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In the present paper we come back to'the problem· considered in 
our pap~r *) in ~939. 

We shall proceed to prove the following arithmetical. theorem:· 

~heor~l!!_! 

Given a finite system of integer, pairwise, nonequal numbers 

nt, ... ·nm· (I) 

Let us denote 

N = 8M· M = fT} ax 1 n j 1 
J . 

Then, we can number the natural sequence of N numbers: o,i, ••• N..:l 
.so that the derived sequence 

o(f' o(N. 

has the property. · 
Any integer 'I satisfying the inequalities 

1n1< .M z (2)'" 
O(K'. f- N . ) 

.21lR(nN·i< .mz(9+f) . K=l, ... lj 

in which 'f is any posit1ve integer such that 

f-
/{2 . 

mz('f+O > 0' 

can be represented as a comb1nation 

n = Tl_p + nz - n5 - n t: 

of numbers of the s~tem (I). Here 

*) On some arithmetical properties of the almost periodic 
functions, Zapisky kafedry mat. fiz. · (Academia Nauk in 

·· . · Ukraina), 19 39. .r ·· ... ··- .. · 
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R(x):::lx-Erx>l (5) 

E (x) is the nearest to x integer. 

~ 

Let us denote by· p, 't,S, t the number of different combinations 
whi.ch can be used to represent n in the f.orm (4). 

If n cannot be represented in this form,we put 

f (n) =- 0· '_..I 

Introduce the 'function 

Ocn> _ { :· 
} 

n = n 1 , •.• nm 

Then, it is obvious that 

Then 

m m m . 

f ( n) ~ L. r L. rJ ( n + ns r nt- np). 
S:f t:f P~f 

be a p~imitive root of the Nth .order of 1:. 

2'iii 
.P= e IT. 

£1 PKcC:: { 

~-a 

N , 1< = D (mod N) 

0, K + D (mod N) 

and hence 

~ / N·f(~ (Jr-n)cc~ ) I N-1 { ~ (nK_,.;,~l 
/ u ( n) = .....:.. L. L P o (K) =- L. L P 
; N tAt.O K=-~ N. 0(;0 K= f 

for 

N - N N 
ote here that 2- < n < 2 . 

-3M~ ns +n-t- np ~3M, 

:.--Z,:c_)'-

(6) 

·I 

l 

I 

I 
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and hence for 

1n1 < N 

the u a 
inequality . N 

N < n + ns + nt- np < 2 -2. . :·:.<~~~~i::~t~~;0~ 
is valid. Consequently, 

O(n+nsrnt-np) =-iIi' If p (nK-n-ns-nt+np)fA-l. 

N «=0 l K=f J 
Thus 

{ N-1 m m m m J (n) =- [. r ~ 2: ·z. Q (flK-n-ns-flt +flp)d. 
N o(:O K•f S:( t=f p=l J-

(7) . 

= l f' fl-n~ I~ 0 (n~oc:)l4-
N cC=O K:f J-

We see also that 

N-1 m H-1 m m L ll P n"'eelz = L L Z .P(nK-n-z)c:L = Nm 
ot:=O Kr: f o(:O K=t '!:= f 

(a) 

.. -, 

Arrange now the quantities 

.·m 
1 ~ .Pn/Cee 1z o( = 0, f ~ .. ~ N- f 

K•d 

in the order of decreasing. We get the sequence ·, 

A >A ~--·>-A·· 1= z- - N 

Denote by oe'f the values of oC corresponiing to A9- . 
. 2 

A = I f. p n K tAlf I . 
If x=f 

_Thus, we have numbered the .sequence O,J ,2, ••• N-l into o(1·, ... , ecN.· 
We see that 

m A ~ mz =I L flnKoCI2 
9- Kef .-v·=O 



and consequently 

A1 mz 
) o<t=D· 

From (7) we have 
N f '\ - nc<~e 2 

f(n)=- L P A · 
N K=l K. J 

1n1 < M 
with (8) 

and 

N 

L AK = Nm 
/(:f 

A
. .c: Nm. . ...; 
K= K 

Let now n and 'f be integers satisfying conditions (2) and (J)· 
of our theorem. 

