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1. INTRODUCTION 

The-eigenvalue problem is one of themost frequent probl~ms 
of quantum mechanics, statistical mechanics' and .various bran-· 
ches of mathematical physics. In the standard realistic situa­
tion the problem cannot be solved exactly. Then, one resorts · ·, 
to a certain· perturbation theory which ·usually results in a . 
divergent· series .. When a number of. perturbative · terins are ~,, 
known, say, aboutten of them,one can restore an;effective sum 
of an asymptotic series by means of one· of resummation tech·­
niques like the Borel summation or. Padeapproximation. However, 
if we know only a few first ,terms of perturbation theory~ these 
resummation techniques are meaningless. A worth discussion of 
these difficulties has been done by Stevenson 111

• 

To overcome. this ·trouble,. an approach was co~structed 121 

to restore .. the sum of a divergent series on the basis of a mi­
nimal number of perturbative terms. This approachwas called 
the method of self-similar approximations 121 since its founda­
tion lies on a close connection '.between the_ criterion of con­
vergence and the property of functional self-similarity writ­
ten for specially introduced functionals. The method was ap-_ 
plied for finding out the_ ground-state energies for several­
statisticaland quantum-mechanical models 12

-'t
1

: 

The aim of the present paper is to show that the·.metflod of·· 
self-similar approximations isapplicable not solely for fin­
ding'the lowest energy level of a corresponding·Hainiltonian 
but for calculating all its eigenvalues with an accuracy not · 
worse than that obtained· for tne ground state ... · . 

In Section 2 we fotmulate the,principle of tne method whose 
foundation with .all the details is given .in Refs. 12

-' 
31

• In Sec­
tion 3 we apply the method_for calculating the.eigenvalues of 
the •' ~mharmonic-oscillator Hamiltonian using orily· two ,terms 
of pe-r:t':lrbation theory.-We find the maximal error of-the me-'­
thodfor all eigenvalues and.all anharmonicity parameters to 
be of the order of 10~ 3 ~ We: show that our method is more simp~ 
le and accurate tha11 the.quasiclassical approximation (Section 
4) and renormalized, p_ert\l;rbation theory (Section 5). 
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2. METHOD OF SELF-SIMILAR APPROXIMATIONS 

In Ref. f.ll ·a general formulation for the method of self:-si­
milar approximations was given, being applicable to sequence 
of arbitrary nature. Here, without repeating the formulation 
of the method expounded in Ref. 1 2 1 we adapt its scheme to suit · 
the calculation of eigenvalues. 

·Suppose we need to fina the-eigenvalues of ah.operator 
F(x, g) depending:on a mult1p~rameter g and a space variable 
x = .. {x1

, x 2, ~ ~:~ xd},:; where d is a space dimensionality. The 
eig~nvalue problem written in the standard form . 

F(x, -g)'i'n (x,. g) = f(n, g)'i' ~: (x, g) 

defines the'sought eigenvalues f(n, g) and. eigenfunctions 
'¥ (x, g) in. which n = {n1

, n 2, ••• n d} is a multiindex of: the n 
order of the space dimensionality. If the problem does not al-

. low an exact solution, .one resorts to one_ or another kind of',: 
perturbation theory obtaining a sequence of approximate terms 
{fk (n, g)}, where the index k = 0,.1, 2_,... enumerates the 
approximations. 
· _To make the sequence convergent,. we'renormalize'it introdu-· 
cing into the initial approximation f 0 (n, g, z)a trial multi-. 
parameter z, as a result of which all farther approximations 

f k ( n , g ) . = fk ( n, g , z ) ; k = 0 ; 1, 2 •... (1) 

be_come dependent· on this .parameter :too. The. latter is to .. be 
transformed into the sequence {zk(n, g)} of the· governing func­
tions zk(n, g) whose ·role is to govern the .fastest convergence.· 
of the sequence {fk (n, · g, zk(n, g.))}. The governing functions 
are to be defined by a· -fixed .point condition ·whose different 
variants have'been analyzed in Refs. 12 ·'<~. First fixed point 
conditions for defining the governing functions were propo-
sed15•61 in the form of the principle of minimal: difference 

. ' . .'-
_, 

fi (n, g,~ z) - f j(n, g, z) 0. ',;" 

Later StevensonU 1 -argued that the. principle of minimal sensi-
tivity ., :, .• , . -·" 

~-- l ;.!D ;· ·, a. .. a;- fk(n, g, z) 0; z =· _z k (n, g) ~ ·, . ~ (2) ~;. I 

suits· better for improving the convergence of asymptotic 'se­
ries. In what follows we shall use condition (2) with the no-

' ,..---._~ ~ . ~ " 
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ta'tion r. _.,. -~ l 
'. ~- ,J,. 

