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l.Introduction ' 

As is known, J.Lioville has already shown that the arbitrary 

linear ordinary differential equation (LODE) is not integrable in 

quadrature generally • However, not being reduced, the value of the 

integrable cases even more increases due to that discovery. This 

results from their fundamental role in various applications of 

mathematics, mechanics, physics,etc. 

A natural extension of the set of integrable cases is attained by 

considering LODE resolvable in special functions, thereby the idea of 

integrability is generalized itself~ 

The theory of differential equations and, applications dispose of 

a significant number of equations with known SC?lutions. Their 

Cl .::CUmUlatiOn Came abOUt irregularly 1 eSSentially at the expenSe Of 

~epar~te equations discovered by one researcher or another at times. 

Today , an urgent need is observed for regular procedures , admitting 

use of computer,to constract purposefully differential equations which 

are resolvable in the sense mentioned. 

The following way of multiplying resolvable equations seems to be 

tempting : to arrive at the case concerned one should take a proper 

equation and apply one transformation or another of variables. But the 

basic difficulty of this approach consists just in finding successful 

substitutions. Such devices are of heuristic character and therefore 

.ineffective. 
In connection with:the inverse scattering problem method and the 

KdV equation theory, techniques of mul tipling integrable equations 

using the classic first order differential transformation [1, 2] and 

the Infeld - Hull factorization [3] as well have gained wide use. The 

e&ficiency of the Kummer - Liouville transformation has been proved in 

[4,5] which in many cas~s allows given equations to be integrated by 

reducing them to equations with constant coefficients. In the present 
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paper .the algorithmization of an original procedure for multiplying· 

integrable equations (6) is described which is also associated with 

the.problem of reducibility·of the second order LODE. It is shown how 

computer algebra can be applied to construct·.specific sequences of LODE 

solved in terms of a chosen generating equation. 

2.Initial correlations 
.J 

In the works [5-7] an important special case of the Kummer -

Liouville problem is considered , ·namely reduction of the second order 

LODE to equatio'ns with constant coefficients. Later on we shall be 

based on the following principal results • 

For the LODE: 
k . 

y" + a
1 
(x)y' +a

0
(x)y = 0 , ak(x) e c , ('1=d/dx (1) 

by means of the point local transformation of variables: . 
y = v(x)z , dt = u(x)dx, v(x),u(x)e C

2 (2) 

to be. reduced to the LODE with constant coefficients . . . 
z + b1z + boz = 0 , b1, bo = const , (")=djdt (3) 

" it is necessary and sufficient that the transformation functions 

satisfy the relations: 

(1/2) (u"ju) - (3/4) (u'ju) 2
- (1/4)c5u

2 
= A

0
(x) , 

v = lul-112 exp( (-l/2)Ja dx + (1/2)b J u dx) 
1 1 

A= a - (1/2)a' - (1/4)a
2 

0 0 1 1 
() = b2 

- 4b . 
1 0 

(4) 

(5) 

From the form of equation (3) and transformation (2) it is clear 

that with regard for (5) the fundamental system of solutions of LODE 

(1) being reducible to the form (3) can be presented as:· 

Y1 ,2 v exp(r Ju dxJ = 
1,2 (6) 

lul-1/ 2 exp( (-1/2)Ja1 dx ± (1/2) (c5) 1 / 2Ju dx), 

where r are the characteristic roots of equation (3). Equation (4) 
1,2 

is closely related to the resolvent equation for LODE (1) reduced to 

2 

.I 
the canonical form Y''+ A

0
(x) Y = 0: 

R''' + 4 A
0

(x)R' + 2 A'
0

(x)R = 0. (7) 

From this it follows that for the general solution of equation (4) a 

nonlinear superposition p~inciple is valid with respect to the 

linearly independent solutions of LODE (1): 

u = (Ay2 + By y + Cy2
), B2 

- 4AC = c5. 
2 1 2 1 

(8) 

Correlations (4) and (5) can be reformulated excluding the. 

function u(x) • Then we come to the integra-differential equation 

in v(x): 

•· ' -3 -2 -2 v"+a1 (x)v'+a
0

(x)v _exp( (-2)Ja1dx) [k+bJ v exp(-Ja1dx)dx] dx, (9) 

where k=1 if b1= o, and k=O if b1~ o. 