- It is clear that 

If 2 · -nee" N 2 
Nf(n) ~ 2. AKp -L. A"~ 

•Jr= f Kt:'J-1 

If Nz z 'Y !i. z 
~ L Az {1- (1-p -n«~r}- _m ~ L Az-L l1-p-n"'"IA2- Nmz = 

Jr=.f K 9+/ IC:f K K=f ·. K 9-tf 

!t . z { Nzmz 
=- L A . f- I f -p-nd:" jl - - · 

K=t K j 9 t f 
On the other hand 

- ~.nd~r n 
· -n~ -21ll7l" I I (E (nee")· cCK)t 11-p Kl-lr-e =lf-expl27li N -F 1 1~ 

(nceK) I N2 

< 21iR N <: -mz(9+/) 

and therefore 

If-. Z . -n~Jr N 2 'I 2 !12
111 4 

[ Ax{l-1 f-p ll.~mzco+t)I..Ax > m2(0+I} 
K=l j 7- K='f T 

Thus-
At2 2 f (n) > !!...!!! _ · N

2
ml 

. -9tf 'f+f = 0 

and our theprem is :proved. 
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;~---~::;::~~~;'.·· -·:· :;,. ~-~"' ., ,·; '•:, ~ .. 

!he o !:!1.!!!.. II 

Given an infinite sequence of ~a1rwise nonequal integers 

n1, .. . , nm. ; .. -
such that 

j ';I ~ G = Canst . 

Then, tha'r"e is' ·ii:::~-~-clll.eJ!ce of numbers 

A, . A": •... o~f."€1 
" 

having the following property: any number n satisfying the 
in'3qualities 

in which 

646 2 

27ZR(n/.K)~ f-lj+f' 

~ _ is any <!PB~~ t1 ve int eger 

1- 64/iz > 0 
'I+ ~ ' 

s .. ~·-·· 
can be represented in the form 

n = n'+ n"-n'•-n'Q', 

(K=I, ... 'j), 

such,.};hat 

{9) 

(ro) 

I H m flW · 1 
where n, n , n , are elements of the sequence n , ... nm, ... 

~I.Q2L 

Based on the theorem (I) for any n7 we find the relevant 
set 

o( (m) ex (n7)' 

1 •• • N 

where 

Nm.:. 8.Mm >BGm ···"· 
Assume that 

A;m) = c(£m) 

Nm 
Then, it is ob>ious that 

0 ~ r (m) .C: 
- 1\~r = I . 

Therefore, frolll sequence m..- co w_e can choose such a subseqnance 
. v that J~"'J - -tend v -- oo to definite limits 

5 



·v 
cv) 

f -( y--oo 
IIJ( f\K, Q € ~~K &_ { • 

Let n be any integer satisfying the condition (g). Then, we find 
in the sequence v ~a number Y0 · such that{for 

~ 

y >yo 

the following inequality is valid: 

I 2/in ( AK- ,.\~J)I < f-;;:~
2

- 2/iR (n A"") 

!< =I a M >Jnl-•···r' ~-= 

Consequently: 

10, 
27iR(nJ~"'1)~ 2llR(n tK)+2ffl n(AK-A~_;) I < 

2 Nz 
{ 646 < f -~ < - 9+ 1 yz(WIJ 

and hence on the basis of the theorem (I) we see that •n can be 
represented in the. form (IO). 

Thus, the'theorem (II) is proved. 
Now let us pass to application of this theorem to the_ theory 

of almost periodic functions. 

It should be noted that in accordance With the definition intro
ed by H • Bohr, some continuous function :1 ( t ) determined on 

he whole real axis is called almost periodic if to each C > 0 

e can make correspond . L[ suoh that in any interval on the 
ax:is of length LE one can find c almost a period, i.e. 
that '[E 

If (t + Te)-frtJI~c 
-oo<t<oo 

On the basis of this definition H .Bohr proved the theorem 
homogeneous approximation, namely: for any almost periodic func

one can make correspond to E > o such numbers 
mplex numbers) A 1 , ... AN. and suoh real 1)1 , ... VN that 

6 

\l 

':' 

J 

' ) 

.I 

N lYtct 
IHt>-r AKe l~c 

K=:.f 

-ro<t<oo 

It should be reminded that long before H.Bohr P.Bohl, a famous 
scientist, with. the aim to generalise the notion of periodicity had 
introduced the notion of quasi-periodic functions (further _generali
sation of which are almost periodic functions in the sense of H.Bohr). 
According to Bohl's definition, the continuous function f (t) 
given on the whole real axis is called the quasiperiodic one if· 
there are such linearly independent real numbers 

WI, ... , Wm 

that to a~ z 7 o one can make correspond 1, · 
satisfying the inequalities 1ie,. 

so that any 2:' 

R (TUJI<) & 2e K"' f, ... , m 
(u). 

is E - almost period for /( t) • . 