-· 

i' -; r : f , :: .·: , :; ; , -:.1 

Zo(n, g) = zl(n, g) = z(n, g). 
,:·,~-

Per suing the scheme of the method·· of 
tions !2 1 \'7e. def in.e the coupling function 

self-simila~ approxima­
g(n, ~) by the equa-

tion~ "!.J 
.. J; '. 

f 0 (n, g, z(n, g)) f;; g = g(n, 0. 

Theri,·we introduce the distribution of-approximations'" 

Yks (n, U = [f
5
(n, g,(n, f;),,zk(n, g(n,O))­

- fk(n, g(n,F;), z k (n, g(n,F;)))r 1 

satisfying the normalization 

f (n,g) 
'*': 

f Y ks (n, f;)df; 

fk(n,g) 

1, 

.. :.~ 

(3) 

'(4) 

(5) 

in which f. .. (n,~) is just the self-similar approximation for. the 
sought fun~tion f(n, g). 

. i 

~ : _i } 't ~ .. - .:. 

3. ONE-DIMENSIONAL ANHARMONIC OSCILLATOR 

Now, the scheme of Section 2 will be applied for calculating 
the eigen~a:lues of the Hamiltonia:n ' · ' . • '' · 

H = 
1: d2 : .. 
- ·.•·-r mw 2 

--+ . 2 2m dx 2.·:· ::2 .x +•A.m
2
x\ .·)· '· 

(6) 
,.,, .. 

des_cribing the one-diinemsional anharmonic osciliator, in which 
'ni,-w,·t..·:are positive parameters''and••X'{:; c-·oo, -t-oo)~ For an il;_ 
lustration we choose the anharmonic oscillator for the: folfo;.. · 
wing reasons. The mathematical structure of Hamiltonian(6) is 
common for a great number of various physical problems 12 [ .The 
st~andard perturbation theory· in power~ of the ~mharmonicity 
constant yields_strongly divergent-seriesfor all finiteva:-

- lues of this constant I 8 I :·.Exact nmnericai . solu't'i'o~s for the 
eigenvalues are avariable 191 making it possible to check the 
a~'curacy of our met-hod. . ,., 

3 



For the eigenvalues En(n = 0, 1, 2, ... ) of operator 
is convenient to use the dimensionless,quantities 

". ~ , ~·: -·: :_ .~ .' \ ;·! , ;"'; } f 

En - i_ 
e(n,g),·:= ~::· ;g i=:' ·wJ ., ; ; 

: ; ~ :. " ·-·, ';J1:·:: ·: '•' ,, 

((:))i.{t" 

' 

By the Rayleigh - Schrodinger perturbation theory, starting:,: 
with the Hamiltonian 

Ho - L. ~ mw~ 2 
2m dx2 + .. 2 x.:. 

. i 
~ \, 

;"~c-, ~ j ,· ;f_j:_L-: 
,,.I 

l. 

we can find the approximate •ei'genvaiues _; 

\ ;:. 

e k (n,g, z) -
E (k) 

n 
--w- ; z -

wo 
w 

\ !( ;·· ,); . 
'.:: ~ 

. ,. 
',' ' ''.! ·: - ,; ., 

·\·., ,(8)_ 

~ .j! ' ,·;-

~ \ , , . t i: ,.' 

(9) 
\i' ~ ·. r _; -~ ... 

depending on a trial parameter z. In thi-s notation, beginning 
with the zero approximation ' . · 

1 e 0 (n,g,z) = (n + ~)z, 

we haVe :i.n' -tli~ :first:· ord~r'1 ' ' .. 

•. (10) 

. ' ~ i 

I 
I 

I· 
! 