On the other hand, supposing u(x) is known, we obtain the LODE 

for v(x): 

v'' + a 1 (x)v' + (a
0

(x) - b
0
u2 (x)] v 0. (10) 

3.The Kummer-Liouville procedure 

In the previous paper of the authors (4] on the basis of relation 

(4) for u(x) practical aspects were considered of reducing LODE (1) to 

the preassigned form (3) - the equation with constant coefficients 

whose general solution is known. Now, applying equation (9) .to v(x) we 

shall be engaged in somewhat the inverse problem : construction of a 

sequence of LODE, the general' solution for each of those is 

expressed in elementary functions in terms of the fundamental system 

of solutions of a beforehand chosen generating equation. The latter 

term is caused by the fact that the basic differential field of the 

mentioned sequence of LODE is generated by the Picard - Vessiat 

extension of the field of the initial equation (8). 

For more clearness and simplification of calculation (but without 

loss of generality ) we shall consider LODE in the semi-canonical 

form: 

y'' + a 111 (x)y = o (a Ill) 

(the sense of the notation being introduced will become clear from 

subsequent). 
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Let the fundamental system of solutions for ·equation (a111 ) be 

known. Then it is reducible by a transformation'of type (2): 

y = v
111 

(x) z , dt = u111 (x) dx, (11) 

where the function u111 (x) is determined by (8): 

(-1 I 
2 2 

U! 1 1 (X) = (AI 1 1 y!ll 2 + B! 1 1 y< 1 I 1 y! 1 I 2 + C! 1 I y I 1 I 1 ) ' 
,..; 

(12) 

B2 
- 4A C = c5 111 (11 (11 (11 

and v
111 

(x) satisfies a LODE of type ( 10) : 

v'' + 
2 (a111 (X) - b0111 u111 (X)) V = 0. . (13) 

Let us redenote the dependent variable in (13): 

y'' + a 
1 2 1 

(x) y = o , 

2 a 121 (x) = a 111 (x) - b01 1 1 u111 (x). (a<21) 

In view of (6) one can write the fundamental system of solutions for 

(13) and, hence, 'for the LODE (a121 ): 

Y!211,2(x) = v!111,2(x) = 

-1/2 
tu 1 11 (x) I exp(±(1/2)b1 11 ;Ju1 1 1x1 dx), buo" o; 

·y!2l1(x) =v!1ll(x) 
-1/2 

tu 111 (x)l 

-1/2 

y
1212

(x) = v 1112 (x) = lu 111 (x)l Ju 11 1x1 dx), bu 11 = o. 

Considering the problem of reducibility of the LODE. (a(2)) 

accompanying equation in v121 ( xl we come to the LODE: 

,Y" + a
131 

(x)y = o, 

a (x) = a (x) - b . u2 (x). 
( 31 (1 I ' 0 ( 1 I ( 1) 

2 
bo< 2 I u!21 (x), 

and so.on. 

(14) 

and the 

ca(31 > 

Having executed n-1 of these steps, we obtain a LODE of the "n:..th 

generation": 

y' '· + a 
1 

r. 
1 

( x ) y = o, 

4 

n-1 
a!nl (X) = a 111 (X) ·- E (alnl) 

2 
bol k 1 ulkl (x) • 

k=1 

The outlined .procedure which is immediately related to the 

problem of reducibility of LODE to form (3) by transformation (2) will 

be called the Kummer-Liouville (K-L) procedure, arid the initial LODE 

of the first generation ( a 111 ) generating. 