It follows from this definition that any quasi-periodic func-
tion can be represented in the form 

f (t) =:= F ( W 1 t, ... , Wm 't) • 

where F(x,, ... ,.xmJ is the continuous periodic function with 
period 1. 

Indeed we assume that 

for any sequence 

F(.x1 ... , XmJ= lim :f(rJ 
1 . 

T 

W·T 

' 
for which 

xj 7: (mod f) 

This limit does exis as any two sequences T1 ., T
2 

of 
have the property 

W~e ( T 1 - 1:2 )- 0 (modi) 

i.e. 

R( WK ( Tt - 'l'z )) -- 0 
1 

7 

T 

(12) 

·"' 

~ 



from where by definition 

f ( ~) - :f (T:z.)-- 0. 

In the same vray the continuity F ( X 11 ••• Xm) is proved. 
Taking 

• ~ •,.J -;-: • 

·. -~:' .::, '. 
Xx CU~rt ·.' 

we see that 

Wx ( 1:- t ) -- 0 (pod I) 

and 

R(Wx(T-f))--0· 

As 

F (Xt, ... , Xm) 

is h~~~~leneously approximated by trigonometric sums of 
i2'il (n 1 X 1 +- ••• + nxm) . e , 

·it' is·'"olear that the quasi-periodic function 
approximated by trigonometric sums 
··· •:;;:. _., e i-1~et, 

:!- ( t) is homogeneously 

WJlere AK are linear sums of fundamental frequencies. 
As is seen, the problem of the homogeneous trigonometric approxi

mation of Boyle's quasi-periodic functions is solved simply since the 
definition itself of their almost periods explicitly contains the fun
damental frequencies. 

The situation with Bohr's almost period;Lc functions is different, 
and the proof of Bohr'a fundamental theory is rather complicated. 

·We: should like to show, on the basi~ of ... Theorem II, that.in the theo.ry .. , 
;,of .. ~lmost periodic functions one oan al;~··introduce "fundament~l .•. 

frequencies", thus making the proof of the theorem of trigonometric 
approximation very simple. 

For this purpose let us prove the following theorem: 
~eor~._ill 

Let L >0 and Qt • be a set of points on the real axis such 
tha~ in_any its interval of length /., there is the point rJt • 

: T.!i~n, :fo·l any ? >0 and sufficiently small .P > 0 there exist 11-
neraly _independent w, • ... , w 8 having the property: 

~ 

':' 

t'i 

:l 

lfor any .'& satisfying the inequalities 

R(Tw·)~jJ· 
- J . j =I, ... , s (lJ) 

one can find such elements T 1 , Tz, T3 , ?:r, of the set (%- that 

·I T- T1- Tz +-TJ + Tv I & ? (14) 

Pr2.Q.:( 

Let us consider the intervals 

( 2mL 2m/.. +i.,J , ) m = O,l, ... 

.· (m} 
and denote by. '[ "' 

. " any point . (§ from this interval. It is 
obvious that 

I ~m) IS: 2i. (m+O rrl (m} > L . 
T - = 

Now vre fix the integer K and some 0;:.. 0 so that 

1 5 
K > T ~. K 27 

1l ., I 
0< u.< 41l 

Choose one mare integer positive 9
1 

satisfying the inequality 

I ( 64Gz . 
2/i f- ~ + t ) > 2 0 ' 

<~ 

6 =- (2L +I) K 

Consider the sequence of integers 

r7.m = E ( KT(mJ) · 
~-

One can easily verify that this sequence satisfies the conditions 
of Theor.em (Il.)'Irideed .. 

I ':; I§ I ~XI+ 2~ < 2LI<'+K"' G 

I n m ~ nz I~ I KTtm}_ K'Z" ('ZJ _: R (K'l(m))- R ( KT (7.)) ?. 

