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I. INTRODUCTION 

At present the theoretical and experimental justifi­

cation of the "fifth 11 force is a vital problem. The 11 fifth" 

force can be explained as the corrections,predicted from the 

qnantum gravitation, to the law of reverse sqnares. Tile most 

developed model is the account for all recent experimental 

results. 
It is of interest to investigate the role of the 'fifth' 

force in astrophysics l2,3!. Thus, the authors of GHN ahow the 

influence of the 'fifth' force both on stationary and moving 

objects [4,5,61. However the study of spherical-symmetrical case 

only reduces the value or results achieved, aa perturbed 

configurations present the greatest practical interest [7,81. 

For conf1gurat1on.s in question the analYtical repre.sentations 

of internal and external potential are obtained. This is the main 

difficulty of many astrophysical problems, particularly tl1e 

question of the role of the 'fifth' force in astrophysicB. 

In the second section of thia paper the mathematical 

formulation of the problem and determinations or some designations 

are made. The analytical representation of the internal potential 

is obtained in the third section, also the technique developed in 

this section is used in the forth section devoted to the external 

potential. The main results are discussed in the conclusion. 

II.THE MATHEMATICAL FORMULATION OF THE PROBLEM 

In GHN model the gravitational potential is: 

~ :-Grr ~;:2 {:~..-a.e-.cp(-r,\r-r•l)·h~rc·hfF-r•1)1;.F, 3 • (1) 

5 ~\r•-r\ 
1 ~ 

where YUkava terms conform tl1e contribution of the spin-0 

graviscalar and spin-1 graviplloton. The main aim is the obtaining 

of the representations for the potential (1 ) for the internal and 

external parts of perturbed ellipsoidal configuration D. The 

equation of the surface of the D can be given in the following way 

[81: 
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0,; :11: <<. .i 
' (2) 

where: ~=Xkl~. 0.1~a.2;::a9 are the semi-axes of the parent ellipsoid 
in coordinates x'. 

Let the function Z(X1 ,X2,X3) ,governing the perturbation of 
the surface, and the distribution of density p(X,,X,.X,) be the 
continuous functions and approximate them, according to the well· 
known Stone-Weirstrasse theorem, by the polynomials in X. of 
degrees P and L accordingly: 

(3) 

It is obvious that instead of eqs. (1) one can consider the 
equivalent eqs. (4): 

(4) 

because each term in eqs.(1) can be obtained from eqs.(4) with a 
proper parameters A and s. That is whY, it is natural to reduce 
the whole problem to the investigation of the eqs. (4), which will 
be termed later on as the potential in accorfance with its phy­
sical sense. 

For the essential reduction of the notations tl1e following 
operator is used lBJ: 

[4-'····'"]J..f ~~ ~ c~c.~· c"" t,t, ... ~"' = L-.L....... ... ~ l~,. it... l, 
~,:.o t, .. o ~ .. :~oo (5) 

c. t t\ 
where: i " Ci.:-_-._-:)'-:\-"-,..! , moreover C ~ s 0 , H k > i or k < 0. 

III. INTERNAL POTENTIAL 

3.1 Upon expanding the exponential in eqs. (4) into the series in 
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tlle powers of I 'f- F• \ and collecting the terms with even and 

odd powers the internal potential can be d.ivided into two parts: 

(6) 

1
- _ 1'21to 1 - 1 3 
r-t't ,...t- (7) 

(8) 

It is necessary because of principal differences between 

d 8 f "'!: d 
even an odd powers l l. The representation o -r~ an 

cp: will be obtained in items 3.2 and 3.3 respectively. 

3.2 THE REPRESENTATION OF THE 'T'i 
In the new system of coordinates: 

upon integrating with the respect to tl1e R subject to eqs. (3) the 

eqs. (7) takes the form: 

- .2 
A. 3 ~ £ l.M,oto£.. ~[~• ftt ""~t ~ "•·""' F e. "-' 1 A, A, fu 

9\ =Aflo L_. {ift,+L)\ ~ "'t "f t f "f ou II ·_l>.tc Q..l.·fl,·O.J x 
'l 0 &0 a,I1C 

where: A,= 2( .. -•)-e-..v, A,= z(1-t)~w-tf 1 
A~= H~ tf 1 

J..Sl. =~~"-aJ-e.\ljl 1 a. G~~ct,a,)''J, 1.,. =o.•€•e ... z ... -e 

but R can be defined from the equation of tlle surface: 

( II ) 
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For this purpose it is necessary to use the method of the Burman-Lagrange series [9J. 

