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1. Int~oduction. Let X be a Banach space with norm I 1. Let A 

be a ••ctorial operator in X with the domain DCA). We consider 

this abstract homoieneous parabolic problem 

( 1.1) u' ( t) + Au( t) = 0 

u( 0) = v E X. 

It is well knowp that there exists a unique solution of (1.1) 

and it can be described in this way 

( 1. 2) u(t) = T(t)v = (2Xi)-l J •At ('/..+A)-lv dA, 

r 
where r ie a curve in p(-A) (the resolvent set of -A) euch that 

ara A 4: ~ ae 1~1 4 oo for any fixed~ E (~/2,~). 

In this paper we aive error estimates for discretization in 

time (Rothe's method, backward Euler's method) to the problem 

(1.1). We are interested qere in the caee when no regularity 

aeeumptione are assumed for the· initial element v E X. The main 

results are formulated in the Theorem 2. 

If anybody is interested in error ~etimatea for the 

eemidiecrete Galerkin method applied to our problem (or to 

nonhomoieneoue problem) in Hilbert epacee we refer the reader for 

example to [1-3], (6-6],,, .. 
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In [6] one can found error estimates for completely discrete 

achemeel" applied to t.hia simple problem 

u' - b.u ::: f 

( 1. 3) u : 0 on 00 :<. <O,m) 

u(x,O) = v(x) E £2 (Q>. 

For the homogeneous case (f: 0) and for semidiscretization in 

time only, there is the error estimate derived in time steps tn 

( tn ::: n flt, llt is a time step) and it is 

(1.4) C( ' -1p"i 
ut tn ) ,v Lz((l)• 

where C is an absolute constant and p is the order of time 

discretize.tiort. 

Remark l. The same technique a.s in [6] may be applied to our 

problem if X is a Hilbert space and A is selfadjoint positive 

definite in X. 

Remark 2. For the backward Euler rr1ethod this estimate followe; 

from (1.4) 

( 1. 5) C 6t tn-
1 id£

2
(11). 

The same result is proved in [4) for a weak solutio~ Of 8fl more 

ab~;;tract hoii'Jogeneous parabolic problem in a Hilbert space. 

Remark 3. In the following C denotes the positive generic 

const•nt 1ndepe~d~~t of t.~. 

The contribution of our paper is following: 

i) we work in a Banach space only; 

ii) we deal with more general operator A as in (4], [6]; 

iii) we us an ano~her proof technique; 
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iv) we shewed the continuity bet~een backward Euler's method and 

the theory of semigrcups. 

2. Preparatory lemmas. In this paragraph we prove a few 

assertions from real and complex analysis. 

Lemma 1. If h E [;, Reh <. 0 and t,'t > 0 then 

1(1- ~)c)-t/~- eAtl ~ lh1 2 IRehl-2 1(1- ~Rehl-t/'t- .a.J,.tl. 

Proof For any fixed t,'t,h we denote 

It is easy to see that 

So we can write 

Using this we get 

f" ()>.) 

1 

f(A) - f(O) = I ),.f' (8J,.) d8 = 
0 

1 

t7c2 ~ I .-sJ,.t(1 - ~SA)-t/'C- 1 8 d8. 

0 

1 

1£0.) - f(Ol I ~ tl1.1 2..: J .-eneht It - ..:81>.1-t/~-t 8 d8 ~ 

0 
1 

' tlhl 2'< J e -6Reht (1 - ..:8Re1>.)-t/'t-t 8 d8 = 
0 

= 11>.1
2 IRehl- 2 (f(ReA) - f(O)). 

The rest of the proof follows from 
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Le .. a 2. Let 6, t,'t· be positive real numbers. Then 

J ((l+'ty)-t/'t _ e-yt)Y-1 dy ~'tt-l. 

0 

Proof Let us denote .. 
Ei(Cl) = J e -z.r-l d& 

CI. 

va. > o. 

One can prove that 

<le~i(CI.) ~ 1 Vct. > 0. 

Ueins 
d 

dY [·yt( 1+~y)- t/~ - 1) 

and 1ntesratins by parte we have .. 

