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Introduction 

In the paper the invariant measure for the nonlinear Schrodinger 
equation (N~E) 

l.U.t ti.Ax'><'+ f(x1kti1)L( =0 {ER. (I) 

is constructed. Two problems are considered: 
the periodic problem when 

\Al )(
1 
t0 )::. UolX') J (2) 

functions \Ao(~ and i()(1S) are periodic with respect to X with 
period A> 0 , and it is required that the solution \A. (I<) .f) is 
periodic vdth period A with respect to X . The second problem 
is the first boundary problem: 

u..(o> t) =- \.((A1i> =o , i € R, (J) 

u(-x1 t\))::. ~(~ XE[o,A]. (4) 

Many important properties of the dynamical system can be pr.oved 
by using the invariant measure / 2 • 7 • 1~/ • For the dynamical system 
with the compact phase space the existence of the invariant measure 
is proved by N. N. Bogolubov and N.M,Krylov 121 (see also [D] ), 

Equation (I) describes many physical phenomena such as the waves 
on the deep water and in the plasma, behaviour of the non-ideal Bose
-gas, the propagation of heat impulse in the solid states /IO/ • At 
the last time, in connection with various applications in technology 
the problem of propagation of light impulse in a layered medium, which 
may be described also by equation (I), has been actual (see Ill/ ), 
As it is proved in /l 6/, this equation may be introduced by some gene
ral considerations and has a universal character 1 toq·, 

Interest in equation (I)- is connected to a ground~h:tent with the 
possibility of the application of the inverse problem methQd to it if 
} {X

1
s):: t.S • But now in many physical articles the functions ~ of 

another kind are considered, for example, which depend on ~ 
(see reviews /I01llj). 

Let Slt) be the operator of the evolution for problems conside
red. Then, the invariant measure for the problem (I)-(2) or (I),(J), 
(4)) is the Borel measure on the phase space 4 (which will be defi
ned later) such that for any Borel set there follows J"'llSl~Q):::J\A{QI 
Recently, the constructed measure was introduced in the paper ~61 bu~ 
~~the ·t sufficient ma+baaatid&l argwaeu~s. .1 Y/ ' h' 
J/1..{ l~ . -. . r,.: C: v )-/,._"- "' ..... ,1 ,1· >""I..~· I. ., a (11. I h-l \ r. h '~} 
1."'- Vl.l}-t-'o...•·'-l..'ln _,.. I ".,, > 1 '""\- U ~ w·c "1( 

C / fta_l ~ ~v; {v c( 



In 1° some results on the uniqueness and existence of solu
tions for the problems (I), (J), (4) and (I), (2) are established. 
Only sketches of the proofs a···e established because there were few 
articles on this matter c/4 • 6 •12/ ' for example). 

In the 2° GO -additive Borel measure ~ is constructed on the 
phase space ~ where ~ is the space of periodic functions on R 
whilil. belongs to /_,<- locally for the problem (I)-(2) and L • 
= ~l.. {o1 A) for the problem (I), (J), (4), In fact, W' is a Gaussi
an measure. 

In J
0 

the invariance of some measure ~ for the problem is pro
ved. 1'he measure ~ depends on VI' as follaVTs 

JV- {52)::. ~ ~ ~ l~o~.) wCJ~.t) , 

where Q cL is a Borel set and <P is a continuous bounded 
functj_onal on 6 

The applications are contained in 4° • The important corollary 
is the Poincare recurrence theorem. ~ this theorem almost all points 
of G are stable in the Poisson sense. There is the old problem of 
Fermi-Past-Ulam (FPU). These authors considered the chain of balls 
with the nonlinear interaction. They studied the problem by computer 
and found out that the solution of the corresponding system of equa
tions with any initial condition after some time is returned to the 
initial value with any accuracy. Later, in the soliton theory the 
property of solutions to return back was called the FPU phenomenon 
for other soliton equations,too. The results of the paper explain the 
FPU property. 

The next functions are the examples of physically important 
functions for which the results of the paper are valid: 

~(XlS)::: -J..c.. 
~()(,5) ::.- 5 1.- e (J. >o) 

' 
---

1 + ~ 
At thS,_,t:i,me when thls paper was written the author learned about the 
paper 

11 
in which the invariant measure for two-dimensional Navie -

-:-~Stocks equations was constructed. The methods in these~ papers are 
.,_ . -- · ;t~~ti t!!ly different. 

· · 1°. Let '13- al'lf« .. : 1 
(f) functions' ~(.,. 1 )~ ~~ (~s\1 ~tS) ~s(><)S) be real, continuou:? and 
bounded on Cll)A J X [ b>oa): 

\ \uc>s)\ t \~ 1 )( (x>s>l +\(i+s)ti(1:.Js)l~C. 
where (:: (.()ns,·b 0. 

2 

"' 
I • "''c "'> (; 

Let ~Mo > c;~ \ f (xl S) ( • 1'hen, ~~ is the space of' func-
t... x,s 

tions ~ defined on R which are periodic with period A for the 
problem (I)-(2) belonging tn ~J!leJE \{!.{ o,4) and H is the 
space H ~ (o

1
A) for the problem (I), (J), (4) but in both cases 

the spA.ce H is considered under the field of real numbers with 

the scalar product 

< t>g> = )4t ~e ~ 1 c)()-~ej 1 (x)-+ Tm P(x)-IW! j'c~ + 
D 

m o [ Re. f tx-J -R~ d cIt'). -t I WI fcJc') · IM ~c)()]] ul x 

and the norm \\ ~ ll::: ( j J j f . Similarly, let ~ be equal to the spa
ce of complex 'functions L'L to,4) under the field of real number's 

with the scalar ~reduct 

( t1 ~) = h>o )
0 

[ Re. t(xJ· Re ~Cl<') + IY\1\ ftx) · Im j {,x1j d)( 
and the norm \ fl4 = ( L f). d 1. 