Thus if Z(o) -an analytical function in the circle 

then the function R".. can be expanded into absolutely convergent series: 

Substitution now of eqs.(13) into eqs.(10) with the changing: R=Y+1, -2<y,;O., gives: 



' 

For the determination of the Fs and later on the following 

assertion will be necessary: 

ASSERTION 

( 16) 

PROOF 
The r~1t part in eqs. (16) can be expressed as an integral: 

__!_1t·~lc 
21! i i+ ;t/~)O.+J. 

0 (' 

By integrating a times by part, one can easily achieve the 

assertion. 

As a corollary 
s > 0. 

Now after changing the order of summation the eqs.(14) take the 

3.3 REPRESENTATION OF THE 

(A, ti +4 -:L)I! (A, +j+ C --l) !!( AJ ·~·c-J:\ !( 

O.~•A,+AJ + i+J • ~ .... c..e .. &-zs)\\ 

( 17) 

In the new system of coordinates eonnected with the point of 

observation: 
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Now upon the changing R=-T+U(y+1 ); -2<ysO from eqs.(21) with taking into account eqs.(20) transpires the form: 

rnt_ A 3~ ~: 2"·t~-~sf;~ro.ee«..!,••···~• , ... ] It -- O.o,.;::~Q~t,)! s .. 
0 

s ~ f,;;:~LA63•·•·''""' t.s ~ ·.Pale )C 

~ 
. (22) . Qns ., . 1 P. ·X'-~ j... ~-e L ').!<-" 11-f'.·l(s-.<). ~ .. e z~.-i Z:lrJrl=f' · s .t X._ X.s <:..~ T U. <(. 1 "'• o!J .t .U'L .. ' 

It is obvious from eqs. (16) that: 

(Ji-J<) \! F s= ;---"--':.....!.-':---,r:;-(!1-J<. - 2.($ -J.)) ! ! s > 0. (23) 

It is essential to note, that if (N-f.1)<2(s-1) and (N-f.') are odd, then Fs=O. Therefore there are only non-negative powers of the U in eqs.(22). 
Thus, from eqs.(22) and eqs.(23) the representation or the <p: can be obtained: 

- - .f cp; =-Q!AL:~:~;L:lesL:L:C·J.,,o ~ 
't, .. o s•o -.,c,e. .,,,,r \-+j-tiC.":t.J.f}tr ... zCs..t.) 

. (JJili~,r ... )· c%o.j.~.; ... tsJ,t;). x:- x! x.l' 
(24) 
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(18) 

-and upon the integrating the eqs.(8) with Pespect to the l one 
can obtain the following expression: 

/let' t. c. l. r.)£/z. 
where: \.,.~A•i•3<2.1lo • ol. ·~· '•ol, o., •.t.o "• . 

R can be defined from the equation of the surface,which 
according to the eqs.(18) takes the form: 

l a J.o-+ j(_ ~(It) , 
J J t 

l 6 ~U.-T, U. =('1'\Q)._/L• 'f•Lol~)C.,_ Q. •:1.-LX~: 
lt&l I t•£. 

where: 

l(l(t) • - -i(J.) I ('--1- T-+ U.) . 

If ID(€)is an analytical function in the circle 

then the !unction R"•• can be expanded in this circle into 
absolutely-convergent series: 
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ZCO L,(+J+'(·C:-j-~""~(S+'O-J.) 1 2d a.f-tf'-j-~-h~Wl+e 1 2-f: •r·~-'te-t 1 

zA .z._ ..... e-z~-).-us-J.' ZQ, ..... ~-..- zQ, • ~.t · ..... , ., ' J ) 

It is necessary to point out that eqs. (24) is valid if U=O, 
but in this case another expanding of Rh•' is needed. 