"' 

I [o•~Y>-•1~ _ .-y•Jy-1 dy = 

~ 
"' y 

t'ta-e ( l+"Cs) ds dy = __ I 
0
-yty-1I st -t/~-1 

0 0 
"' 6 ::: J e-sts- 1dsJ t'tse 8 t(l+'ts)-t/'t-l ds + 

0 0 

"'"' 
+ e s ds I I -·· -1 

0 y 

0 
<> Ei(Ot)OteOt~I ( l+~s)- t/'r- 1 ds + 

0 .. 
+ J Ei(yt)yteyt't(l+'ty)-t/'t-l 

0 

dy ( J 't(l+'ts)-t/'t-l ds = 

0 



Lemma 3 _ Let 71. E If, where I 'AI -({ rJ. Then for '1 -({ ( 2C>) -l there 

exists a positive constant C ~ C(B) such that 

1 (1-~l.) -t/< _ el.'i ,, 0 ctH.-1 Vt > o. 

Proof Let us fix t > 0 and 0 < 't < ( 20) - 1 , If we denote 

f().) = e-l.t(l-~l.)-t/~. 

then analogously as in Lemma 1 we estimate 
1 

lfCl.)- f(DJI <; t~ll.1 2J e-SRel.tl1-'t8l.l-t/~- 1 8 d8 <; 

0 
1 

't~llci2J 0 8t( ll.I-ReA) 0 -8Il.lt( 1-'tll.IB)-t;'t-le dB£ 

In virtue of 

and using 

one can nbtain 

0 

'\e20 ' (f(IAIJ- f(OJJ. 

X 

f(x) -£(0) :: J t'r_ve-.vt(l-'t".v)-t/'1- 1 d.v 

0 

tye- yt 1 '1/.v, t. E iR 

I AI 
f(IAI)- f(O) 'I (1-'ty)-t/~-1 dy' H-1 (1-~ll.IJ-t/'t ,, H-1.26t. 

0 

The rest of the proof follows from 

111-'tl.)-t/~- el.tj = eRel.t lf(l.)-f(O) 1. 0 

3. Main results. Solving the problem (1.1) by diecretization 

in time we get euch 

(3.1) 

elliptic problemB 
-1 

(ui- ui-1)'t 
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where~ is a time step; u1 = u(i~); i = 1,2,. 

It ie easy to see that 

The main idea of Rothe's method is following. If we know all 

the u1 (i = 1,2, ... ) then we construct the Rothe function (a~ a 

approximate solution of (1.1)) in this way 
-1 

(3.2) + (t-ti-1)~ (u[ui-1) 

where t € < t i- 1 , ti) . 

Our' approach is baaed on another definition of approximate 

solution which cuts un< t) 'in the time steps i't (i.e. in u 1
). Let r 

be the curve taken from ( 1.1). Le us define the operator T~( t) 

X~ X (for every t > 0, 0 < ~ < ~0 ) in this way 

(3.3) T't"(t) • (2Xi)- 1I (1-'!"1..)-t/'t"(A+A)- 1 dl... 

r 
One can prove that the integral in (3.3) is absolutely convergent 

for every fixed t.~. The parameter 't corresponds with tho time 

step in ( 3. 1), For any fixed ~ > 0, T't( t) v is said to be the 

approximate solution of ( 1. 1) in our sense. In order to eho~· 

relation between un( t) and T't( t) v we prove 

(3.4) T'l"(j') : (I+'t"A)-i 

for i = 1,2, .... 

In fact we can write 

I • T<O> • r,<o> • (2n>-l I !I..+A>- 1 dl.. • 

r 
( 3. 5) 

• (21li)-1 I 
r 

r 
i 

(1-'t"A)-i()..+A)-1 I [ ~ 
Jr-0 
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Using O.+A} ( A+A) - 1 I we get A(A+A)- 1 -AO.+A) -l and in 

the end one c&rl prove 

(3.6) 

for any k = 1, 2, . . . . 