I 
I I 

'I 

1 z 2 -- 1 • .:, ·-· ::. 'i'"'Jg' 
e 1 (n,g,z) = e 0 (n,g,z) - (n + ~) Zz + (n 2 + n + ~) Zz 2,(11) ~ 

and in the second order 

·:;- '" 1 :~1 

e 2 (n,g,z) = 
:;:.; 

e 1 (n,g;z 

j 

(~r~·r£((z 2 •··- :rp: ·1 

. \,. . • .... 
. . ~~1:1r~.r n-

'2 -"··-8z 3 " :lt 

+ cn''2 + n + l) 3g(z 2 .:: 1) 
1 ·: ' . ,. :: .. ,.,, .,, .. .(12) 

. 2 2z4 
en :r·-Ycn2 '+· ri:v+-21')~•178-2-· · 
; · . 2 ·. . 1'7 4z 5 ~·· . ~ ; 

,, 

·::_~ :~ _.j·...:·· J.iit-c:::-J.': .. J:~--~} ~Lff:_oi_r.-;t:r t.'Ji· -::.nt;·· !"'i?3·-';J·rf.ln·t'1~ 
Define :the governing function;~z(n,gLby -.the ;fixed~·p_oint~con.-

.dition-J2),: ·;· ·,c· J.l.;::->:o·.J:i:>:·t:•·rE:i:·,. ·J;JJ ''" - r:c.;;:.uz:r. 
.,_ . . ' 

:~'.·;::~;-~ !_~--:-~~{_;::;.:·~;- .. tf~ :."'.- ,'r-.{~j 

:z ·~-~.C?~·,·~~,z1~i}\ .. ~f~'~";~~~'·.~!,::~ .''". ~j '·~'Jt,.j- .. ~:,_ · :~ .:,} 1V,-
"('.··--· co~.'~.__,~··. ; ; ··: ·~ • ' •.. , ~, '·-· ··.·,.· ,: ~~ ···~ ,•"·• ·~···~ -:: [ •. ·f-·· , .. ~~ .. 

Substituting (11) into '(13)' we''get·'the ~·equation. · -·- ·.· . · · " 
"·' ~f~:.r -~ ... ·~~,:: .. :·~"~(_).,.'" .'.::.·~:~~-:::-:·.,~: .. 'J '·· :tn.c:J;-:i·r~):;; .. ; ''l-' r 

z 3 :_;, z <:..J tly~g~;, ··Q',Jx ;;·,:c :' jj l ·' '; 1 r; r .. h u" .,L" • "~~' £ l~.·:~J~~)-

4 

J 

I 

I 
i 
fl 
I 

I 
ti 

··in which 

Yn= (n2 + n + t)/(n + t). (15): 

The positive solution to equation (14) reads 

= {(://3) cos (n n /3); g • 

An + An ; g ~ gn 

gn 
··!"•. 

(16) z(n. g) 

where 

a.n =arccos(g/gn), 
'~ .. ; ~ 

+ 1/·3·. ~ 1/3 
A- =(3g) [1·±11-::.(g/gnJ~] , 

n . . . . . 

g n = (9 /3'-ynr 1 
= 0.064159/Yn ~-

The weak al)harmonicity region corresponds tog<< gn .. From 
(16) it follows that this region becomes 'more and more narrow 
as tpe.eigenvalue number increases. According to (15), 

Yo= 1; 'Yn"' n (n-+ co). 

Therefore, for higher eigenvalues the weak anharmonicity re­
gion practically disappears, since . 

g ·_; 0; n -+ co. 
n 

This explains why the techniques based on the standard pertur­
bation theory seize to provide a good accuracy for sufficient-
ly high eigenvalues. . 

Taking account of (14) we may rewrite (11) and:(12) in the 
form 

el(n,g,z) .;.· (n + l) 3z
2 

+ 1 
· · 2 4z 

e2(n,g~z) = (n + l) [3z
2 

+ 1. 
2 ~z 

where 

1 17 25 
a = (n + -2 ) -3 + '6""2 - 6. 

n . 'Y n 'Yn 

(z2 -1)2::·· 
48z 3 an], 

5 

·:··· 

(17) 

'(18) 



Eq.(18) has th~ property 

a 0 = 1, lim a 
n + oo n 

= - 1 
3 i ~ 

To abbreviate the subsequent expressions we shall use the 
notation 

ek(n,g) = e k (n,g, z(n,g)). 