? I K(T(",n}_,('l)l- t > K~ -I >0 

C:> 

:for m. * '<=- • ... · 



Eased on this theorem let us consider the .corresponding sequence 

f..1,Az, ... ,f.~, ... 
B.Ii.d put. 

~ 

0~ r. ~ f ·- /IJ 

Y0 = K, v 1 = K A 1 >. • . Y 9- = K !.9- · 
..... - ........ ·~ 

Now let 7 be eome real number satisfying the inequalities 

R (TYK) ~ 01 K=O, f, ... ,if 
· 1. e., 

R(tK)~O, R rrK/.1) {: o .... R(TKJ.lf)to. 

Hence,·it follows that 

R{E(TK);\1 }&20, ... R{E('lK)~9-}~2o 
and the ref ore 

(15) 

645 2 

2aR{E(TK);\i }~ 41lO <I- ~+I 
Thus, on the basis of. Theorem (II) we can verify that there exist 
such values n 11 nz' n 3. n~, of index m for 

n = E(T!<)= E(T(n,)K)+E(T(nz~)-E(r(n~) K)-E (T(ny) 

Consequently 

I 

1 

I TK- T(n,JK- 'l (nz~ + T(n3 )K + T WyJK I {= ~ 

I'[- r (n,2 T(nz)+'l."(n3~ 'l" rnv)l ; fx< '2 . and 

So if 
~',' ::· - :'... . .. 

R (TYK) ~ 0) K = 0,1, ... , <I•l 't 
then 

I r- r, - T2 ~ ?:3 + r~, I 4 ? · . (17) 

where T1 , T2 , T3 , Ty ar~ numbers of the set ~ • 
It should be noted now that for the set of numbers 

Y0 , Y1 , ... ,v1 

10 

one can always put into correspondence the system of linearly inde
pendent numbers 

w1, •.. ,w5 (S~ IJ.+f) 
so that the numbers l-'J· will be sets of the combination of c.Ui 

s 
VJ· = L NJ· K CI.)K 

}(:{ I 

with integers Nj,K • 
Therefore, we have 

- s . ;:_ .;-·- ·-f{{?J.fx~;.k, Nj,JC' R cwK r > 
Let 

M>::: f. INJ·KI J·=1, ... ,s 
~=1 I 

Assume 

.P = 0. 
M 

Then, the inequalities 

R(wi<T)L-p; K=l, ... ,s 
-........ 

result in (16) resulting in (17), which proves our theorem. 
Now let us come back to the theory of almost periodic funct

ions. We take some almost periodic function :f. ( t) • Due to its 
continuity to any E > 0 one can make correspond 0 ( £ ) such 

that from the inequality 

I t'-t"l~oCt:) 
there follows 

I H t')- :fC t")l& E . 

Now let us turn to theorem III and take in it ·a·s· 

of f./ 8 almost periods f( t ) • 
Put 

e . . -the set 

-· 

.:. 

-~1. 
,.._ . ~ ·. 

0_6 

crr.:l~1 ··{:;_jJ 2 .. it(~ ) - . - ;. 
·;· 

','•":• . .,, k} 

and find a sufficiently small· p- . 
Then; we can verify the presence of such linearly independent 

w1, ... , c..Js. that for any :fl: satisfying the inequalities 

one can find :Ln 

R ( wj T) ~ p 

(j: such rf, 'tz·, 7:3 I Tt, that 

... C!s) 
.-~~~;;:~·:::">··; ~.7.-.>~·:r. _,-J "? 

11 .... 
·011'4:1 



IT- r;-rz + 'l:3 +'tv I a o(j )" · 
As .these T,,T2 ,T3,?:vare'almost periods. with c/8, then obviously 
quantity 

T' = T1 + 'l2 -1:3 -1:" 

will be E/z almost period for I ( t) • As 

I T - T I I L. 0 ( ~ /2) . 

then we see that ~ will be . { almost period . 