Vie denote by Ll the closure of the operator ~2.. with boun
dary conditions (J) or periodic on ~ • It is well-known that A 
is a self-adjoint operator. Let H~ be thi subset of L consis-

ting of such functions V...f~ that (-.1)2: U f ~ and let 

llA.)"J').l:: (1.\)'\f)i \'YC.;:l.((-.1);; 4. 1 h1~1J-) • lhen '-' 1 H~H 
are the Hilbert spaces. It is clear also that 1-{-=--H and .(l..t,'lT) 

ll-l>\J\_ for any \A.)\i c H. 
In what follows we shall consider the problem (I),(J),(4) 

because the problem (I)-(2) may be considered similarly. 

Let N= 2. Yl for every integer Y) ) 

0:::. X'o < x1 < < X ~A , - . . IJ 

where 'X.(~ l" J (.:: O)tJ J ~::.A f.J-i. 
Let us consider the system of ordinary differential equations 

. tt. - 2. 't. + 'l . +i ) 
\. tt., (t -+ l-1.. l l + r (X· Jtr ·\'t)'l.·-::.0 (::: ~J~-i (f 

'~ t l) "1. l ) ) 

'Lol~) -::."twC'h =OJ t ER) (6) 

3 



rc~ L{o) = "Li.<o) 
• _ (c) (o) 
l-C;W; 't 0 =='7...,..;:::0. (7) 

Let 

11tJ =('tlo) (o) (o)) IJ_ h 1.1 iJ_- . N 
~ 0 1 'li 1 · · ·J 'LtJ ; lAo- 1\( 'lo) V 0 -liNt lo) 

IJ tJ - "' 'L l t) =- h.0 Lfl > 't1 l fJJ ... J 1. (\}(f)) ) U. Lb =- ~{ ?._Ale/~ 'IJ;./c {):: lv.. t cf) 

By (f) thN system (5)-(7) has a unique solution for all t fR and 
every I'L 0 . 

\'le consider the generalized solution of the problem (I), (J), (4) 

which satisfies the integral equation 

(8) I. l.lt-fo)tJ rt: ~tJ-~>t. "- ,7 , 
\A(X)t.):: e. IA.o -+ i. ) e [ fLII) IU(X')O l ) Ull<)5)J VI':.. 

tQ 
Lt6 I L where e is the operator from L! to 1 and 

elL~l\::( (U>'>ttJ) R~L\- (\ii)L~)Ih1u> ~~~ntd)k.p.t -t lU)>tL~)ltv~lA). 
L'J 

It is clear that the operator €l iR defined on the dense set in 

~ and is bounded. lhus, by continuity it can be extended to all L 
and also 

l.t. (!.11 L., ~ L I < O<l 

(see /l4/). 

Let xn be the linear space which consists of every 

fl"' :::(\:\."' )~N) where ""Ct,w 1\YIJ are the functions defined on[c,A] 
the graphs of which are the broken lines connecting the points ' 

t x () V..t-J('X\)\.:::o,IJ > L X()VN l~i.)L:::oJtJ and 1,..; lo)::: "i..N tA)= D. 
1~ere is a natural one-to-one correspondence between the pairs of 

functions on the network 1 X~~ ~=-'C')W and _:lements of the space 
X . Then, we can compare the function 'l,; l'/) { X~ with 

"' -(ol ··· the solution of (5)-(7) and the element 'Lrv with 'l~. 
Let us define some bounded opera tor F on X . For every 

- \.r tJ ~ h ~"' 
'L 111 t A._ we compare 'L- = (ell) 't~ ) ... ) f'\.N), 

where 'l~ :::: 'l~ = 0) 

_IJ- - ' ~IJ t'X.:-1)- L 'Lw ()(_:)""' 'lN ex,+~..) 
ll - ~\1\ 1, tJ - I ") 

4 

for i."-i'J1 
) 

c 

and let ~\1\ '1.iJ _bl the element of X"' which~ corresponds to '(_1>1 • 

On the sub~ace X"' of ~ orthogonal· to X., we define the 
operat~ Ll.., as identical and extended it on all 4 by linearity. 

'l'hen, Ll"' is a bounded and self-adjoint operator on I_. • 
For any ut:l.. let 

el{ ~ \{':: ( [ wc,H:_) ~{ lA -( '>~~ tr .. J l~-v~ ~ / )L~ tr._) Rt u + (Ul~ tr.Jl'rv\ lA) 
II 

( >0 such that It is clear that there exists the constant 

\t l ~J', l Lt ~ (_ 11 

for all Y\ >~ fl\. 
_ 1. 'i~ compare the function ~"' (x) t) to the function 

rLNl )"LliJ such that g
11

lx: 1t) t X" for every fixed 

j.J .. ~( 1{.)"' ~(')(.~) \"1:.
111
ltc Jt.)jL)1.1,/1(;1i) . It is clear that 

I < - t -

t ( )( 
t 

- 1) i.Lt-'0)6._- ( { · . · ( .:tJ·))ll., 
1'(_1\i (x.,• ::: e '1.N )(1 o) -t l ) e £l [l\. S) J r 

t d"l ) .) ' 
Q 

where <"LN l1l>-l:) corresponds to the solution of (5)-(7). 