In the infinite sequence of LODE: 

(a(l)) ------> (a121 ) ------> ....... ------>. (alnl) (a) 

motion not only straight but also backwards is admitted, so that the 

fundamental system of solutions of each its member can be_ expressed in 

terms of those of others and, in the end,in terms of the solutions of 

the generating equation. In this connection, one should keep in mind 
"' ,;.:'(;. ; ' . .:;, :··,. 

that according to expressions ( 12)...: ( 14) , actually, the sequencE,{: of 

4-parameter families of LODE arises as far as,we are free in choosing 

numeric values of b , b (or c5 ) and any two const~·nts from A, B ~ri(f··C:; 
1 0 . . 

Y" + [ a(nl (X) (1/ 4 ) (b~( nl- .S(n)) (A(n)Y~nl2 + B(nly!ni1Y(nl2 + 

+ c 2 ) ( -21 ] - 0 
( n I Y( n 11 · Y - 1 

2 
(l/4) (b(n)l- .S(n)) bO( nl • (an+l) 

Besides, the coefficients of LODE from the next generation 

contain solutions of the corresponding equation from the previous one, 

the form of which principally depends on combination of the signs of 

the parameters b 1and c5 setting results of integration in (6) and (14). 

In all, there are 9 possible variants: 3 cases for b 1 (b: > O; b 1= iw, 
2 2 . • . ., 

b = - w < 0; b = 0 ) w~th 3· cases for c5 ( '0>_ 0 ; c'5<0 ; c'5=0 ) but one 
1 1 \ 

of them (b1 =0, c'5=0) does not lead to a new e·quation since then 

a(n+l 1 (X) = a(nl (X) • 
The relations of the corresponding functions u(x) and fundamental 

systems of LODE ·of neighboring generations (a ) and (a ) are . (n) (n+l I 
shown in the table below. For greater obviousness the subscript (n) 

has been omitted in notation of the solutions y 1n11 , 2 (x) and 
parameters b1, c'5, a, {3, A, B, and C. The important special cases·· of 
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the variants o>O and o=O are also given. 1) b
1 

= Re b
1 

~ 0 1 

Table ' 
y ( ) (+b 2"1/2 

ln+ll1,
2 

X = E(x)[P(x)) _1/l u ll · .. , (11 1) 
'· . 

Fundamental system of solutions 

Transformation function Yln+1;1,2 2) b 1 = Im b
1 

= iw 1 

u 1 n) (X) b =Reb ~o b =Imb =iw b = 0 1 1 1 1 1 

'1) 2) 3) 

1. o = (a1 (3 2 
-a

2
(3:) >O_ 

~ 

(11 1) (112) (113) 
u

1
n

1
(x) = (1) 

'l 
1 

cos 
Y1n+ll 1, 2 (X) = E(x) sin( (w/(2o) )log P(x)): (112) 

3) b1 = 01 

y(n+1l1,2 (x) 
E(x) }: 

E(x)log P(x) · 
(113) 

2 •. o = B
2

-4AC<O 
(21 1) . (2 1 2) (213) 2 • 0 = B

2 
- 4AC < 0 I 

u 1 n 1 (x)=(2) 
.... 

2 2 ~ 
ulnl (x) = (Ay2 + By1y2 + Cy1 ) : (2) 

3. 0 = 0. . 
ulnl (X) = (3) 

(3 1 1) (3 1 2) (3 1 3) 1) b
1 

= Re b
1 

~ o 1 
•Q 

4. o = cx
2 >o 

ulnl (x) = (4) 
(4 1 1) (4 1 2) (413) 

, .. ·,:r, ... 1l1,2 ex> F(x) ~~:: {b1/(-o)
1
/
2
)Q(x)}: (2 1 1) 

0 2). b
1 

= Im b
1 

iwl 

5. 0 = 0 

u 1 n 1 (x) = (5) (51 1) (512) (51 3) yln+1l1,2 (x) 

cos ·~,'.1.\ 

F(x)sin {(wj(-o)1/2)Q(x)}: (212) 

-·--

Notation: 
3) b1 = 01 

1/2 
E(x) = ( (cx1y2 + (31y1) (cx2y2 + (32y1)) y(n+1l1,2 (x) 

F(x) 
(213) ) : 

F(x)Q(x) 

P(x) = I (cx1y2 + (31y1)/(a2y2 + (32y1) 1 3. 0 = 01 

-2 
ulnl (X) = (a y2 + (3 y1) 

F(x) = (Ay2 + By y + cy: ) 1/ 2 
2 1 2 . 