1 f(t +'O-f (tJ~ e 
J 

- d, "' t "' 00 
. <19) 

So. for every c > p one can find such . .P 
independent 

and such linearly 

W1 1 • • • > Ws 

that inequalities (18) result in (19), i.e •. that 'L is 
almost period. Now we see that Bohr's definition can be reformulated 

by analogy with Bohl 1 s definition. · 
. The .difference lies in that for Bohl 1 s quasi-periodic funct_. 

ions the frequencies· CAJ 1, ••• ,c.o5 are fixed and for almost p~riodic ones 
their number s depends on e and can tend to infinity_ as 
E-o . Nevertheless, even for almost periodic Bohr's functions 
one: 'can· easily construct for each c > 0 the corresponding conti
nuous :function 

Ff. (x,, ... ,Xs). (20) 

periodic with period 1 with respect _to Xj (j= l>···_,s) so that 

I f ( t ) - Fe ( w;T, ... , C.U5 t ) I ~ c · .;) 

C:::• (21) 

Bence, there immediately follows Bobl's theory of trigonometric 
approximation. ·. 

Let us show how FE (x,, ... ,x5 ) can be constructed. 
Consider the function 

8p (:X:); { ~- Rj"'l ' 
) 

12 

if R(x)t:.P 

if R (.x)?: .P 

(22) 

b 

for some 

Assume 

~. ·-. '· ~· . .' .. ! . '~. 

•L. i 0€: B..P (XJ= 2 J 

Bp (X+ f) = 8p (X) 

··,. B I ,._L I 
:p (X) = p ' 

f . t 

j 8p(x)dx =.P · 
0 

.:.:·.PC~t, ... ,x1 ) = 8,p(X1 ) ... B_p(x) · 

It is clear that 

¢>0 

if and only .?,.f~;.: :"> ~ 

R(x·)L. 2 j= I,. ··.P d '. 
Othenise 

---""'.""' 
¢=D. 

.~ .. "~~ .'..,.;_ -~ 

Consequently, if 

then 

.......... . .,...:.. 

>~{ --·~'-~· ,.. 

Therefore 

or ~::_;.'[: 

cf> (C.U.1 'l', :~.,,-,~;4-?_5 ,7:). > .. 0 •,. 

I:Ht+r> -:F(tJI ~ e, -OO< t<oo· 

,.·.~ ~ ,,.. 

1 

f ~ <P ( W 1'1:, .. · ' Ws T) f( t + 'l)- f ( t) ci Z' 

07 f1T ,T 
0 

cp ( W1 7:7 ... w 5 T)ctZ' 

,_;:,•-"'..-"'-"'o.'.-" .. ''"" 

T-t 

Lf, 

fL cf>{wt(T-tJ,."cuscT-tJ)ffr)dT I~ t. 
:f(t)- f T . -

T J cp (w,'r, ... Ws7:)d'r 
0 

Hence 
.-~:,~··. ,'\, 

13 

(2J) 

(24) 

~· 



• 

j_ [Tcp{w,T.-w,t, . .. , u.Js'f- Wst}:t(T)d1: ~~e+C 1-t I .1 (25) 
1 ( t )- T 0 ( T - 'P T 

T ~ cp(W/C, ... )Ws7:) 

Cp =Canst· 

From (22)'and (2J) we can conclude that there exists a limit 
,;;. 

-/: J T cj::l(w1-r-x,, . .. WsT-x5 ),f (·t)d1: 

f J'A-- ( ,... cU 'f}d1: r o 'r' CJ.br., .. :, s 

fe (Xp. · .,xs·) =lim 
T~oo 

(26) 

which is the continuous function x 1 , ... ,X5 with :period 1. From (25) 

there immediately follows (21). 

Rem~rk 

. Here.are some explanatory remarks to the problem of existence 

·of the limit (26). 
· Let us take the Fourier expansion 

in:x: 
8p(x)=Lhp(n)e i C21) 
I lnJ · ~ I ·2-

J 
-i21'(nx 1 x -lZ~tntJC, J (1-x) -1 1:nx 

hpCnJ:: BpCx)e dx= (1- j)e qx+ (f- p )e c/x 
o 0 t·P 

·and note that owing to (2J) it will be absolutely convergent 

· 1 f I 1 -i2finx f r.::-1 J 1 1 2 1 { r:;;::-r 
LlhpCn>I=Lin2n Bp(x)e dxla2r-1 ~L fiz J IBp(X)I dx .& 2r.:p~L nz · 

(n) (n) 0 . Cn) o U <n> 

Therefore, we have an absclutely corr•ergent series 

i(mxJ 
. C/J(x,, ... x 5 ) = ~ Hp (m)e 

• (m) 

where 

(28) 

(m)-=-(n,, ... n 5 ), /1p(mJ=h1ln,) ... hp(n5 ), (mx)=n1X
1

+ ... + n 5 xs · ( 29) 

14 
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As W1, ... Ws are linearly independent, .then 

.f(T .. S f 
T)o ¢(w1 7:, ...• CtJs7:)d7:~HpWJ=~J_pro~ .P. 

r--oo 

(JO) 

Then, we have 

lf~w,'t-x1 , ... , Ws 1: -x5)~ (T}di' ~· 
T o -irnrx) T . L2ii(mwn: . 