':le consider also the equation 
I --- t -

I l\ \.lt-to)!l>\ · ( l.d-<;,).1,. [ ( 11..) ~ I 
U.l\\)l.,"C):::e_ \A.OV\-tl) e J("A.l\u"<I(X1 ~) \.(1-l(x,~) li1\., 

-~:-, 

~um_!. 

and 

(9) 

(IO) 

Let (f) be valid, T :> O. Then, 

(a) for any L\0 ,\A.o'tl.€4 there exist unique solutions of the prob-
lems (8) and (IO) which belong to C l [ i 0 -I) -!

0 
+ T]; ~) j 

(b) I \Al· >-l>lt, ) IU"'l):))(j do not depend on t; 
(c) let B c. L be bounded. Then, for every £.. > 0 there exist ~70 
and the number M > 0 such that 

tt~-~t0t\] \~~ l· 1-l) -\.\~-,\·,h\4 < l 
for every V\ \1_ "1...,'· ~) (: ~ such that 'n) M and 

) ""Q") "' \. ) I) 

\'1...111 l- ) \.,.) - u 0""' \:) \ ~ <: ~ ; 
(d) for every \Ao ~L 

t..'M. VIA. ().J'{ \ u \- ) t) - \A ~. h \ - 0 
"'....., oo \: ~o no 'I >~I)-+ T] n ' Lt -
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if ~ \A()"' 
~ \1 • 

Vl.o J 
..,...., 00 

(e) for every ( >O there existR ~>0 Ruch that 

\Y\t0<' h-til· >{,)- U<-l·>{)\L t. [ 
tf[to-\) \:.~+ T] I 

if \v.l.h~ 0)- U').I)Q)\L <1l· 
where \; l.. 

1 
\A'L are tl:e solutions of (8); 

(h) the problem (I),(J),(4) defines the dyr~mical system on the 

phase space ~ 

::t£Q:f. 

