


1. INTRODUCTION IR o .wg
There ex1sts a: set of 1nequal1t1es for quantum correlatlons
of singlet systems which must: be satisfied by.local-hidden va-
riables theories/!"3/. It can be shown’“"7/ that they rest -
upon existence .of a global metrics in a certain space and, con-
sequently upon-existence of .a-continuous group of - transforma-
: tions.of.the probability: measure. ....: .: Cavn oo
An essential: feature of these approaches is an assumptlon

of existence of absolute, independent measure of probability
which:determines a future. behav1our of systems through a hldden
parameter Ao - DAL AT (AL SR
. . Our aim is. to generallze the ex1st1ng 1nequa11t1es for cor-
relat1ons with wariables :in.such.a way,:that: they: could also
be .used for realization: of the hidden variables theory:in:non-;
Eucliden. spaces, where: only arrelative probability measure. : i
can be deflned (we mean here special cases .of:non- Euclldean
spaces in which the distance does not fulflll metric cond1-
htions,rl e., triangular inequality).tt ¢ i ;o = Lt wil

: Our 1mmed1ate goal will be a generallzatlon of Bell 1nequa-
11t1es’1’ that of Braunstein and Caves’?!, and of Feynman’3’.
,(The main results were obtalned in our precedlng works’5 7’*,
here we restrict ourselves to a brief summary and commentary.

2. ‘DEFINITIONS ~ ;r:’n7

We cons1der, as usual.. the correlatlons of polarlzatlons'
of photons or of part1cles w1th spin s —»1/2 also in 51nglet o
systems .. - ¥ "

o (1)¢x(z) s w»y(l)wy(zn, o (1;)

0 (12)
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*Metric Bell 1nequa11t1es were 1ndependent1y 1ntroduced by E.Santos ( b1 and

similar considerations are contained in-a paper of Fivel' which has appea-
ted recently. Metric inequalities for conditional information entro;y in a

slightly different version were commented by Braunstein and Caves in con-
nection w1th paper. of Zurek ' rsi :
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v O = 1, (W@ - by (L, ()1, W
‘/i :

~ Here the indices denote the projections of:the oolar{zations o
' “along the corresponding axis. Results of measur1ng of the po-

s =L e, @ -, v, @) (e

"«larlzatlons ‘onto d1fferent 2 and b are denoted as’A,; Bi= +1.

In the scheme of hidden’ var1ables the correlatlons are: equal
'P(a, ) = IA(a A) B(b A)p(A)dA oL ;_ (2)

vhere p(A) is a norma11zed measure of: probab111ty of h1dden va-
r1ab1es A (R : , ¢

k3 METRIC FORM OF INEQUALITIES
‘ fT Metrlc forn of the mentloned 1nequa11t1es can be demonstra—
" ted under: con51derat10n of ‘a:set:of correlatlonsfunctlons on
~a closed: polygon,”where one common measure of probab111ty is%
‘fused (see the Flgure) N T IR Y “ o

3a. Bell Inequa11t1es in Metrlc Form 151 -

Loninee

s We put‘

DG, B) = {P(a D-BGEY, Ty
(a a) R BRI T D R

;iThen the function D(a b) has the following properties D(a,b) 2
2 0, D(a, b) = D(b a) and D(a a) = 0, i.e., it can be taken as
\»a dlstance a R
Moreover, it holds”

‘ D(ad,a ) + D(al,a );+,.‘..D(5n L0 30 - DG, _ao)f; 0. . (&)

"~ The last 1nequa11ty can be easily proven. It is sufflclent to
‘consider all possible values of A(a y A) and B(a 5 A) ‘and to;
'take 1nto account’ that: p(A) > 0.

& e - “.- ' _ : i s
We omit here a constant K, which we have used in preceding work, it ‘fixes™
the scale which is not important in these considerations.
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H(a0|a ) + H(a |a ) + ...