Equation (3) for the coupling function now reads 

e 0 (n,g) = ~; g = g(n, ~). 
\ ~~ ··-' 

For the distribution of approximations (4) we have 

Y12 (n, ~) = [e2(n, g(n, ~)) - e 1 (n>g(~'} ~))]'- 1 , 

which, together with (17) and (20)~ gives-~ 

~8{~/(n + ~) 4 

Y12Cn, ~) = -
.a n·[~2J(ri + ~)2 - 1]2 . 

In placeof normalization (5) we ge~ 

e,;/n,g) 

J y1'2c:ri, 
e

1 
(n,g) 

c, 

~ •• " < 

~)d~ = 1. 

Integrating (23), weobtain the equation 

e:(n,g)/(~ + ~) 2 1 . '1' 

. . 2 ( ) ·,· ( . . 1) 2 e 1 n,g . n + 2 - 1 

1 -~-~ 

e~(n,g)/(n + ~)~.- 1 

'_:_;""f 

.L c; 

'(19) 

(20) 

(21) 

(22) 
~, , .. 

(23) 

I:! 

for the self-similar approximation of the eigenvdues, e,,(n,g):.:-
·' : 

!1 
! 

t 
I 

' 1 

~.' 
.I .,. 

In the weak anharmonicity region; Eq.(24) yields 
1 ·. 3 ' ' . ..·' 

e*(n,g) ~ (n + 2)(1 + ~ yng); g + 0, (25) 

.which coincides with the ~xact asymptotic axpansion
191 

in po­
wers of g. In the strong anharmonicity limit Eq.(24) leads to 

·•:-) 

3 1 . an 1/3 
e (n g) "' - (n + -) exp (- - )(6y g·) · g + oo 

~' ' 4 2 · 48 n ' 

For higher eigenvalues, (26) transforms to 

' ( ) - exp(1/144) (3 )4/3 113 ... e~, n,g.- 2513 . n · g ,. g,n + oo. 

(26)· 

(27) 

The latter expression can be comparedw{th the corresponsing 
exact asymptotic expansion191 ' '• > 

e(n,g) ~ 

2 
1T 

rs'3(1/4) 
( )

4/3 1/3 . 3n · · g ; g,n + oo 

For an easier comparison, (27) and '(28) can be written as. 
··C;. , 

e (n}g) ~ 
)':. ' 1.372,338.n413 g~j 3 c; g,n + ~\ 

and 

e(n,g) ~ 1.376 507 n 413 g113 ; g~n + oo, 

(28) 

'(29) 

(30) 

respectively. The accuracy of (29) with respect to (30) is 
0.3%. ' • \: · > 1 • 

. Tt would not be, of course,. honest to che'ck 'an"'accuracy of 
a method by comparing only some·'asymptotic expansions, as well 
as by con'sidering only several eigenvalues,. for instance,. so.,- · 
lely that of the ground state. I The true accurac'y of ~ ~ethod 
must be characterized-by the maximal errordefined' by compa-;­
ring the calculated quantity with the corresponding exact ·r·e:..: 
sults in the whole region of variation for all 'parameters·gi­
ven. In. the ·present case, we have .to compa.re .the s~lution to 
equation (24) with the known numerical·values 191 for ail ~ig~n­
value numbers n = 0, 1, 2, •. ; ~ and all anharnioidci ty parameters 
g e:. (0, ·oo).· .. In the same way, if a·fixed point condition would 
yield several possible branches for the governing function 
z(n,g), then·~ for each_ given' set of par?meters, we should take 
the maximal error among all the b~anches. T~is is esp~cially 



important if one intends to estimate :.the • accuracy of. a' method 
for its farther application to complicated problems whose 
exact solutions are not available .. • Thus by the· maximal: error 
we mean 

£* = sup ,sup 
g,n z(n,g) 

e~., (n•,g) 

e(n,g) 
11 . 

Fortunately, in our case we have the unique positive solution · 

for the governing func.tion. · (16. ) • However, in Se.ction .5 we ·.shall 1f, 
present an example when there.,~ appear two positive branches of ', , 
the governing function. .. . · · . • . _• : . 