~tatements (a) and (b) can be proved by the standard methods of 

the papers 14 • 6 •121 • 

~~~ 

uniformly to any segment 

For any V.tl. lim 
altzk lL~ 
~ ., \A.::: e \..\. 

t E[Q> t]. 

Le~iLl 

PrQQ:f. 

It is suffic::.ent to prove that 

and ~""' tos(t-6.,)L4 ::: W>Ht6)V. 

t.'M s~-- d: l.J v.::: st"~-, (~b) \..{ 
\<\-.()<> ( 

uniformly to -!: e [ 4., J . 
._ ... 00 

\le will prove the first equality only . 

Let v_ t~ , £ ::>Q • The operator Ll has eigenfunctions 

and eigenvalues 

\A. (.x.) = \21 c;. li lt.. 1<.. 
\L ~if ~"' A r\y_ ~-(:T t "- :::. 1) '1.) 1,) ... ) 

and 

q_ -:: IV ". ~j_¥. 
11-.\.., tA '>W\ JJ 

-) 4 . l. Till. ( ~ = o) IJ J A~<..n =- ~'L c;ll:\ 2 N 
--

IL::1)AI-1 
1 

are the first (N-1) eigenfunctionR and eigenvalues of the operator 

bl'\ on the network t )(tL-::¥ (see /l 51). Th~, the operator 

z-.. has '2111-2.. _ eigenfunctions and eigenvalues 'll<.n EX 
("' =1,2N-2), All" where t'f.._ =-CU. >c) ) 1 :: \~ 

- - - 1<.-l.,~ "-n 'l.~t-11 \-) t 'I'\ 
and ~'L'K :::. ( {)1 \.1.\L. ') A1.1<.. :: ,\\(. and the graphs of 
- )V'I V\ ) )"' 1'\ \D \'\<.. 

I.A.~" __ are broken lines connecting the points ~X)){~ Si.V\ 'l~) 
( \:: Q) 1-/ ). Another part of the spectrum of Llh is l and for 
the corresponding eigenfunctions one can take the o~thogonal nor-

x.l.. - 1., 
med basis of "' • It may be proved that \AI(_,..._, \A"- ) 
ltv.."__, A \I. when Y\-.. 00. 

" 

oa 

Let V... = L Cl..._ \.A,._ There exists K:>o such that 

Do 

1 ?;\(-ti 
4 

\ Lll<.\'-. } %. < 
£' Then 

Lf(C.1tC 11 ) . 

\ ( e:L1 - e. d 6;, ) \.\./ ~ 
k 

~ _L + 1 ( e ltd_eLtz-11} z u." u.\(_/ 
L ~~L 4 

and hence 

l~ l~~ _ t l L1~) U. \ <: E 
Lt 

for all t E [<A.) ~] and sufficiently large Y\ • 
Lemma l is proved. 

!&_~_g 

Let \S C ~ 
such that for any 

be bounded. 'fhen, there exist 

\.1- E rs) 11-N E ~ n x., C 1.) CL. > v 
( V\ d .. } '2.} ?,~ ... ) 

the inequality 

\ S~ l-x.) - t lx) 1\AI .. ) ~ 1
4

! (1..1 ~ -ul~ t [1- h 
is valid. ~ _ 't. _ 

(Here ~lX)E Xn corresponds to t(X,:) \'Lkl (xc)\ ) rt...fJ Cx.:_) . 
-~2! is trivial. 

Lemm!!_;! 

(c) of theorem 1 is valid. 

!:~ 

By (IO), (11) and lemma 2 we have t 

\'l.N(·)\:)-v.."'l):)\ 4 ~ \u.()n-il.N l· 1 lo1\~ -t ~ \~hs)-hx>lui'-)4Vs 
~~ 

~ \u0~-'i1: 111 l·Jl\l)\~ -t (~ ~ t ( i ~ \1. ~ () s) ... u ~J) s) 14 d s ' 
to 

where (~ = const ') 0 and lemma ) is proved. 

!!~..i 

(d) of theorem 1 is valid. 

~ 
Using (e), (IO) and lemma 1 and 2 we have 



\\.\"ht)-~At))\~ fl(e.t6 -tdx-~)l{cL +C:.I~c-lAc.dL. + 

5-I: I (tl{"-eil~) [ f(x,l~.tl1.) u]/J~ -+~ 
i, ~ 

c~ )tl t(x,ll(~,bs)f")u\-)(·,>)- ~(>C) lul·,slll.)u(·,s)l J~, ..... 0. 
i ~ 

0 

when "~0.. (here c"!>,('l = const ) c ). 
Lemma 4 is proved. 

(e) of theorem 1 may be proved as lemma 4 and (h) is obvious. 

~heorem 1 is proved. 

2°. Here ~Q,shalJ'··const:::-uct the 6~ -additi~ Gaussian meaomre 
w- on [..; • 

Let \-li C ~ be a subspace, dim H1...:: In<:: oc , P be the 

orthogonal projector on Hi in H, and e!J.} .. ") e'w\ be the ortho-
gonal normed basiR in \11.. • Sets of the kind 

Mk :::.lu..eU( [<l(,ti>, ... ,<u)el-r}7] E FL 
where F C. R. ~ is a Borel set, are called the cylindrical subsets of 

\-\ • Let 

W\ - lld l. e ~ d)( . v).( l Mk) :::.l~")~ ~ 
F 

where Jx is the m-dimensional Lebesque measure. 'l'hen, Vk ( Ml-\) 
does not depend on the basis e1 t:,__ because the transi tio-) ... ) .. , 
nal matrix from one orthogonal normed basis to another is orthogonal, 

Let R1-1 be the set of cylindrical subsets of k • 'l'hen R4 is 

an algebra and the function VH is additive on R 1-1 • But YH 
is not <J -additive on R 1-1 [ ~J 

Let d..t(o 1 4) and t: 1 , ... ,f""' 
normed vectors. For any m and Borel 

t H J. \>'\ be orthogonal 

F ( R. the sets of the kind 

M "'- ::::. t \A E t1 ' \ [ ( \.l > e1..)"' 
1 . ) ( ~.t, eM) J] t: F ~ Cn) 

,,~ ~ 

will be called cylindrical sets in t\ • We denote by ~ the set 
of such sets. 'i'hen, R."'- is an algebra. J.. 

Let Mk ::.. M.l (\ t\ for any Me~. E. R · 
'l'hen, Mk E R~-~,. because functionals ( U 1 t~).l from (11) are 
continuous in \-\ • Let 

8 

... 

J)J.. ( MJ-) = l)H ( kH_). 

'l'hen, VJ.. is a Gaussian measure on 1-\ol • Its characteristic 

functional is 

X:~..l:J)::: t:-l([j.~..~,j) 
for any ~ t HJ.. where 

17 -1 ( J... 
\)lA.::.. (-Ll+\-rt 0 ) (-.t) t\'Y\ 0 ). 

Lemmu . R~ 
Measure V;_ is CJ -additive on 
Proof follows from the well-known theorem (theorem II,2.1 from 

I ---- o 
J/) because D~ is a nuclear operator. B,y the well-known method 

/ 5 / the measure VJ.. may be extended to the minimal ~ -alRebra 

containing R"' , Let w-,~,. and 'JR. d.. be this ()-additive 
measure and minimal () ~~lgebra. 

!!~~-§. 

"ill,~.. is a Borel o -algebra. 

Pr22f 

Let B~ Lr...) ::. t \.l t H.~.., lu.-c..lcl~J) 
~p (~~._) E 1Ji J-. 

((.\.>~ WJ.. ;?>o). 
It is sufficient to prove that 