3.4 The eqs. (17) and eqs. (24) taking into account the 
relations (6-8) are,as a matter or fact, the complete solution or 
the analytical representation of the potential of configuration D 
in the form of series in the parameter of the perturbation 
<t, the coefficients or which are the polynomials in coordinates of 
power 2n

0
+P+s(L-2')+3 If n

0
=0, the eqs. (24) describe the 

Newtonian potentiaL 

IV. EXTERNAL POTENTIAL 

4.1. Upon expanding the eqs. (4) into the three- dimensional Taylor 
series, converging at least beyond the s~rounding sphere, and 
upon integrating with respect to the R in the system of 
coordinates (9) one can obtain the following representation or the 
external potential: 

~ ;-4J.~A ~[4::a,4a.falgE-J)4•i•~ e • L.... <1, 5, ~~_ 1 Jo..fe ~ 
A,l,c ""c. o ... f .. &• · · 41 · 

(25) 

( ')M e.,cp(-lr)) d.. r ~tl A+~ &d <•~ "\:~•)4 '4•)~~·)~ r ·w jlt ot, 4 oiJ A .n.. , 
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but R=R(S.~) can be defined, as in the previous case, from the 
equation of the. surface (11 )o Whi'~ fulfilling the conditions (12) 
the function Rh•• can be expanded into Burman-Lagrange series 
(13)o So, in such a way from eqso(25) taking into account the 
eqso(13),(15),(16) it is obvious that the external potential can 
be represented 1n the following way: 

oo t, s sl. ( s 
CPe=-2iia,1 AL~!~·l C [J.-t•~·l<1") • 

S • o t..,l..•cooo Ka (26) 

)( (A• ~•i-i)l!(C+.§+j-.1)\!(C+ HoJ.\\! 
0 

.M.~C" 
.... c •e+A•f•s• <•j•~:•$-u)!! 51 

where: -2-ooo • i 
1 

Now the problem reduces to defining the differential form: 

4 o2 Let expand .eJll p (- lr) into the series: 

oo r_,, ~. '4 
f..oo'r (-t .. ) .. L. ~ £ 0 

"o .. o 

(28) 

Then upon using the Rodrigo formula [10l one can obtained: 
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where: n.: 0 ' ~ = ~·i·~- 1<- ... -e ·, 

K ~ .. e & elk c2e cz .... o~.~l =E:_i) .t · 5 · S ·~M-i\!!(ze-J.)!t(z~:-J\1!(26-J.)!! 

'l0-l-lW-ol. l(w-'1:)-:f zt- ~ 
(X~ ~.) (Xs) 

(30) 

• 
(31 ) 

where: (n0 ~1) is even,and expressions between the brackets are 
defined according to eqs.(29) and (30). 

If n
0 

=1 , then: 

(32) 

4.3 Eqs. (26) with eqs.(29-32) determine the external potential 
of configuration D in the form of series in the parameter of 
perturbation "'· It is important to note that ttte representation 
of the form (27) has been obtained using the expanding of the 
exponential, however 1t is evident that 1t contain.s the multiplier 

e-)Cp (-.f.r) and the coefficients of the expanding the 
eqs.(27) have the form of polynomials in~ . 
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V. CONCLUSIONS 

In the present paper the analytical representations of the 

potentia> of the perturbed inhomogeneous configuration D in the 

rorm of series tn tlle parameter of perturbation ;;e are obtained. 

As to the 'fifttt' force, it is necessary to j!oint out that 

the neutron stars ·are the most interesting objects for 

investigation, because of their rapid rotations (v/c - 0,1 at the 

equatorial surface) and size comparable with supposed range of the 

new force. The consideration , in this case, or the ellipsoidal 

configurations is of necessity in principle. 
The authors believe that tlF> results of this paper will find 

a lot of applications in astro; '1ysics, geophYsics and other fielda 

of science due to its universal ch>cc·acter and the opportunity of 

uaing the methods of numerlccd calculations and analytical 

transformations l11 l. 
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