• "•"' , I • 

Calculating the maxima'! error of the self-similar approxi- ' 
mation we conclude that it is of the order of 10" 3 for all · ' 
eigenvalues and all' anharmonic'{ty paramete~s. 

. 4; , COMPARISO'N WITH QUASlCLASSICAL APPROXIMATION · 
. ; 

Let us compare the accuracy of our method with that of other 
approximate'approaches. For ~instance, for the anharmon.ic oscU­
lator ~the quasiclassical (WKB) approximation can be used 191

• 

In' this approximation the eigenvalues· of the Hamiltonian ·c 6) 
read 

. e· ( n g) _ ( 1 + 12gJ ) 4 t 3 
WKB ' - n - 1 

16g 
(31) ' • 

where J n =··J Cid is to be obtainea 'from the Bohr - Soinm'eifeld 
quantization gondition which in the treated case 'is a trans-

. cendental eq~atiori'' . 

2 -· . .. 1 n K(pn)Jn , =:' n t 2 

,_ 

·•· '') 

(32) 

. wi:th .K(p n ) being a. comp.fete elliptic integral. ot' the first 
kind, . 

1 
. dt . 

K(p_n) := f [(1- ~2)(1 ~ P~ t2)]1/2 ' 
0 .... " 

' ... ~ '' 

and with the variable p given by the expression . ... .·. . . n . . . 

P~ = ~ [1 _: (i + l2gJn)·2/3] •. (33) 

8 

'! 

i 
I 

: __ ll 
f• 
J 

In .this way, to obtain the eigenvalues fn the WKB approximatiOJ 
one needs to solve the transcendental system of equations 
(31)-(33) ~··. . . . ' 

In the weak anharmonicity limit the WKB approximation leads 
.to. the expansion · 

e·WKB(n,g) "' (n + ~)[1 + 2(n;+ ~)g]; g -+'·O, (34) 
: ~-

which is wrong as compared with the exact one191 coinciding 
with the self-similar form (25). The WKB approximation has the 
correct asymptotic behaviour only in the strong anharmonicity 
and, simultaneously, high level limits g -+ ""• n ~- oo,' when it 
becomes equivalent'! to the c'orresponding exact expansion (30). 

• • { ' ' ' <' 

~~(n,g). ,;•·e(n,g); g~n-+ ""· ' ' (35) 

The ac'curacy of the WK:B· approximatio.rl 'is good only ·in this 
asymptotic i-'egion' of" g.» 1, n >>' 1, and' worsens' for the" low 
iying levels. For example, for the ground state n = 0' C:md' · 
g -+ 00 the error is 22%, and it becomes even higher for inter­
mediate g - L The maximal error, as ·defined .in the previous· 
section, for the WKB approximation. is too high to consider .thi~ 
approximation as a ~atisfactory one for the whole .range of·;pa­
rameters g, and n. Moreover, it is expressed through much more 
complicated formulae than the. self-similar approximation • 

l '"'· 

5. RENORMALIZED PERTURBATION THEORY 

Compare now our method of self-similar approximations with 
the renorma1.ized perturbation theory 15 - 7 • 101 • As far as Steven-

• son' 7 1 has shown' that the minimaL difference criterion is ·much 
poorer than the minimal sensitivity criterion, we .. shall use 
here the optimal variant defining z(n,g). by; Eq. (cl3). · · 

The_ first..:order renorin~lized perturbation.theorycorresponds 
to e 1(n,g,z) from (17) with z(n,g) defined by equation (14).· 

· In. the weak anharmonicity limit one. has the. same expansion as 
the self-s.imilar one given by (25). In the strong anharmonici"' 
ty limiti we get -,, l.-,; 

\ .. · 3 .. 1 . • .. · . 
el(n,g) ~·4 (n + 2)(6yng)l'3; g-+ ""• (36) 

which differs from the self-similar form (26) so.that there­
lation 

9 



e~, (n,g) "'e 1 (n,g) exp (-a
0
/48) (37) 

holds. For the high level limit, (36) transforms into ~ 

' ( . ) 3 4/3 ( )1/3 e 1 n,g "' 4 n 6g ; g,n -+ 00, (38) 

which,for a better comparison with the exact expansion (30), 
can be written as 

e 1 (n,g) "' 1.362 840 n 413 g 113
; g,n-+ oo. (39) 