Let be a dense set on the unit sphere in lt"'\",.1'l.) 

~r l~)::. K r{"v. t HJ. I 
"'=-i 

\ (u-~>(")J.\ff}-
Lemma 6 is proved. 

Lel!!!lliLZ 

'W.~., \ ~ p l~.-.)) ::> 0 
Proof see in /J/ --- ' 

for any 

ch. II, § 4 • 
? >a J kt: kJ.... 

k"' • 'l'he n, 

Let us consider the syRtem (5)-(7). It is obvious thnt it is 

a Hamiltonian syRtem with the ~~iltonian 

tJ 

~"~ ~ t 
\. ::1.. 

.._ L 
Cui.-'.4.~-1) -tl'lli.-'lf\-1) 

2.V .. - F l )(l ] u.t ~ Ui.'L) j . 

9 



i. () ' 
where ~ (X')S.) _:::. z:- Jo ](XJ\.J) ~~p ..... ,, it is known, the H?miltonian 
H, is independent of t on the nolutions 'l/JcfJ of (5)-(7) • 

Let E'f\ be the phase S:;JA.Ce of the system (5)-(7) and let for 

the Borel set !J. C E '1 

nA' (S?)::. ~ e-~kVll'-·'o,--.,V-w, lro,..-J '\:'IJ) I o(,~ Jl~ 
.J""' 2 rAU.i --- Julli-1. '1.-- · "N-1 ' 

~ [ ., '- ? 
J 

_z:-f 4.;-udr-+lll(-\f~-d -;-1~yv'l l\A'L~trl.) 
}! \Q):: t ~=i l L. 2 o ~, ' . ~l.l Ju ~li J'lf . "'' Q 1--· N-1 , .•. N--f 

It is known /lJ/ that (\;\~ is an invariant measure for the system 

(5)-(7), i.e. if9_cf'~-,J is a Borel set, then J<lQt)=j'U.~CQ). 
where 

. .Qt =- t 'L "'d:) \1.~ du) f Q?, 
For the Bo-el set Q cX'r\ let 

iJ-1 ( - lxt 1. 

V\;(Q)-::. (i_) ) t ~ .h 
'Lh F 

vH. 
where Jy is the Lebesque measure in R. and F 
coordinates of \)..E: Q in some orthogonal normed basis 

with the scalar product ( · ) · / • Then, let 
IJ 

is the set 

in X~ 

J'-', \51) oJ e ~ ?;t \ ~ l>,,u:-w() 4n,tu;'<11:')j li, ( J., J•) 

!:~lliL.§ 

1'he measure J1A"' is invarLmt on XV\ , i.e, for any Bo:"el 

set 9 C X"' and any ~ ~ lQt) :::. .fl'\..-.( Q) • 
where £2t :: )._ fll\i ~!} ) tL N lto) E. Q ~ and ILIJ d:) corresponds to 

the solution of (5)-C7) for which tt,l>l lle) corresponds to 1'N (· ){o) · 

ProQf 

Let l(i ) 
with the product 

'i\J...; lx:..} -='1}-
'UJ-1.. \. 

Z" 1.\. (- \:x ) 
. ' J~ ' l ,_t 

1 
(.1..~-'L b:_ an orthogoilrtl norm~ basis in ~ 

4._· ·) "t,,=(U:.,-:u:.,)E-x, UIJl)l;_)~Ul , 
) ) 'UJ-2 ,.. "' ) "' - " 

Let 'l..1 =. ? ';\ · ei. \X)) then 'l_,. (')(_i) = 
• _"-' l::i \ \ IV 

1 l ~ C)IV • For any Borel set {;(_ C E"' 

J 
,) 

l 
:\ 

. I 
Y,, (Si) ~ ~ 

~2.1 
~ \(•c", f't-"" l4-, \(«; '•v; 'j '" J. ~~ ... 1<,_1' ( -~i 

- ?- l "2.. 'I"'!·· N-t 

l'ie introduce new coordinates i:j = ( ~ 1 -·-) Y'l-v-1..)) 
then '41-l.. ,1·1. 

i iSl) =- l J~t Q / f e- E ;:_ J4 ~ 
h F u 

(lli)N-1 I J{,i Q(-1 
vf\ (Q). 

where Q 
Since 

is the Borel set of coordinates 
(L is a constant matrix 

~ 
~ nl 

for which 'L E: .:::J(_ • 

Lemma 8 is proved. 

Let us define the measure LJ on L using w,~.. 
for any Q C ~ 

W(Q):: WJ. (Qn HJ') 

by the role: 

if the right-hand side is defined. It is clear that any set M C R~ 
satisfies this property,where R~ is the algebra of a cylindrica: 

set in ~ which is constructed as RJ.. and R 4 • Hence W" 
is defined on the Borel v- algebra in ~ 

B,y analogy we can define the family of Borel measures for any 

J. I :O~J.I ~ J... : for any .2 C W-' 

w-~ (.2) ~ w~[Q n 1l·,. 
I J-.1 

Then, we can define measures ~ on ~ by the rule 

-w:' (.SL):: w-h(stnxk) 
.LI I 

for any Borel set Q C H 'J.I 0! J.. f .l. • In fact, in this way 

we can ~efine the measure ~" on any closed cylindrical set 
of 'r\~ and thus on the Borel ()-algebra as in lemma 6, 

0 
We denote by W'Y\ the measure \.Jk • It is important to 

prove that the sequence I-V., converges weakly to the measure 
w- ( \.):::: '-'t' 0) • First, we shall prove some auxiliary results • 



Lemma 9 

Let F c RM be a Borel set, e, f'..,. E H 
are orthogonal normed vectors and }-ilk- ~{"~fk \ [<l,(,t1 >> ... ,<u,(.,>}Fj 

is a cylindrical set, M"'-=- Mt-1 tl X... . Then, 

~ V11 l t''t) :: \)H d\t). 
t:>o 

Proof 

It is clear that MY~ 
i'·) p't e.: is the Borel set. Let f< :::: XVI (i = l,ffi) by the product of H • 'l'hen, 

f.;..,.. et) H 
(l ::.1} ~->'! ). (llJ - el -

"---'>oo 

(n) . -) 
Then, the vectors el (l=i)~ are linearly independent for all 

large ~ • By the standard method of orthogonalization used for 
. ln 1 r · - - ) T '") T l••) Cc \.\ -i 1 m , we get the vectors \.1. ) . __ 1 t.w, 

for which 

kl (v.) :::: t l -t .J _(>-~I 
\)>.' ' 

where 
(;, I (I'\) ~ 
~M. "'-~ - 0 • Then, since 

"'"""oc <u li("
1J]tF7 .. ) } t~v~ J ) ~~ - <' u. f \~"" t [ / u. e ~~~~~ > ""'- t A,.. <... l :1 J 

we have 

i ~ )}~(Hv.) =(1.-li) 
1)<(1. 

) t- ~ Jy. 
Fl 

where F' is the( set of coordinates of the vectors from 
T "') -) in the basis ~i. ll::.f) m • Then 

-1 

M~, 

V 1-\ \ Mn) = 
j_ ~ 

ln) \ de t Q VI\~ 
( _\&~~~1. ; e --'2.-

F J~ ' 
where Q\11 
<; (--.){ 
ttl 3\-::i)\'\A 

is the transformation matrix from the basis 
'i -( .. ) 7 

to the basis lel Ji-=i
1

»1 • By (ll)-Cl2) 

Q =- E + Q(YI) 
\'\ 1. • 

12 

(12) 

where {; is the unit mat~ix and ~, r-(.,) -
'U.ir,.. \X~ - c iiovr 
v.-+oc 