Y n= 4y 6 8,

3b Braunsteln and” Caves Iﬁéqﬁaiipieé T
‘ 1n Metrlc Form Y o ‘

Braunsteln and Caves have der1ved 1nequa11t1es for cond1t10-

" nal information entropy:of: the con51dered correlatlons’Z‘-;“
~U51ng relatlon T , . . ;

H(a[b) = = {P(a, b) + 1} log o {P(a, b) + 1}- 5 {i\-dP(Z;ﬁ)f“

log l {1 - p(3, B)}
whlch ‘holds due to the symmetry of 51ng1et systems,‘lt 1s.pos;4
51b1e to generallze 1nequa11t1es of Braunsteln and Caves as’s”

la ) - H(a la ) 1;!3(5)55

and also to show, that H(a|b) obeys the properties: of dlstance

H(a|b) o, H(alb) H(b|a) and H(2|2) = 0. Here H(a|b) deno-

tes. the. cond1t10na1 1nformat10n entropy of the treated corre—ﬁﬁ

1at10ns TR LB ‘

H(alb) =3 p(a B) lng(aIB),
‘ap

and p(a,B) is the joint probab111ty"p(a|B) the conditional
probability for A(3, A) = o and " B(b A) =8 (a, B =21), and
the base 2 was used for 1ogar1thm For.details. see the cited' "
papers’2:8/, i

4 FEYNMAN S INEQUALITY

i

ol

R.P. Feynman in hlS 1ecture’3’ has 1ntroduced an, 1nequa11ty

~ which must: be satisfied: by:the probability.of getting:the same °

values- of A(a, A) and B(b, A) (i.e. both + 1 ,or -both:: -o1) foru:
certain_choice of the angle between vectors a and b (the sys-

‘tems of photons with (+) parity are considered. here) id e

His result for such a system can be generallzed in the fol-

lowing way’®/.. eI iR

oy, = 5 oAG, 2): B(b x) 41 5
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In our preceding work: we have shown,;that the, derivation of-
inequality (6) rests upon. the assumption of ex1stence of a:

continuous group of transformatlon of p(A) (the detalls can be

found' in. the cited paper’8’).

.., Concluding ‘this summary part let us remlnd that it-is well S
known that quantum correlations do not sat1sfy 1ntroduced ine-

qua11t1es (4), (5) and (6)

s, GENERALIZED INEQUALITIES
-y
'5a. Destroyed Independence of p(X)

We can generallze the con51dered 1nequal1t1es when' we shall:
suppose that general’ 1ndependence of p(N) of coordlnate system'
is-destroyed in such a .way that s

p(%)M?sP;(*)’ = R, ¢

where . ny is- certa1n vector :

- We:shall not espec1ally discuss the phys1cal meanlng of
. this: procedure here; ‘but as it follows from the subsequent
contribution’/!?’/ the need for a relative measure of the proba—,
bility is essential for descrlptlon of local hidden variables
in a Pseudo-Euclidean space. :

.We: shall use . the notation: sf*

P»(a, 8) = [ A(a, A) B(b A) p»(k)dk L (8
and a similar meaning will have symbols of D-(a,b) and E.(a,b).
. n n

5bl‘Restored Rotatlonalhlnvariance of’P(a; b)‘

;f.a., R ¢ [

The rotatlonal 1nvar1ance of the con51dered systems leads;:
to the cond1t1on c ' _ - DR : R
P(a, b) P(¢ab),3:»;~~f- ’ o SN S (9)
wh1ch must be fu1f1lled by the quantum correlat1ons (a s1m1lar
relatlon holds for D(a, b) and H(alb))
It is evident that, generally, the cond1t1on of rotational*

invariance will be satisfied, 1f we put n =3 orn=bh.

" Hence, we shall consider as_ "quantum- mechan1cal correlation

with. hidden var1ables only. such functions and we shall use
the index "QM" for them

s

.1nequa11t1es (GBCI)

P (5,_5), ,=:[4(5; 'A)’;B'(vfz,lA:)",p;t(l)dk (10) |

1k \"?;‘ w‘"«

‘ We shall use the same: notat1on for other functlons as’ D (a b) ‘

and Hy A D)y i e :

Now we are prepared ‘to. der1ve the general1zed 1nequa11t1es
Agaln, .we shall consider a.closed.polygon, when d1fferent ()
must be used as a consequence of. (10). N

Thus the inequalities for four vectors (ao, ‘ay s 52, a3) can .

be described with p+ and p»_ or with p> -and. Q; as-it-.is-

a
shown in: the F1gure As the metr1c 1neq§al1t1es (4) hold for
any: p(A) > 0 they hold also for p » and p+ B
ﬂ 3“

VAR
o

D+ (ao, a ) + D+ (al, a ) + D+ (az, a ) - D» (a3, a ) 2
a, a, ay: a

0.