The accuracy of (39) is 1-%. ;.; 
·The maximal_error of the first-ord~r approximation e 1 (n,g) 

is·. of the order of 10' 2 , which is 'sufficiently higher than that 
of the self-similar approximation e,.,(n,g), being,of the order ··-~ 
of 10- 3 • • ·'-' · 

The. second-order renormalized approximation is equivalent 
in ~ur case to e 2 (n,g,z) from (12) with z(n,g) defined bythe 
equation 

·. ~ z e 2 ( n~ g /z ) = ~0 , 
which yields 

(40) ' 

170 21 
z 6 - 2z 4 - 16y gz 3 + z 2 + 16y gz + -(n 2 + n + -)g 2 = 0.(41) 

n. n 3 17 

By using the substitution 

u = z(z 2 - 1), (42) 

eq.(41) can•be changed to > 

. 170 21 ' 
u 2 

.. - 16y n g u + 3-Cn 2 + n + u>. g 2 = o. ..: (43) 
) .~, 

"'- The ·latter equation has no real solution for n = 0,1 and has · 
two real solutions 

1 5 
g(1 ± 4 I 1 - ~ ari ) 

). . 

(44) u = 8y ± n 

for n ;:;; 2. Here y n is the same as (15) and an is given. by 
(18). Therefore, the function z(n,g) also has two real bran­

. ches defined by the equation 

3 . + ' 
z - z - 6v- g = 0· n > 2 ± ± . 'n , = ' 

(45) 

10 

in which 

+ ' 4 1 . 5 . 
v- =- (1-+- / 1 --a )v •n-3 -4. 2 n•n· 

The ~igh level limit of. ( 46) ·is 

± 4 '11F' 
y n "' 3 (1 ± 4 I 6 )n; n -+ (X),·· 

hence 

. ·(46) 

y~ "' 1. 784669 n, y -n "' 0. 881998 n. (47), 

Tqe weak anharmonicity .·limit coincides with the self-:similar, 
expression (25). Iri 'the strong anharmonicity limit, Eq.-(45) gi-

,. ' • • < • • ves· 
l 

Z (htg) ~ (6y± k) 113 ;_ g -+.00 • 

' 
± , . '- ,.. . . n ~~ , ' . .. .. 

C~nseqU:ently, approxinia_t:i'ons ( 11 ) .. and ( i'z) become 
·I 

.. ·.~· 

+ · · · - · 1 · 1 ·· Yn ' •· + · · 1 1 3 
e1Cn,g) ~ ~(n + zH1 + 2y± )(6y;;: g) .. , 

n 

and~. respectively~. 
' .. 

·. ''+ 
+ ·. ··· -1 · •• •1 ._,_: -.·Yn' •- .. a;;: - + 'lt3 

e;-~n,_~)"' ~(n + ~)(1 ;+ 2y±: :-,:, 24 )(6-y:-n g) .: , 
n 

where 

+ 1 17y n ~ 25 
a; = (n + ~) 3 (y; )2 + ., fi(yj )2 + 6 Yn 

.,. 12 y±
0 

C48) 

,~f ,l_ .·: "• 

•· •' (49):'. 

,, .. , l. ·' 

(50)' 

(51) 

Eq.(51) is similar:to (18) but:defines two different branches 
wliich'_ in. the high leveLlimit ar·e 

lim·· a~· =.-1.055 213, lim a
0 

= 
n-+oo --

0.321095. '-(52) 
n -+co 

· Approximatio~~-, ( 11) in the strong anharmonicity and high le-
vef -limit reads - ' - : - - · :, 



e~(n,g) "' 1.410 821 n 4 ' 3 g11; 
(53) g,n -+ 00 

e~ (n,'g) "' 1.365 262 n 4 '3 glt3. 

The corresponding, accuracies ai'e 3% and 0.8%, respectively, as 
compared with .the exact expansion (30). 

Approximation (12) has the asymptotic form 

e;(n,g) "' 1.362 366 n 4 ' 3 glt3, 

e;(n,g) "' 1.376 920 n4t3 glt3~ 
g, n -+ oo (5'4). 