--t.: •. , )J n \.. ~: .. ) =-
r., 

\ ~)-= 
_ lxll. 

.I '<. ~ J F 'X' :::VKcM~) \\....,.t-:>:-_ 

and le!lll!la 9 is proved. 
Lemma IO 
------ J.. 
Let /VI E: R . L c.~ J.i 'f,/.. • "-'hen 

...(~""' \,.: h.J.:.. ( fv1 ) .:: 
\·~. _.,. 0<: 

~(M). 
l 

1'r2.Q£ 

By definition w-J.1 l ~I) :::.. :v 11 { ~ '1 ) . vT!lere 

t-\H:: 1'--\tlH> lv,_:~.: ~~I)" v .... (MI\X.,) = 1-',,(~IH/)X.,) 

and lemma IO is proved. 
'.i'he characteri:;tic functional 

-1-(G' 11' ) is equal to i '- 'h ':jl ~ ~ J ;._ · 

}., 

X'~, l~J of the measure 

''!here 

I , % rJ. )!J;.. p· -1 J l) 
V:,,.. ~ (m~-Ll) (1Y10+(-ll) ,, (wtt-.tl) (~)')t -t(-Ll)) r"'. 

where 

L..'.c 

" 

in 

w 
P J.._ and 

and \-1 
p'\ are the orthot;Oll<c'\l ~roje~lcrs On xh 
respectively. lienee ( fS..-. ~I r;., '))ol is a bounJcJ 

quadratic form and hence there exists 

defined on t-\ J... such thnt 

the bounded o;1erato~ \)I) 

I I _ l l ~ n J 1 b" ) )d. - \S " 'j l ~) J. · 

It is clear 0~ VJ..,~ f) ,1 = PJ.. l jy10 -~( ( l'l-lQ -t(-t~/') P.__ 
because for any ~ f H~ 

I I -l rA. p j z." l'i:l" ~ )'\\:: (~"' 'j> \)~~)d..-= I) P,1 l l'Yt, -Ll) ~~''o -+(-.1)) .~.~I~ 

\\ \M. 11 - Ll)-i ~ ro 11 -t l- .A)d.) P.~- ~Ill. = ( ~ ~ 'j> 'j) J.. -

I:i 



Hence, B'"' is a nuclear operator. 

Lemm_§!:_ll 

The sequence 

Pr22.f 

l ~.J":::1) 1 d;--- is wealdy compact in L 

By Prokhorov's theorem it is sufficient t-: prove that for any 

~ 70 there exists the compact \<( C & such that U.., ('i[) >1-[ 
forall 'f). Itisclear(seech.II,IJ/ )thatforany [;.O 

there exists the ball t) C H.L ( -1- f (oJi>J for which 

w-..._J... (~);.J.-[ (V1==1>t.,?. 1 •.. ) 

'£hen, v1e take the closure \(E in L of the ball B and 

then k[ is compact and ~"' ( (() "> 1.-[. 

Lemma 11 is proved. 

!:~I!m_ll 

The sequence L' w.._l ~=-i,l.~~ ) ... converges to w- weakly in ~ . 
~r.Q.E.f 

For any M E R~ I.V"'(M}...., w-(M) 

by lemma IO, 1'hen, t w-"'! is weakly compact and lemma follows by 

the unity of the measure defined on algebra on minimal (I_ algebra[>] 

Later two important results on the measures 1.,1"" and jiA are 

established Csee lemmas lJ and 15) also we are not needed in them. 

!:~u2 

Let S ::::. t \.lt-l \ \v..\t.."i~ , G be the opened set on Sand 

let for every '\r E: & there exists a unique 11. = 'L ( "U) ? 0 
such that 1\.(~r) ~ (4..( Gj R1. 
Let G i = l \.I. t- L' \ \.v=- 'U v) u ) '\f E: G-- j _ 
'rhen w-\Gt)::O_ 

Proof 

It is sufficient to prove that for any subspace ~1. of ~ 
with codimension 1 and any smooth function ~ ('lr) E c1. ( L . n) 
defined on 41. ~...r(T)=D, where V..o.LLi-J \Uol 4=i> T-=-LJ 
l \.I.E-~ l u_-=- pltr) '-'-'< -+V ) \J E: ~ 1 1 . We can assume that \A.~ t:: H. 

Let us assume'that Wll)'>C , Then, we consider sets 

\ l. =- T ;- d..U
0 

_ By 1161 W(T,j.) "> 0 for all J. • Hence, 

there exists W\ E: IN such that IS l T J.) > J::__ for a noncountable 
set of J.. • 1'hen \l.r ( L) -:: + oo , i.e.~ e get a contradiction. 

Lemma lJ is proved. 

14-

~0 • Here, we shall construct the invariant measure for the

problem (I), (J), (4).( For every 'LtJ -= (\(oJ )V'IJ) € -,__...., 

let f.\),.,. \'L;~ )::: ~ t l r (l.;) \A~ 1-'"l'-) - l'llol ... t-vul'-)1 -= {0 ~lski~' 
where 

i:'( '-- • '- ~1. '- '-) - ,._ t.. 1:,._ '!.. t.. ~i (S) ::: r l£.' ,\.(, T\.' r'2.""•l~ -+'V'-: - !-(><.:-•, u,_, -tv,_1 '[' .. ,lv.,:,~ '\1'\-r) 
( ~- k(-.1.) 

- • :- -+ .'- ) 1 ( "L ~ ) + t-l x,-1 > v.,_, v-l_i. +2tv!., ''\-1 "~-lfl-1. 

for xt[.l<c-i,xC]; \.=! 1 N 
It is clear that ~V\: X ~ ~ 

"" !:~!!!~_14_ 

is the continuous map, 

Let \~ C L be a bounded set. Then, for any f >0 there exist 

~>0 and number M>o such that 

1 <t>~, (<t'"' - 4 c\l.) I < ( 
\.1._ t g for all iLIIJ E X" 

\-=(~ - Ll\L, < ~ <P (L~.) -= 

where h1 M} 

~At F(x) lu.(x\l'l. )+f'-'o \ulxllt} J)(. 
0 

~0~

We have 

\ ~"~rtiJ ~- ~l~..~.)\ ( \ ~vJi:~)- 46tJ )\+I ~(iN)- ¢l"'-)t) (13) 

then 

\ ~)\lt=LI\) )- cp(ill\J )I ~ C1 h, (14) 

where l1 = canst ) 0 , and 

):f\Fcx)\"Lkl ll.)- hx> 1\!ixllt.)jt~ ~1;i:1\{11.!J Jx \~h-rJ)- <:p(L~.)l ~ 

A 
~ c'L \ \ 

0 

fLu \x)\'-- \ U()l)\1..1 ~)( 5. (~ \ u.- 'ltJ \ L,) 

where c~::. ~n~\>0· 
Lemma 14 follows from (lJ)-(15). 

15 

(15) 



Lemma 15 

-;.; ( q,-T(Il-)) -=o for .any c...tR. 

Proof 

By(;) i'·Jr any U.E- S =tiAfl.. \ \ull,=if there exists 

at most one l't-:::'L(v-.\>D such that q("t.t~A.lt..)= t\ 
and !'L(u.)c-(_i( $ ;R) by the theorem on the implicit function. 

-.1. ) 
By lem·.1a 13 \N lltl Co-.) =(J and lemma. is proved. 

By theorem 1 and ball f~R -=tl-LE-1..1 \l..dt.fltj' is the in-

variant set for the solutions of (I), (J), (4) and w(I~R) >0 
by lemma 6. Let us fix I< '>0 and consider E R = ~ as a new 

p~ase space of the problem. By (f) the functional is continuous 

and bounded on B. 

Let _Q c ']1. ) Q c I)) Q"' = _Q n XV\ ) 
/)) ( <Pt .... ) jVt be ::. ) ~ ur ( ~u.) 

Q 