]

Ds (5.0, 5.1) + D (5.1, 5.2) + D> (5.2, 5.3) =:Da» (5.3, 5.0)»'">
2, ‘ S 8y az; a3

After summation and separatlon of .terms accord1ng to (10) we
get general1zed Bell 1nequa11t1es (GBI) for four vectors.
QM(aO’ a1);+‘DQM(a1!taz)'+ﬁDQM(a2? aa)‘- DQM(a ’” a )
L Lo f,- - s e : : (11)
2 D-:a(;s’ 50) T Di b(;z” 53)”_ Di’(s‘o’ 5‘1) D-» (a > a ) S
T 1 3 - a3
By the same way we can get the generallzed Braunsteln—Caves‘ﬂ

HQM(aola ) + H (a |a ) + HQM(azla ) HQM(aala ) 2

.

H+ (a |a ) = H» (azla ) (12)
al

H+ (a Ia ) H» (a la )
%

[

T:Let us br1efly ‘comment on ‘re-
‘ ice1ved results.WOn “the . Jleft- hand
~g,s1des of both. 1nequal1t1es (11) -

and (12) stand the quantum -mecha-
nical .values (due to the def1n1-
. tion (10)) which,’ generally, g




e

need not satisfy the condition of;metricity; becauseﬁthe'right-{

hand sides can take negative values. Unfortunately, we cannot..
1nterpret these:right-hand sides as-measurable quant1t1es.(ge-
nerally it is impossible to express them using quantum mecha- -
~nical formallsm, because they are model dependent) :

6. GENERALIZED FEYNMAN INEQUALITY (GFE)

In .our, preced1ng work’s' we have shown that the use of relaj

tive’ probab111ty measure has as. a consequence that its trans-’

formations do not form a continuous group and that the 1nequa—”

11t1es of Feynman can be rewr1tten as

A(a; A) B(b A) +1) (13)

A
—

arbitrars ’

W(¢

which is fulfilled trivially.

7. AN'EXAMFLE OF MODEL-DEPENDENT INEQUALITIES -
In our preceding works/578/ we have 1ntroduced two theorems,
which can be 'used for the formulat1on of model dependent re-
lations. :
Theorem ‘1.

The relation

B D(a,, 3,) + D(El, a,) + .{{;D(S 1»‘5 ) - D(S , 3,) = -0 (14)A

holds for each p(r) > 0. [ p(A)dA 1 if and only if, for ‘each
A, the sequence A(ao, A) A(a , A) .. A(a . A) changes 1ts
sign no more than once.

For the symmetr1c 51ng1et state of protons 1t holds
Theorem 2..} =
_ The funct10ns P(¢ ) and W(¢ b; A, B = . +1) reach the1r maxi-
ma - for arb1trary p(A? >0 and ¢ ab in the interval 0 s

. only if the sequence A(a A), A(a )}.. A(a , XL

<
¢ab

0
'nzd

A

g
v 2

changes its sign no more than once for each A.
If the functlons p(A) A(a, A) and B(b A) guarantee the ro-

(15)

. pers/

’terval of ¢
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for ¢ _, .in the interval 0 S ¢, S w/2. The proofs
of mentloned theorems ~can_ be ‘found ‘in the C1ted'(pa4
15,61

" 'Let us suppose, that our scheme of hidden varlables fulflls

'~ the:conditions of both theorems. .Then 1nstead of the Bell met-
ric 1nequa11t1es (&) we! get equalities: in. some 1nterva1 of & .
" and the: Feynman 1nequa11ty (6) also takes a form of an equa—

lity." ~
U51ng p»(A) perm1ts to exp101t the Theorem 1 only In such

a case (113 turns into generallzed Bell equalities on some in-

aya The mentloned theorems 'do’not touch the: 1ne-:
[

qua11t1es of Braunstein and Caves.. As we have shown’7’, the
boundarles given by information’ entropy are w1der than those.
g1ven by any-linear functions of: P(a; b) e .

- 8. CONCLUSION

- The derlved’generallzed 1nequa11t1es (11); (12) and (13)

) wh1ch were obtained with relative; measure ‘of the probab111ty

are wider ‘than the usual ones,. 4), (5) and (6) and, therefore;
they need not be in contrad1ct10n with quantum mechanlcs As

" we demonstrate in;,the* subsequent contrlbutlon, ‘they can ‘be un-
derstood as ‘the 1nequa11t1es for 1oca1 h1dden variables : theory,
~in non- Euc11dean spaces. :
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