=- L. fl_p(m)c .ij J(r)e dT · (mw)=n,w,+ ... +nsws · 
(m) r D 7 

Considering that 

I

IJT i 2'ii{mCI)}'C I T D f(r)e dT f M = maxi:Ht> I 

we see that from the sequence r -- oo we can choose such a sub- · 
sequence r -- 00 that all quantities •· 

T' i(mw)'r: 
L,j .;en e drr r o . 

tend to the limits. Put 

l . 'j r' · i(mC4J)T 
tm T' f{1:)e d7:=JJ.(m} 

T'-oo D ,, 

(Jl) 

Then, from (26) and (28) we get 

HprmJ '~' · -irmxJ2'ii 
H. (OJ &fl.l (m)e · 

'P 

(J2) 
Fe. (xf, ... ,.Xs) =c~7) 

and 

I 
H,p (m) IL. { 2 I Hplm) J.l.cm J I· < oo . 
Hp (0) ' (m) H;(O) · .. 

(JJ) 4? 
}'l"' 

Now let us consider the problem of limits (:n). We shall show 
. . I 

cthat they exist not only for a s:pecifioally chosen sequence T- 00 

but· for any T -co • Note that it follows from relations (25), (26), 
(J2), and (JJ) that for ·any c > o there exists Ne 
suoh· that : "~ \ ... 

15 
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I f(t)- fN (tJI& 2E. 
. E 

(J4) 

where 
.f, ~ HpCm) Jt1 -i (m(IJJ21ir 

lt>.. -- (m)e 
~E (l"!lcN,_J Hp(O) (J5) 

Here the symbolCJmi<N£) denotes ineg,ualities / h1
1
l.t..IV£ ••• /ht..sl ~"'c.· 

As *Nt (~) is a finite trigonometric sum, then for any real 
.'.•·.: )b~~.-; thsre P-xists a limit 
'· •• ,.. ~ ·':.~· • • • ;o. 

t . ( JT -iH 
lm T fN (t)e' dt. 

T-oo o E 

· we can. find for c, /1 such n that 

, I I J. T' i. AT I [ r i ..t 'l' I 
. ~::s:',::'.; ~'~<?i ::T' o fHe. c·ne dz - ' o fNe (t: Je dT < t 

"""'"""·'~<' ........ ~ 

.'(.f~~~~il T' T satisfying the inequalities 
.. ::- ······"~ 

T>.Q 
' ' T'>n (J6) 

•• , ~ • - •• ~ < 

from (34) it follows that 

I

t 1r· iA-r 'Jr ,,.,, 
T' c f(T)e dT-f ~ I(T)e < 5c 

• •tor all T, T' from inequaiity (JO). 
As c · can be whatever small, we see that there exist limits 

. fJT i/."l . fL m 
7
- f (T) e dT 

T-m D 

.•.. Thus, instead of (Jl) we can write down 

. ( f T icmw} 2nT 
JJ(m);:: lim:;:- J, f(T)e dT 

T . I 0 . 
.... co,. .. 

(.37) 

~·: :·, . Note .. that.. owing to (J-1.) and (J5) in tl:!e trigonometric 9.pproxima-
tion obtained the contribution comes only from those Z'fi {mw} 

.. whi~!J. are true frequencies of the almost periodic function :f ( t') , · 

I 

I 

() 
i.e. for which 

l{m 
'C T-oo 

( 
1
. T i (mCtJ)21iT 

T f(T)e dT ::10. 
() 

{j 

As concerns the factors of convergence 
easily see tha. t at fixed m 

Hp(m)T 
HpfOJ 

ll 

. Hp(m) 

Hp(O) -- I by E--o 

Received by Publishing Department 
on December 12, 1990 • 

17 

, then one can 