~~~1'6 
Let ~ be opened. Then 

Pr2..2.! 

Yle consider measures )\'IV\ 

y" (Q) = { t: <Pt ... ) 

9.. 

4.w-. J"'"lQ") 1 _f(Q). ~, .... _ 
such that 

I.V.,(J~.~.) 

f9r any 
number 

.Q C JR. . By lemma 14 for every 

n ~ /() such that 

[ > 0 there exists 

\ J-'~. l~1)- J"" (.Q) I < [ 
• Let ~ £ ("') be a continuous functj.on on L 

(16) 

for all 'n ':>1 Yl c 

0 ~ j ~ l\A) s 1 and 

~£ (~,l) = [to if 

if 

\.\. ~ Q) ,k·~t (u 1 r;J~2)~C) 
l..tf.Q. 

We have by lemma 12 

tm j\\"' lQ) ~ t""' 
\'\ -... C>" ""~ ()<> 

r <\>t'l) \ ) h lv-.\ Q. \.\J'U..~o~.., 
Sl. 

) ~ r l~) t. •:h~) 
9_ 

w-\'\ (,1. \A) =-

and hence 

.Q\-vi 
" .... 00 

'l'hen, by (16) 

;..A 
J ,, 

~\r.\ 
\'\-?~ 

for any ~ >C and 

( () ) > i ·( c:. ) _...., I' 'V\. --->L. . 
-.) 

. ··; 
~ --'c, \..::.' ., ) t £ ~ Jv... (~2) 

Lemma 16'is proved. 

£2.E.2ll~rL!. _ ~ 
Let _;l c~ be closed, ..Q., =Q n X ..... 

'i'hen .(,:~,1 U, l 0 ) L J·'A, I Q ) 
\< :-)Oc> J \' -\..~ - \ ~ ....... 

Let Slh> ~,,lt): L ~ L be the evolution operators for the 
problems (I), (J), (4) and (IO), respectively, i.e. for any ~olution 
V..lx 1t) ci of (I), (J), (4) ~ Cl) I.Alx))-= \..1 ( x1 f ~ tJ~ and by analogy 

for ~ •• d) ._Let T,,d.) be the o.{?.~rator on X •.. to X._ such 
that for any !LrJ \· 1-l) lying in )( for every fixed t 

ti' which corresponds to some solution 'l d) of (5)-(7) 

"'\:t)~ ~·> t) -=- ~~~~ L·; t~1") • It is clear from theorem I that the 
operators $l+\ S., L4)

1 
I .... d) have inverse continuous operators 

for every fixed t. 
Lemma 17 
-Le-t --~ 

1 
i 1. E R) 

~ l t1 -fe) 2 do) 
.:: jtA.lQ. l~j_)). 

