOflt., (ed the problem 
~ 7'11!>>\l!"'!P' f-\"' tf,.t1t1'..1lo1' ...... e t.1.;•.j,dll~A m., .• ,t.-.;.1 1HU1 

: St-"S.'li-!O EKA ..... ......,.____ 



· (I)-(J) has a unique solution l,{_ II ( ")( >{) f ( ( ~ 'l ( o 
I 

A>) 
converging to \.{(x

1
t), when 11-~ for a fixed t \n l, (o, AJ 

and let there exist l IJ > 0 such that 

\t./-x,s)I i l~.tfJbss)I -t 1(1-tS)~t,;tx>s)/~c/J 

for all 'X., S. 
Remark l 

For +t-x,,lul\.)v..-::. A \uj'< \,{ ) I( f (o,~), 
the assumption (A) was proved in the paper [5] for the Cauchy prob-

lem· (with ). E: (-0o>-J . and the space , li2.. ~(X) 1 oo) in place of 
il. (o,A) ). For this function j the proof is valid for the 

problem (I)-(J). 
Let us rewrite the problem (I)-(J) for '\j-::. RQ u, vr= L,, u: 

'\il -+ W xx + t l-X, '\r,. + v.r1..) w- == o, 
(4) 

\.Jt - '\fxx - t()S v,.+ w1.) V ~ O) Xf:(o,A),lfR, (5) 

"J{X1 o) =: '\Y 0 l:x) 7 W- l ,SD) :: \J0 lx), 

<\J"( o,b -=- v { A, t) := W- c o, t) :: lJ" (A;tJ ::: o . · 

(6) 

(7) 

One can easily formulate the assumption (A) for th.cf problem (4)-(7) . 

Let . _Flx., S)-::. .i \s ;ex, r) d p ] <p(\A) ::: { Fcx) lwx,() dx. 
On the phase space L :::. ~l. <o,A) X l., ( o, A) · (here l'l-lo,AJ is 
the space of real functions) consider the ce.ftered gaussian measure 

·-·u-i- with the correlation operator E ~ (-~ r . ( the operator -fx't 
...,. is taken with the vanishing boundary conditions on £ ). It is 

proved [1] that the Borel measure 

~ N (Q_) ~ ) e <p>J(v.J l.v" ( JIA) 

S2 
it invariant for the problem (4)_(7) with SJ~J}/ (here <pN(L<) = 

b f
1
f)(

7 
lu(x>ll.) 4:x ·) , -·F,;,-(:x,s) = f J11 !-,v l 1t, p) Jp). 

•, 2 
' .~•·: . 

·'il 

I 
,;, 

'j;,,. 

Let Sl t): Uo -~ \.,( (r ):.) ' )\e the operator of the evolu-

tion for the problem (4)_(7) with t::: t,v ( Lf.,J is the solution 

of the problem (4)_(7) corresponding to t::.f ,v ). 
The invariance of the measure mean.s that JAN ( ~fl( f) 52) = 

Jl-'N(Q) for any tE R and Borel's set9.Cl • Let us 

consider the measure /J.. on [, : 

j,dQ) :: J -e 'PC1t) w- ( J l,\) . 
2. 

The basic result of the paper consists of 

~e£r~@ d 
Let the assumption cA)J. be valid and let ( 1 l{-tlSI ) ~ 

~ tl X
1
S) { (,_ li-t l S\{~ &) for 1,ome ( 1 ( O<(i., ~)01 O( J1.<J.. 

and for all )(
1 
> • Then, the mea1,ure ~ is invariant for the 

problem (4)-(7). 

Example 

1'he assumptions of the theorem are valid for the equation 

L l,\ -4- ~ lCX - l~l'L u. :: o. A t 

2°. Let us,,Prove the theorem. Let l'-1\L :::.\ ~O ['\r(:t)-t 
+ w-'2.tx)] clx 1~'2. be the norm in L and let I3p = ~ \A. f-l I \ull !f J. 