1/2 Q(x) = atan((2Ay2+ By1)/((-o) · Y
1
ll 

(3) 

. R(x) = (cxy2+ (3y
1
)/Y

1 
1) b

1 
= Re b1 ~ 0 1 

cosh 
yln+1l1 2(x) = (cxy2 + (3y1) . (b/(2aR(x)) l: 

• s~nh 

G(x) = (y1 (cxy2+ (3y1))1/2 

S(x) = logiR(x)l 
(3 1 1) 

l.o=(a(3 -a(3) 2 >0 1 1 2 2 1 
2) b1 = Im b 1 ·= iw 1 

cos 
(1) yl~+ll1,2 (x) = (cxy2 + (3y1) sin ( (w/ (2cxR(x)) l: 

-1 -1 
ulnl (X) = (a1y2 + (31y1) (cx2y2 + (3i:y1) : (312) 
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3) b
1 

= 0 t 

a(n+l) = a(n) I y(n+l) = y(n); 

4. 0 = cx
2 > o, 

-1 -1 
u(nl (x) = Y1 (a:y2 + (3y1) ; 

..J 
1) b

1 
= Re b

1 
¢ o, 

(+ b 
G(x) IR(x) I - 1/c 20: ll 

Y{n+1l1,2 (X) 

2) b = rm b = iw, 
1 1 

Ycn+1l1,2 (xf G(x) 

3) b1 o, 

cos 

sin { (w/(2cx) )S(x)}; 

Y(n+1l1,2 (X) 
G(x) 

} ; 
G (X) S (x) 

5. 0 "' o, 

u(nl (x) 

. 1) b1 

-2 y ; 
1 

Re b
1 

¢ o, 

x _ cosh . . 
y(n>1)1 ?.()- y1 . {(b1y2)/( 2 y1)}, 

' SU:Jh 

2) b = Im b = i w, 
~ 1 

Ycn+1l12(x) = Y1 c~s {(w Y2)/( 2 Y1)}; 
' s1n 

3) b = o, 
1 . 

a (n+1l a(n), y(n+1) Y(n) 

(4) 

( 4, 1} . 

(4,2) 

(4,3) 

(5) 

(5, 1) 

(5,2) 

(5, 3) 

Thus, the K-L procedure generates 8 equations with different 

coefficients (or 13 ones including the mentioned special cases ) from 

each chosen LODE , i.e. the number of LODE is growing from generation 

8 
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l 
1
r) 
'( 

j 

·li\ 
\~ 
!' 
! 
! 

to generation according to geometric progression with the ratio 8 

(or 13) which is illustrated by the following scheme - "tree": 

! 
(13) 

ac2> 

.t. 
t t . ~ (169) (158) (157) 
aC3l ... ac 3l al3l 

t 
t t ~ . 

(2197) (2186). (2185) 

aC4l .... a<4l al4l 

·ac 1l 

.t. 
(2) Ill 

al2l al2l 

.t. 
(D).· + '!' r (13) (2) ( 1) 

a(3) ... a(3) a(3) 

... 

Here the superscripts are used to distinguish the equations within the 

same generation: each coefficient has its own "history" of obtaining , 

i.e., the· path covered from the root to the given" node of the tree 

(graph). In this standpoint the .. tree looks as follows (the first digit 

in the parentheses indicates a row number, and the second one a column 

number. in the table; the the cases (3,3) and (5,3) are omitted): 

a(1) 

l 

(1,1) 

Of some interest .is also the ·direct connection between group 

properties of equa'tions of the sequence (a). So, considering the 

problem of reducibility of the LODE (a ) and (a
1 

· 
11

) and 
(n) n+ 

corresponding relations (4) and (5) one . can .show that the LODE 
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ca,·n~l)) is reducible to the form ( (-1/4)b~(n)) (i.e.' to the 

equation with constant· coefficients z - (114) b 
2 z = 0) 

1 ( n l 
by the 

transformation : 

I . 1-1/2 y = . ulnl z, dt = ulnl (X) dx. 

