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'studying the electron s~attering on the ioroidal solenoid111 

we have encountered the situation when ·the scattering amplitu- ~ 
de on the circular aperture· can be presented in two different 
fonits. Their comparison permits us. to obtain new integrals 
which are absent in mathematical literature. The list. of the 
available references is given in two au~ previous publi~a-
tions 121 • · .. · -"' ' · · 

Consider the scattering of a plane wave on th~ circular . . 

apertureS of the radiusR lying in the z = 0 plane. Let the 
center of the aperture coincide with the origin and _the wave
vector be parallel to the z axis.· Then~ in the framework of 
the scalar Kirchoff theory the Fresnel approximation gives the 
following scattering amplitude/3/ at .the observation point p 

' k ·. . . . ' [ ik ( ' . ) 2 2 ).1 
'l'(P) = --exp(1kd) · ffdS 1 exp --( x -x1 + Y 1 • · ·. 

277id . ' 2d . . . 

Here· k is' the wave-number of the. incoming wave, d is the dis-' 
tance between -the aperture and observation plane, x is the 
distance of P from the z axis. The integration is performed 
over the aperture S •. 'rt can be fulfilled either i'ri the carte
sian (x 1, y 1 ). or 'p9lar (p,1,'. q; 1 )' coordinates .• In the first case, 
one obtains 141 · 

. 1 1 ' ·.·· . . 2 . 2 . ' 
'l'(P) = 1exp(ikd)p-~ exp[ i~LL( r- r

1
) 1 [C (q) +_iS (q) 1 dr1• 

· ·· · k Xt . ' X · 2 . 2( 1 ·Here p= Ry-, r
1

= -, r = -_-;. q = ·p 
J ·.. "d R .R · · 

r~): C(x) and 

S(x) are the_Fresnel integrals~ 

· C(x) 
X 

17X2 f cos-dx, 
0 2 

X . 2 . 
S(x)· = f sin~dx. 

0 2 

' d b . 151 
In the secon case, ·one o ta1ns 

. 2 2 . . 

'l'(P) =~exp(ikd)exp(ikx +~'< )(U 1 -iC2 ). 
1 . 2d 

. 2 
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U2 =U2 (u,v) are the Lommel functions. 
"'P2 , v = 1Tp2r. The comparison of the-

Here U1 ::' U1(u,v) and 
of two variables161 , u 
se. amplitudes results in 

1 . 
p f exp[2; (r-r

1
) 2][C(q)+iS(q)ldr1 = 

-1 

. 1 +T2 ' >: ' 
= exp(iu-

2
-)(U 1 - iU2 ) • 

.. '\ : 

(1) .. 

It is more coiweriient to use the auxiliary functions f and g(?l 
instead of C and S · 

. 1 + i ( ( ) . , ( ) 1 ( iTT 2 ) C + 18 = -- + g q + 1f q exp -q • 2 '. . ' . 2· ; . 

Substituting this into (1) and separating real and imaginary 
parts, one obtains after a trivial change of the integration 
variable 

p 

2 fc!'s("~r'\lp 2 ..:t2 )-tdt ~:_g(t) 
. . ··, ·'". . . ./. ·2 2 
0 "' yp,-t 

] . -' ; . 2 

· sin,(\i ~ 2+_
7 :\ 

• '•j 

' ',,' 

- Ul ( U, V) + !_(COS V- Sin V)[ f(p(1 - T)) - g(p(1 + T ))1 + . 
2 . . . 

1 . 
+ --(cos v + sin v)[ f(p(1 + r)) - g (p(1 - r))1, 

'2 . 

p --- tdt ' 1 + r2 
2 fcoS(77pryp2 -t2 )- · f(t) = cos(u---) + U2 (u,v)-

0 ~p2-t2 2 

1 •' . . 
--(cosv-sinv)[f(p(1 +r)) + g(p(l-r))l-

2 . ' . 