Lemma_l 

meas=~1,- " J-<u/2)= j<IQ) 
~LC [)p, 

for any y > O and for ·any 

!'.r.£2! 
Admitting the value <\>(tt).:: -t- 00 we shall get that for any 

u..d~ 1>l'-'.)'::. ~h-i <p~(lA.) ;hence, q>(II\.) isa 
measurable functional~A:fter that the statement of the lemma is follo-

wed by the Lebesgue theorem. 

Let5?.N=- S/h-l1) Qcii) Al( = nQN} A;;~. A~· 
It is clear that A1 C A2. c _ .. c (c _ N~'t. ,1. 

Lemma 2 -

;::~-.Qcfi_)be open. Then, 9ct-,J CA c9.ti1,)1 
where .Q' c{.2.) is the closure of Sl_ Ct2.) • 
~ follows from the assumption (A). 
Using lemmas 1;2 we get the sequence of inequalities 

3 



~tJ (9 cl.~)} :: f\/Qw) 1 }<11(Ak) ( Al>; k). 

Hence, by lemma 1 for any K>, .{ 

J-<-rQ d~))~J<f AK> 
and then the inequality 

JA. ( .Q ( f 1.)) ~ JA. ( A) ); ~ ( Q l I?.)) 
follows. 

Due to the arbitrariness of ti /:2.. it implies 

JA cS2cl1_)) ~ f"(Q d2J) Cs) 

f,Qf arbitrary open' Qc Bp. Obviously, (8) is valid for closed 

::lt C Bp , too. 
For an arbitrary Borel set 2 C gp we get the equality (8) 

by the approximation of the ~et S2 ~y closed sets from within 
and by open sets from outside. 

Theorem is proved. 

J 0
• Let us prove 

Proposition 

Under the assumptions 

ft lo>(>CI). 
Pr2,of 

of the theorem o < _f{ ( Bp) <OQ for 

any 

J1· 
Let Ll be the closure of the operator - t;'l. with the 

vanishing boundary condit.ions °/: l _. Then, 6 is a self-adjoint 
operator. L~ us denote by H the space of elements U El 
such that .12. ~ E. l , and let (l{ 1'l}')J_-::: (u,'\rl-t(L1"Iu,.1ttr} it.' 

lh"-l\J.:::. (u.l vJ1. · be the scalar product and the norm in H , 
where ll.\),r):::: !of \.lil"X)"\r:1_l'X)-+ lA't()()\T",_(;i()5dx' lf =(w1Jl.fi.)/V--=(~ ~ 
As it is proved in [1] (see [6], too), for any J.. t (o,.1..) n 1 

' 

~(\,{"-)::: 1,:: w-(L) ; hence, for any Bor~ ::,.(CL, , n rJ... w (Q) -::. w- ( Q '1 ) , 
Furthermore, we have oe> 

~c&f) =W-(~pnH''')-= ~ w-{~I() 

where ~'IC =l LU: ~p OH IA \ II Ltl\~ f [ 1(,(3_ J K)j 

(9) 

• Then, by 

4 

:a 
,J 

l 

the embedding theorem there exist 

such that 

)A lu\1.~t-i Jx ~ C 
0 

J..E (o,i), C>o 

lli, .. d1:°'-1-t. 
(IO) 

for each L<. (: 1-f'· . By (IO) and. by the assumptions on t for any 
\(_ there exists (A I(> O such that 

¢(I.A) ) t\. K e. (11) 

for any 4 € ~I< • Using (9)-(n) and the inequality 

[1] Vie get j¼ (E )>o. 
ur <Bp)>o 

Furthermore, bf the theorem's conditions on f and the 

embedding theorem we have z-r 
f(.Cfc\.(,..., < C e Ci.<p> II u.11.1.h -i 

- 1. 
hence (see [6], ch. III,: theorem J. 1) 

) 0, 'l, c~, r?.. > o , 

ju-lBp) <0o 

Proposition is proved. , 

It follows from the proved theorem and proposition that one 
can apply the Poincare's recurrence theorem for each ball Bf 
[1]. 
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