In conclusion note that along with sequences of integrable LODE , 

the K-L procedure permits constructing analogous sequences of 
,.,.; 

integrable associated equations: third order linear (resolvent) (7) , 

nonlinear (4) and integro-differential (9). 

. 
4.The basic sequence 

As an example of application of the K-L procedure we consider the 

sequence (we call it basic) being generated by the equation y"=O 

whose funda;mental role is known [9]. The second generation of this 

.. sequence are represented by LODE of the form: 
.ill·:':~'. ~ 

y" + ( k/ (Ax2 + Bx +C) 2 ) y = 0 , k=const, 

studied in detail in [ 6] where the c6iuplete collection of their 

··'.';solutions is offered • 

. ~'!.·?~':" Below two instances are given of LODE treated by another 

-~ ·:--,: fe'cliriique in [ 10] in connection with the Schrodinger radial equation 

f~r a particle in a central field • The LODE are found to be of the 

third generation of the basic sequence. 

Example 1. y''+ [1/(4x2) + 1/(x2(a log x + ~) 4 )]y ~ o , a,~=const. 

The equation is obtained by means of the K-L procedure along the path 

on the tree (D) with the parameters (the digits under the arrows 

.. ·:;_indicate , as before , the corresponding numbers of rows and columns 

of the above table): 

c5,2;o:b112l=iw,2l 1 1 ------------------> (--2 + 2 4) 
(3,2) 4x x (a log x+m . 

. c'il1l>O;b111l=O 1 
(0) --------------->(----) 

(4,3) 4x2 

and has the fundamental system of solutions 

1/2 . cos 
Y1311,2 = x (a• log x + ~) sin {1/(a(a log x + ~))}. 

10 ~ 0 

. 2 . -4 
Example 2. y" - [m(m+l)/(x) L+ R (X) ]y .= o , 

R(x) = a xlm+ll - (il/(2m+l))£m , m "1/2 

t 
(for m=-1/2 see example 1 l. 

For this equation there are a corresponding·patb: 

c'i >O•b2 >0 c'i =O·b 2 · >0 
(0) 

( 1 ) ' 1 ( 1 ) ---------------> 
(4' 1) 

(- m(m+l) ) 
(x2) 

( 2) ' 1 ( 2) ---------------> 
(3' 1) 

m(m+l) _ R- 4 (x)) (- (x2) . 
and a fundamental system of solutions 

(m+l) _ R cosh (2m+l)x 
Yl3l1,2 - (x) sinh { ~R(x) } • 

If the term with R-4 (x) in the equation is opposite in sign then the 

hyperbolic _functions should be replaced with the corresponding 

trigonometric ones, which conforms to 'the variant c5 121 =o; b
1121

=iw
121 

( Le., (3, 2)) on the second step of the K-L procedure. 

Example 3.' The equations with constant coefficient: 

. y"± A2Y = 0 

belong to the second genera~ion of the basic sequence and are obtained 

along the paths 

c5 111 = 0, b1 = 2Ai and c'i 1·1l = 0, b
1 

= 2A 

" (i.e., (5·,2) and (5,1)' resg_rctively). Among -LODE generated in turn by 

these equations, the following ones are of interest· for example. 

The equation·: 

y" + [A2-b0121 (p sin2(Ax)+q sin(AX)cos(Ax)+r cos2(Ax))-2]y = o, 

2 2 p,q,r = const, A (q - pr) = c'i 121 < O, 

has the fundamental system of solutions: 

1/2 
y1311,2 = cos(A~) ( Q(x)) 

b ) . 
cosh 112 s (x) } , 
sinh { _ . ) l/2 

( c'i(2) 

Q(x) p tan2 (AX) + q tan(AX) + r , 

atan( A ) (2p·tan(AX) + q), 
(-c'i ) 1/2 

( 2) • 

S(x) 

if the numeric coefficients are such that: 
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b2 = 0 - 4b > 1(2) (2) 0(2) 0 • 

For b1121 = 0 we have: 
1/2 

y
1311 

(x) = cos(;l.x) (Q(x)) , y 1312 (x) = R(x) y1311 (x). 