__ 1:_(COSV+Sinv)(f(p(1-r))+ g(p(l+r))). 
2 

,~;_, 

(2) 
J"': 

., 
.; 

(3) 

;:, 

The differentiation of these Eqs •. wrt -r (or integration by 
parts) permits one to obtain integrals of ,,the type i 

p 

r tdt(p2 -t 2 )nsin(77pryp 2 -t2) h(t) •• 

0 

<"', ,,,..,.,.~---------.... 
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and 

.p 
ftdt (p2 - t 2 )n-V. cos ( 11pr y p 2 -=.t2) h( t) , 

0 

where h is either f or g and integer n ~ 0. For example, the 
single differentiation of (2) and (3) leads to 

p 

211p f sin(7Tpryp2":.t 2) tcltf(t) = -psinVj uJ 1(v) + vRHS(2), (4) 
0 

p 

27Tp Jsin(7Tpryp2-t2) tdtg(t) =psinv- vRHS(3). 
0 

(Jn(x) is the Bessel function). 
Eqs.(2-4) are rather complicated. They are simplified in 

two different cases which will be considered separately. 
The first case corresponds to the observ.ation point P lying 

on the z axis. Then, v = r = 0 and U1(u;O) = sin(u/2), U2(u,O) = 
= 1 - cos(u/2)16( Eqs.(2,3) are transformed into 

p 
2 2 -1/2 . 

2ftdtg(t)(p -t ) = f(p)- gCp), 
0 

·p . 
2 2 -112 . 

2 ftdt f(t) (p - t ) = 1 - f(p) - g(p). 

(5) 

0 

The integration by parts of Eqs.(5) leads to the following 

p 
Fn::;:; ftclt(p 2 -t 2)n-Yz f(t) 

0 
recurrence relations for 

·p 

Gn= f tdt(p 2-t 2)n-'t1g(t): 
0 

" Fn + 1 = ( 2n + 1) G + " . 2n + 2 ( 2n + 1)!! 1 2n + 1 
n 2n+ 2 p (n+1)! - 2p 

"Gn+ 1 = ~p2n+ 1 - ( 2n + 1) Fn • 
2 

4 

and 

The.first terms.of this succession correspond to n=O and n=l: 
. . 1 2 ... . 

27TF1 ="2fP -p+fCp) -g(p),· 

2rrd
1 

~ f( p) + g( p) + p -1, 

(6) 
1 2 4 1 3 s"P -3rrp-1+f(p)+g(p)+p, 

l
. _32_172 F 2 
!. 

,. 
2 2 1 3 1 2 · --rr G2 = --rrp - --1Tp +p -f(p) +g(p). 
3 3 2 

· .. J~· .. I ,, 
\ i 

The second_case.corresponds to the observation poil)~;Plying 
at the boundary of the shadow. In this case r = 1 and 

U1(u;u) = t sinu, U 2 ~u,u) = -}(J0(u) -cosu]. Eqs.(2-4) take 

the form 

p ---- tdt 
2 fcos(rrpy'p 2 - t 2 ) -==g(t) 

0 v p 2 -t2 

= {-(cos u +sin u) f(2p) - ; (cos u - sin u) g(2p). 

p --- tdt 1 
2·fcos(rrpyp2 -t2) f(t) = -J0 (u) 

-- 2 
0 yp2-t2 

- ~ (cosu-sinu)f(2p)-; (cosu+sinu)g(2p), 

p ----
2rrp fsin(rrpyp 2-t 2)tdtg(t) =-·psinu + uJ1(u)-

0 

1 1 
-2ug(2p)(cosu -sinu) +2"uf(2p)(cosu +sinu), 

p . -· --· - ··- u 
2rrp fsin( "P\' p2- ~;2) tdtf(t) = psinu- 2 J 0 (u) + 

(7) 

0 

1 1 . . . 
+

2
u(cosu -sinuH(2p) + 

2
u(cosu t:sinu)g(2p). 

5 



·Eqs.(2-7)''are lacking in the'inathemat:ical.handbooks,··t:rea-· 
tises and original publications. They may be useful for test
ing the numerical calculations of the ~catteringamplitude' 
which is much easier obtained in terms of integrals in the LHS 
of Eq.(1) (see, e.g. 141 

). There is no doubt that the integrals 
obtained here will be derived later without reliance on the' 
physical aspects. 
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AcpaHaCbeB r ·.H. 
·HeKOTOp~e HOB~e ~HTerpan~, BCTpE 
B Teop~~ ~~cppaK~~~ ~peHenR 

~3 cpaBHeH~R pa3n~yH~X ~HTer~ 
o~Horo ~ Taro me ~~cppaK~~OHHoro 

HYT~e. B~pameH~R ~nR HeKoTop~x nc 
~a~~~XCR B onT~Ke. 

pa5oTa BblnonHeHa B fla5opaTOpV 
0~5l~. 
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Co~paring different integral 
same diffraction int~gral,closed 
for a number of, useful integrals 
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