( 3. 7) 

From {3.5), {3.6) we deduce 

I 0 (2H)- 1I (1-~A)-i().+A)- 1 (I+~A)i dl.. 

r 
The operator (I+~A)-l is linear and bounded for every i = 1,2, ... 

and so (3.7) yields (3.4). Really in fact ~e have 

(I+~Al-i o (I+~Al-icz>:i)- 1I (1-~Al-iCA+A)- 1 (I+'(A)i dA o 

r 
0 (2%i)- 1I (1-'(A)-i(A+A)- 1 dl. 0 T .. (i~). 

r 
So we can say that T't(t) is a fractional power of (l+'tA)- 1 , more 

precisely· 

(3.8) 

Theorem 1. The family {T't(t)}t~O is a semigroup. 

Proof : It is easy to see that T't(O) = T{O) = I. Using CauchY 

integral theorem we may shift the path of integration in {3.3) for 

a small distance to the right without changing the value of the 

integral. The new curve we denOte by r·. In virtue of the 

resolvent identity 

CA+A)-1 - ()J.+A)-1 

we can write 

T'((t)T.,;(s) o (2Xi)-ZI I (A+A)- 1 (ji+A)- 1 (1-~A)-t/\1-'()J.)-s/~ d)J.dl. c 

r r· 
o (2Xil-2I I ()J.-I-l-1(0.+Al-1-(Jl.+A>-1)o-..:l.)-t/'(o-..:)J.)-s/..: d)J.dl

r r· 
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and 

On~ can prove 

(2Xi)-lJ (1-~~)-s/~(~-A)-l d~ = (1-~A)-s/~ 

r· 

(2>:i>- 1J (1-~A)-t/~(A-~)- 1 d1.. o. 

r 
From these facts we deduce 

T~(t)T~(s) = (2Xi)- 1J (A+A)- 1 (1-~A)-(t+s)/~ dl-. o 

r 
Theorem 2. (1) If Re 0(-A) ~ -00 (00 > 0), then there exists 

'to > 0 such that 

V't < '!0 , Vt > o. 

(ii) I£ Re 0(-A) ~ 00 <60 > 0), then there exists '!0 ,) 0 such that 

tiT-.<t> - T<t>l ~ eec•-. v~ < -.0 , Vt, o. 

The coms·tants C, '!
0 

depend only on the O( A) .. 

Proof: (i) Without loet of generality we can 'fiuppoae that the 

curve r is described in this way 

(3.9) A € r ~ A = - 6 - s cos~ ± i B sin~ 

where s € <O,m), ~ € (0,~/2), 6 = 0(~0 > > 0. 

Let us divide r into r 1 and r 2 such that 

(3.10) A E r 1 ~A E T 1\ Im 1..) 0 

A E r2 ~A E r 1\ Im A< o. 
We give the proof of (i) only for r1 . The second case can be 

proved analogously. Using Lemma 1 one can see that 

~(T1) = 1<2Xi)-1J (A+A)-1[(1-~)-t/~- ·M] dA I ' 
rl 
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< cJ llcl- 1 1(1-.,;lc)-t;.,;- •'tl dA' 

r1 

( cJ 11ci 2 1Re1ci- 3 1(1-'J:Re1.)-t/'t- eRelct! dA 

r1 

For A E r 1 we have IA1 2 1ReA!-2 ~ C(~,6) and in virtue of 

(3.9), (3, 10) we deduce 
ro 

J 

- t/'t ] 
V(r1)-:;; C [(1 + '((/5 + 5 cos(j))) - e-(/5 + S COB(j))t X 

0 ro 

C J [t + 'ty)-t/'L- e-yt)Y-1 dy. 

5 

The rest of the proof is a consequence of Lemma 2. 

(ii) Let us divider into r 1 and r 2 in this way 

A E r 1 ~ A E r 1\ Relc ( -50 

1c E r 2 ~A E r ;\·A~ r 1 . 

We omit the proof for r
1 

because it goes in the. same way as 

in (i). In the case when A E r 2 there exists 6 > 0, B = UCU0 ,<p) 

such that 
if A E r 2 . 

So we have 

vcr2l = !cni)-1J (A+Al-1[(1-'t).)-t;.,;- •'t] d). I ' 
r2 

<; cJ 1).1- 1 1(1-'t).)-t/'t- e).tl d). 

r2 
Using Lemma 3 one can see that 

vcr
2

J ;; c .ct,t- 1 .' 

lol'here the constant C depends on O(A) i.e. C = C{00
,q>), from "l'lhich 

we conclude (ii). 0 
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