These two branches have-the asymptotic accuracies of 1% and 
0.03%, respectively. In the whole range· of the parameters g 
and n ~ 2 the approximation e;(n,g) corresponds to an error 
of 1%; and.e;(n,g), to an error of 0.3%. . . . . 

Thus, the second-order renormalized pert.urbation theo~y ·i~ 
applicable for calculating the eigenvalues.of the anharmonic 
oscillator only for n ~ 2, wher·e· its maximal error, as defined 
in Section 3, is of the order of 10- 2 • . 

Again, we see that the method of self-similar app·roxima­
tions:' is simpler and more accurate than the renormalized 'per-. 
turbation theory. 

A natural.question can arise whether it is possible to im­
prove the second-order renormalized perturbation theory'by an 
additional self-similar renorma1ization. To chek this, let us 
build. the distribution of approximations (21). More exactly, 
we have ·now two distributions ~orresponding to e±k (n,g) which 
are 

· 48[, 2 /(n + 1)4 
2 YL (f,) = 

b±n [ f, 2/ (n + t) 2 ..:.1] 2 

here 

b± - 2 ( Yn n = -3 --:-:-:r---)2(6 y-
n 

± 
Yn 

Yn 
an 

" { 

6). 

From equation (46) we can express 

"'( 
6y± . n 

Sy n 
an = 

+ . y; . 
(8 - 3 --) - 6, 

Yn 

12 

(55) 

"\ 

·-l" 

because' of: which: 
-~'' i :·:;· . .l.c:tn~"~ ~;:;:{:r 

;_,:"": 

.. ~) 

b~ -:~:~~i. (1"~~ ~~< c~;·;j{?~'~J~o:_•< >. !J~.:j '· .: 
! ~t c ~~ ')fy-:r c J ..;._ .! ::-:-: .. : ;·:: 

The high'Jlevel !liniit>for·c(56)Lgives: t··· · 
J.c,!.J ::nc,._t::~- ::""i:·~c~~_r~~t;.< ·; - 1:--~,~:;_:.:.-::... · 

-·:> ~: 

lim: b+~ ~-,Loss 213;:~; lim:·b- = -:0.321 095. 
ri~ :; ~- ::.; ,rr~).tJ;.;::.I:L~;:-.~n,-+oo<1 ~:··r·-~-~~- "~: "~::::·r, ,_.,::·o 

~JE~\1 '. ·~""Oil 

.T~J ;~i ·Jo·-~ 

ci:JL(56) 

! ; ( "' ' 

j :. i '~ '1 •:tiii"C ';:! (57) 
\";- ,. '!-.1:-:· :·; [ : {:,_· Jfi l 

, __ ; ;--!,::~L;_-; J~ __ :,l ;-~- ,_:-~':_;_.. ~: Ln.5,:;~~ 

The normalization (23) yields two branches of;·~the-;self-:-si:; 
milar approximation satisfying the equation 

( ( ( '! rr .~ ;;_¥ ~!) ~: .": · i ~~ ;; H) ~ !~) .:1- ( ( () t n :-~ j { :~ n· '. ; __ . 

[e~(n,g)/(n + t)J 2
: 1 1 3( .. 

2
; 

= exp . -
[e±(n g·)/{n'+ 1)·] 2 ,._._·,1··,v,i·1 ·[e±(n g')/(n·+·1)] 2 ·c..:.:.,1•··i• 1 • . .. 2 •... ' .......... . ,., • .. '2 ~ ... . ); .. ,. 

1 
. [ +( )'/{ .... 1) 2 -r:r'e1 n;g. n::+.z] ,·-:1 

b± . n 
iU.·I 24 ( (' 

' ·:, f :;_; (" j 

n ~ 2. 
J-t;:-; _i·1,:;··:L;t-:.~-~ iLC'> 

In the strong : anha'J:"I!Ioriici ty :limit, .. ('58) ·leads {to. • :: L.: 

n:Ln r. 
(58) 

t ~ i r; 
[ J;c,J:'i 

., 

•e±·:(n·•g) ·::< le±(n ·g) texp· (:-b±/ 48) • ..-g•-+ "'"'· ·"· :(59) 
,., • '.(~::.)' ;;;,,;H>~t :~.inn~:ro';3·,1 th'·~:i.::IS : ,.,. " :• 

