


Studylng the electron scatterlng on the tor01da1 solen01d/‘/
we have encountered the situation when the scatterlng amplitu-

~de on the circular aperture’ can be presented -in two different
‘forms. Their comparison permits us. to obtain new- 1ntegrals

“"which are absent in mathemat1ca1 11terature The llst of the

‘_lestance of P from the 'z-axis.
©.over the. aperture S.. It can be fulfilled either in’ ‘the carte-
;51an (x4, ¥1) or. polar (pp ¢ )?coord;nates

‘‘aperture § of the radius R 1y1ng in: the z =
~center: of the aperture coincide with the. or1g1n and: the wave-

.‘available’ references is g1ven in- two our prev1ous publlca—

tlons/z/ . I L o

Consider the scatter1ng of a plane wave on the c1rcu1ar,r
0 plane Let: the

vector: be parallel to the z axis. Then, in the: framework of

the 'scalar Kirchoff. theory the Fresnel approximation’ g1ves the
~-following scatterlng amp11tude /87 at ‘the observatlon p01nt P

“I’(P) -

exp(xkd) f[dS exp[———«x =X )2 + yz)\

tance between ‘the aperture and observation plane,i x is the

- The 1ntegratlon is performed o

- one: obta1ns

© f‘r('?) %;—il—érb(v':ikd)"p fexplizel(r— 7 )ll0@) + S@lar,

[

”"}Here p— RV r1=-§f,r ;-%%Jidgﬁié?(lfdr?hhc(x)vdaﬁd:d
S(x) are the Fresnel 1ntegrals T L
B PR ?t$ 2 : ‘:k : .
- C(x) - cosll—dx, S(x) f sxn-—-dx. :
N . 2 2. o
byfIn the second case, ‘one obta1ns/5/
. ‘P(P) -—exp(lkd)exp(lk%ét——)(Ul —iCy).
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f~Here k'is’ the wave- number of the 1ncom1ng wave, d is the dlS“~. =

In the f1rst case, L

I“Here’Uié“Ui(u;v)
~of two variables 6/
se’ amplitudes results in

and U2._Uz(u V) are the Lommel funct1ons
, = mp2, v =mnp?r, The comparison of the-

1 , '
p feXP[—lg—(f—rl)Z][C(q)+iS(q)]dr1 -
-1

SR

} ,1+
= exp(in

/
It -is more convenient to use the aux111ary functlons f and g/7

"instead of C and S

C+i8 - 1_5_ + [g(q) + 1r(q)1exp<-—q .

Substltutlng this into (l) and separatlng real and 1mag1nary
parts, one obtains after a tr1V1a1 change of the 1ntegrat10n
variable I : - Pt

,'———-—— tdt SRR ;v1+T'
2 [ cos (mpry/ p? -te)--*“g(t) = sin(t—==) o

‘4‘0L '..kg;‘“ vf‘ I \/p —t

-A'Ux(“:")* -;;(ct)sv —sinV)[flpU -7 =glp@ D+

'k+1,—21- (cosv + sinv)[flp + 1) - glp(l - NI,

—— 2

P tdt L+r
2 [ cos (mpr /p% = t° )————-———f(t) = COS(U—E-—) + Ug (u,v) -
0 \/P ~t?

- %(Cosv ~sinv)[f(pQ + ‘r»)') + :,Eg('g,i("l - IS = (3)

—-1—(cosv+sinv)[f(~p(1—r))+ glp (1 + 7). t oy

The differentiation of these Eqs. wrt T (or 1ntegratron by
parts) permits one to: obta1n ‘integrals -of . the type:

P
f tdt (p® -

t2)n Sin(npr\/‘p2—t2)h(t) T I - : _:yff»"«
o
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end

P } ———
rede (p® - t2) " cos (mpr v/ p% ~ t2) (1),

0

where h is either f or g and integer n > 0. For example, the
single differentiation of (2) and (3) leads to

P
2np [ sin(mpry/p2 -t2) tdtf(t) = -psinv i uJ,(v) + vRHS(2), (&)
o ‘
2np [sin( mpry/p2 - t2) tdtg(t) =psinv — VRHS(3) .

(J (X) is the Bessel functlon)

Eqs.(2-4) are rather complicated. They are simplified in
two different cases which will be considered separately.

The first case corresponds to the' observation point P lying
on the z ax1s Then, v=r =0 and U(u,0) =sin(u/2), Ug(u, 0) =

=1 - cos(u/2) . Egs: (2 3) are transformed into

,2_rtdtg(t)(-p2 -y V2 1(0) - glp),
0 B

» ‘ R o - (5)
2 2 ~1/2 -
2 [tdtf(t) (p°—-t°) =1-—1f(p) - glp).
0,

- The integration by parts of Eqs.(5) leads fo the following

: ) P 2 .g\:n—-% . S
recurrence relations for Fp= [tdt(p~-t*) f(t) and
X 0
o
Go= [ wt (p®- t2) g (t):
R R 2n+1)1 1 en+1d
F = T A2n+2( _ L en+d
e (2“+1)Gn+ on+2 P (n+1)! 2
1
"Gn+1,_= E‘Pzn+1 - (20 +1) Fy .

4

' 2ap fsin( mpy ;;2—@':) tdtf(t)

The f1rst terms. of this. succession correspond to n—O and n—l

217F1 —‘—é—np —p+f(p) -g(p) . ' S

QnG'ijf'f(p) V+g(p’)+'p&—1';
2 . 1 24 1 3 ' (8
-:—3-11 F‘2 =g 5 P ‘1 +f(p) +glp) +p,

2 2 -1 1
7 G? = -é—ﬂp - —é-ﬂp +p —f(P) +g(p).

The second case corresponds to the observatlon p01nt P lvlng
at the boundary of the shadow. .In.this case 7= 1 and :

Eqs.(2- 4) take

U (u,u) = %-'s’inu » Ugbu,u) = —15[ Jo(u) —cosul -
the form -
» .
tdt -
2 [cos(mpy p® - t2‘) e g(t) =
0 o vpR-t?

= —;—(cosu + sinu) f(2p) - -;—(cosu —sinu) g(2p).

2 fcos(mo\/p2 pZ - t2) f(t) = é—

0 Vp? —t2

Jo(u) -

- %—-(cosu —ginu) £(2p) - %—(casu +sinu) g(2p),

P

2ap fsin(np\/pz—tz) tdtg(t) =-—-psinu + uJy(u) -

0

1 .
—-}é-ug(2p)(cosu —sinu) +-§uf(2p)(cosu +sinu) ,

o . | | (7)
= psinu ——2—JO(U) +
K c

+ —1é-u(cosu - sinu} £(2p) + -1é-u (cosu + s'in‘u').gl( 2p).



'Eqs.(2-7)"aré lacking in the’mathematical handbooks; trea-"
tises and original publications. They may be useful for test-
ing the numerical calculations of the scattering" amplltude
which is much easier, obtained in terms of integrals in the LHS
of Eq.(1) (see, e.g. 4"). There is no doubt that.the integrals
obtained here will be derived later without reliance on the

- physical aspects.
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