S( ( {t ) f: 1TI } ~ 2 ( t' ) L ~ ) 
and S-2d:LJ Ci:.O,l) be opened. 

Q d1) = 

fr.2..2£ 
Let ( ">~ • By theorem {!e.) there 

\(l~~1 <... -Rdc)> K.lt1.) ( .Q. di) 
< ~ ( i =0' 1) ' $ l ~!.- t.) \< d") 

and there exists J.. ">C for which 

'l'" h k d l) l 1 s( (. t.:)) ., J . 

Let """'-=. [ Sn,do-tt) kd1l] n Kdo) 
exists number 'f,-\~)C: such that 

\ 1 r. 1. ~ 1 - ~ t) rz rJ - S " l \ 1 - i o ) J,v 1 

'l'hen j\,(S(lt~JJ= 

exiRt opened sets 

such that j"-l52lfL)\Ited,)) 
-::: l<dt) 

(i~CJ.i). 

By theorem I thel·e 

( ;:_ (17) 
'-

for all 'L-11.1 E \1:, ) V\ '7/h c • Let !Vl.,,, = U ~ '< 
. -.;:w., 

• 'l'hen 



M..., c H..._ +1. c tv\.., -t'-- c ... 
t t , .. ~ ) 

I ~ 
\...) ~J. :: \, I ) 
lv•">,~•c "' I'Ctc . 

by theorem 1. Hence, there exists number M,_1 tv.. such thet 

\:>.,- l ~ \{11) \ fvl1v1;._) < E 
1':) 

Now we will define the map \ 1-v-t • Let 

(18) 

P"" ~ = T.,
1 

l f 1- fc) 4 

for any I.A. ~ M.., /l }("" where V\ ~ >, h-1c is the minimal 

numper for which I.A. t- E} \'\ (tee-t!.) \( d: 1 ) • By (17) IJ'rv) 

= "" ( M~ (\X.,.) c Q:!:.
1 

d1) = L ll.t~2 eft) [ de~ t(v..J 'JQ<Ji) 1 ~J 
2 

Then 

JAY\\ P Y\ c HV\ n YJ) . = JU~ \ T"' d1- fo) [ MV\ n K.J) 

-= j\A"' c M~\ [\X") 

because j\Ar. i l X" ... ) ::. G for all V\_ "/ 'v'\1.. • On the other hand, 

f'J\n [\X"' -::::> Mm1. (\ X\'\ for Y\ >, \t11. • Henoe, by lemma 16, corolla-

ry 1 and (18) 

JV-.lS( c{ G)) - 1. t f Jv' l fv\M1.) ~ b_ j\A-"' l MV\ (\ XV\) £. 
IA.~()o 

~ .£:.""' yA.._ ~ FV\ l f"tJ\ X.J) ~ JV\ l g d 1.)) 
V\~ C><> 

and then due to the arbitrariness of [ 

j\A LS( l ~o)) ~ JIA(Q d 1)) . 

By analog,y 

j\A\Q l{c)) ~ JltlQ d1)) 

and lemma 17 is proved. 

Ill 

Theorem 2 

~et --{~tit R)--:;( l to) t-Th 7 
Sc.Lio) c. g. 

'l'hen J""l ';Ltt~)) :::ytf:(c. li)). 

i:'roQf 

As in lemma 17, we can prove that y)Silt~))::: J"'lQlfi)) 
for an,_v closed _Q lf0 ) • By theorem 1 ~( l f1.) is closed too. 

'l'hen, for any [ >c we can find two sets: an opened (i and a clo-

sed K,_ such th11t k._ C .Q da l C. ~ and_ j"'d 'i1\ ~.,_) < {. 
Then $ Lt1 -t~) 1(1... C 1( tti) c $1d-i.. _ iQJ 'Ki and since 

SJc~\))K,_ -isclosedand ~d.t.~to)~i isopened S2c.fj,J is 
measurable. 'rb.ere exist opened sets M. K~ such that 5{ ti,:) C M.: 
and f.A.~f"lc\2l())<t Ci=O,l). Let Wo 1 =-~[~1 do-ti)MtJ/lMo' 

f'JL =- ~lit -tc) t\1 0 . Then fV( are openeQ. (i=O,l) and 

\.J \ Nl\S1lto)<::[. By lemma 17 J"-'ltJa)=},tU./1..) and 

theorem 2 is praved. 

4 °. As' ari' ·application we will establish the Poincare recurrence 
theorem. 

1'heorem J 

~:(~)~e valid, 9 lfc) E 1Ji. 7 5;( (Jc) C f3 J JU(g clcJ)>o. 
Then, for every T > 0 there exists t > tc -t T such that 

JU-L~{ d~)l\ Q d1) ;::> o · 
where g_ d-)=- S' t+ -+o) ..Sc d~ ). 
For the proof, see /7,lJ/. 

_!beo~lli.....1~ 

Let (f) be valid. Then, almost all points of L 
the Poisson's sense. 

are stable in 

nY the invarinnt measure one may investip,ate also ot)1er proper
ties of the dynami~~l system (see /7,lJ/ ). 

We note that condition (f) is used for the existence and uni
queness of solutions for the problem (I), (J), (4). If one proves 

analogous results with replacement of L by H ,1. ) J. t ( c, ~) 
then the invariant measure can be constructed on 1-{" ) .;.. ~ ( c, \J J 

and the condition (f) mny be changed by an essentially weaker 
condition. 

The author is thankful.to N.N.Bogolubov, V.A.Mesheryakov and 
D.V.Ktitarev for the attention and interest in the work. 
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