Analogous formulae are valid for ,the LODE: , 

y''+[;l.2+b 
1 1 

(p sinh2 (;l.x)+q sinh(;l.x)cosh(;l.x)+r cosh2 (;l.x) )-2]y=O, 
0 2 . 

as well, but with replacing the ttigonometric functions by the 

corresponding hyperbolic ones in the expressions for ·Q(x) and 

S(X). _ 

Example 4 (see [11]). y'l).+ (1/(4x2) E 
k=O 

k n (log-2x) ]Y 
s 

s:::O 

where log0x = 1, log
5
x =log log .•.. log x. 

--- s times 

0 • 

The equation belongs to the (n+2) -th generation of the basic 

sequence and is obtained -for o1k 1>0 6 b 11 k 1=0, k=2, ••• ,(n+1), i.e.·, 
r'""> 

the path (4,3)---->(4,3)----->(4,3) corresponds to~it. 
u 

The LODE is reduced to z = 0 by the transformation: 

y =. (p(x)) 1n z, dt = (1/p(x)) dx, p(x) = x; (log x) 
s 

s=O 

and has the fundamental system of solutions: 

1/2 
Yln+2ll(x) = (p(X)) 'Yln+2l2(x) = yln+2l1 

5.Algorithm description 

n+1 
(x) n (logs+1x). 

s=O 

The application of the recursion formulas relating (by means of 

elementary functions ) the coefficients and solutions of the 

neighboring generations (see the table) allows one to make the 

calculation process fully controlled and selective . On the basis of 

"the K-L procedure the authors have developed an algorithm for 

generating the sequence (a) with an arbitrary given number ·of 

generations starting from the given coefficient a 1 (x) and linearly 

independent solutions y1 (x) , y2 (x) of the generating equation. 

Using another algor~thm'one can obtain a LODE with an integrable 

12 

potential (a coefficient a 1n 1 (x) ) of any structure (from those 

possible within the procedure) having chosen a certain path from the 

root to the desirable node of. the tree (D) To this, a needed 

sequence of number pairs is. set 'where each· one corresponds· to the 

chosen variant of transferring to the next generation according to the 

row and column numbers in the table respectively .The description of 

the algorithm is outlined'below. 

Algorithm for generating a sequence of 2-nd order integrable 

LODEs of the preassigned structures 

Given a 2-nd order LODE y" + a(x)y = o with known fundamental 

system o'f solutions y (x) , · y (x) and two arrays { r ·1, { c l; · i = 1+ n, 
- . 1 2 ' . . • . 

where n is the number of the desirable generation (riot counting the 

initial one ) . The sequence of the pairs ( r , c ) , i=1 +n, determines 
. . " . ' 1- 1 ' . 

the path along the tree (D) leading to the ne,eded LODE (a1n11:, 

y" + alnl (x)y = 0. 

Gl. alll:=a(x);- y 1111 := YdX); ¥112 :=.Y2 (X);· 

i:=1; 
G2. Determine u

111 
(x) according to the' expression in the' 

row of the table with y1111 (x) and y 1 1 12 (x) .· 

G3. a 11 • 11 = a
111

- (1/4) ( b~111 - o111 ) u~11 • 

r -th 
1 

G4. Determine' y1 1+1 1 1 (X) and Y1 1 + 1 1 2 (x) 

intersection of the r 2th row and 
1 

by the formulas at the 

c
1
-th column of the table 

with y 1111 (x) and y 1 1 1 2 (x) • 

G5. i:=i+1; 

If i :s n then go to G2 

else return a 1n+ 11 (x), y 1n+111 (x) and Ycn+ 112 (x). 

The algorithm mentioned has been implemented in the REDUCE 

computer algebra system on IBM PC compatible computers. 
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