···:Passing ·to ltlie ·high levell'limit::for .. these;Jtwo.~branches·•we 'ob-
tain·-~·3o~-~-T [.J~::.lt-;V!lD~~[r, J 'lr.~:; !·~~~,-~~u -~ · ... :-{::~!'JJ_J:';:: rrr:..~, _-: q 

-~;,d rlL~) ':1 r: J E· ~ i j· ~.; j" ;•:);";/'~ t,,r; ;·"1;-) 

•+, '( . ) ' ' • el~ n;'g '"'1'1~38Q·:t44'·n!>'.31glt3r.v, ,, .•... , . 
cild' m:f.u ;::i:.;·1c::.:/i> klr; f ' ,::,;.:~:~,n ·; ,.;,;,:;;~:·'· 
e~~ C~,:g'}" ~wf:r3J'4;'4z6'~4·/3 gi'~.r:. 110 
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; :-:.?tr::-:·, ..... ~·dT 

tJ.:.Fl.i~<rc~ 

~:; :J~.J J f<Ii ;~. ~: f (60) 
( f, ~) -~-- ;:_; ::: r; · _;;; Li _;·.: 

'~, :· -; 

Comparing (60) with the exact expansion (30) ·we see that 
the asymptotic accuracy of e ;, (n, g) -~s ··a. 3%; 2 :~~~-'' ?f.;i 
e-~ (n,g), 0.2%. The numerical calculation shows that in the 
whole rangeE_QLg,and n ~.~;:the.E!r:r-<>r.r9f;:e:~ ~!l•g);).s;·}J?t_1 1!1o!~ 
than 0. 7% ,and 1that .<?f ,e;(n,g)A~%le~sc;~r. 9f~ t!te, or~.~r. <?.f. O,.}%. 
Thus, an additional-self7similarcrenormalization·smoothes the 
difference, ;betw~en:-thEi b~anches;·, ~f < second ~orde:i:-. ~enc)i-Ii{ailzE;(l 
perturb~ti,~n · theo~y, citi(:siight;iY.:: ~mp~~~e·~.·; it ~Y: ~a!t}!}g ;:~he: ~a-
ximal error.:,0.7% for n ~ ___ Z.ri(l •1:"''·'; ·,:;HJ:A:::, .. ; .v;-.. 0 ;.,;.:~,~·{ .i'.· 

.\ j 

' 'b 



However, no principal improvement is achieved, since, as 
before, there are no solutions for n = ·0,1 and the maximal er­
ror is of the order of 10- 2 • Therefore, it is more reasonable· 
to use directly the method of self-similar approximations ap.:.. 
plied in Section 3, as it works for all n = 0,1,2~ ... 00 arid · 
g E (0, oo)·having the maximal error of the 'order of 10- 3

• 

The main difference between the renormalized perturbation 
theory andcthe method of self-similar approximations is that 
the former yields an additive-type renormalization while'the 
latter leads to an exponential-type renormalization, which.can 
be illustrated in the following way: Let us substitute an ap-

. t f ,J prox1ma e. orm 

f
5 

( n, g ( n, I;) , z k ( n, g ( n, I;; ) ) ) ::: fk ( n, g ( n, I;) , zk ( n, g ( n, I;) ) ) + 
+ Rks (n)l; 

into the:distribution of approximations .(4), which~gives 
. . . 

Yks (n, !;) ::: [Rks(n) 1;;]-1. 

Then, from normalization (5) we find.the self-similar,approxi­
mation 

f,., (n, g, z(n,g)) .::: fk(n, g, z(n,g)) exp[R ks (n)] 

with an exponential-type renormalization. A :;particular example 
of such a renormalization is given'. by formula (26). 

"Thus, we have shown that.the method.of self-similar approxi­
mations can be successfully used ;·for. the eigenvalue. problem., ; 
The eigenvalues of the anharmonic oscillator can be calculated 
with a maximal error of the order of"10~3 ~for all anharmonici­
ty_ parameters. The method is· more simple and a'ccurate than the 
quasiclassical approximation ·and renormalized perturbation 
theory. · · · · ·. ' · · 1

· • . 
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