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l. ·Introduction. Let ll be a Banach space with norm 11 11. Let A 

be a sectorial operator in l% with the domain D(A), where Re u(A) > 

u0 > 0. The problem we are considering is the parabolic evolution 

equation 

(l.l) u'(t) + Au(t) = f(t,u(t)) 

u(O) = v e l%. 

Here the function f : ~ x l% ~ l% satisfies 

(1.2) llf(t,x) - f(s,y) 11 "' c
0 

( lt-sl 8 + 11x-y11 ) 

Vx,y e l%; Vt,s e ~; 0 < e "' 1. 

It is well known that for f = 0 the solution of homogeneous 
I . 

problem is defined in this way 

(1. 3) u(t) = T(t)v = (2rri)-l J elt(l+A)-1 v dl , 

r 
where r is a curve in p(-A) (the resolvent set of -A) such that 

,arg l ~ t ~as Ill~·~ for any fixed~ e (rr/2,n). 

In the case when f "' 0 the solution of nonhomogeneous problem 
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is described by this formula 

t 

(1.4) u(t) ·T(t)v +I T(t-s) f(s,u(s)) ds. 

0 

The aim of this paper i::.,· to give the error estimate for 

discretization in time (Rothe's method, backward Euler's method) 

to the problem (1.1) when the initial element v is assumed .to be 

only in ~- The main result is .formulated in the Theorem 1. It is 

easy to see that such an estimate is reasonable only for 0 < t " 

T. For large values of t we can suppose smooth initial data in 

virtue of smoothing effect for parabolic eq~ation. 

Error estimates for semidiscrete Galerkin method applied to 

parabolic problems ha've been· derived by many authors, cf. (1], 

(3-5), [7] and references therein. Completely discrete methods 

have been studied in .(4], (7] under.some restrictive assumptions 

on the right-hand side f. 

Our work differs from the ·ones mentioned above in three 

aspects. First, we work in Banach space only. Second, we deal with 

more general operator. Third,·. the right-hand side is nonlinear. 

Remark 1. c denotes a generic positive constant independent 

of •· 

2. Main result. Let us consider the following discretization 

in time 

(2 .1) (ui -ui_ 1 )!• + Aui 

uo v 

where • >0 is the time step (• "'•
0
), ti 

One can prove that 

2 

f(ti,uf-1), 

i"C. i 1,2, •.•. 

;i 
I 
I 

I 
l, 

~· 

I' 
~ 

(2.2) ui 

i-1 

(I.+ •Al-i~ + ~ 

k=O 

(I+ •A)-(i-k)f(tk+1'uk)•. 

Lemma 1. (i) Let u be the solution of (1.1) defined by (1.4). 

Then 

llu(t) 11 =< c Vt :< T. 

(ii) Let ui (i 

(2.2). Then 

1, 2, ••• ) be the solutions of (2 .1) defined by . 

lluill =< c Vi 1,2, .. · •• 

Proof In virtue of (1.2) we have 

(2.3) llf(t,x) 11 =< c (1 + llxll). 

(i) Using 

IIT(t) II :< C Vt E <O,T> ' 

(1.4) and (2.3) we get 
t 

llu(t)ll =< C + C I llu(s)ll ds. 

0 

The rest of the proof is a consequence. of Gronwall's lemma. 

(ii) From (6,Th.2] we deduce 

(2. 4) II(I+•A)-ill :< C Vi 

Applying this fact to (2.2). one can find 

i-1 

1, 2, ••• 

llu iII =< c + C ~ llukll .: ._ 

.k=O 
The assertion (ii) follows from the last inequality and the 

discrete version of Gronwall's lemma •. 0 

Lemma ·z. Let· u be the solution of (1.1) defined by (1.4). 

Then 
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llu(t)-u(s)ll ~ cr (1 + t-1 ·+ ln(tr-1)) 

for 0 < r ~ t < s ~ t + r ~ T. 

Proof: Let us denote h = s-t ~ r. We can write· 

~h 

u(t+h) - u(t) (T(h~-I)T(t)v +.I T(t+h-z)f(z,u(z)) dz + 

t 
t 

+ Jcr(h)-I)T(t-z)f(z,u(z)) dz 

0 

Il + I2 + I3. 

Let us estimate I 1 , I 2 and I 3 • For any t > 0 we have T(t)v e D(A) 

and [2, Th.l.4.3, Th.1.3.4] yield 

(2. 5) III ill ~ Ch IIAT(t)vll ~ Cht-1 llvll " Crt-1 • 

For the second term we get 

t+h 

(2.6) III2 11 s I IIT(t+h-z)f(z,u(z))ll dz ~ 
t 

t+h 

"c I llf(z;u(z))ll dz ~ Ch s cr. 

t 

We estimate the last term in this way. If t r it is easy to 

find that 

(2.7) 

If. t > r then 

III
3

11 ~·cr. 

I 

t-r 

III 3 11 ~ J II[T(h)-I]T(t-z)f(z,u(z))ll dz + 

0 
t 

+I II[T(h)-I]T(t-z)f(z,u(z))ll dz ~ cr + 

t-r 

4 

.) 

~ 

t-r t-r 

+ Ch J IIAT(t-z)f(z,u(z))ll dz ~ cr [ 1 + J (t-z)-
1 

dz ]· 

0 0 

From this we conclude 

(2.8) III 3 11 ~ Cr [ 1 + ln (tr-1 ) ] • 

The rest of the proof follows from (2 •. 5) - (2.8). c 

Theorem 1. Let u be the solution of (1.1) defined by (1.4). 

Let ui be the solutions of (2.1) defined by (2.2). Th~n 

llu(t.) - u.ll ~ c ~ + r + rt. + r ln(t.r ) , [ 
e -1 · -1 ] 

~ ~ ~ ~ 

where c ~ C(T,v,c
0

), i = 1,2, ••• 

Proof : Let us denote 

Tr(ti) (I+ rA)-i. 

Then we can write 

(2.9) 

where 

I4 

I• 
2 

u(t.) 
1. . 

- u. 
1. 

~ I1 + I2 + I3 + I4 + I5, 

. I 1 = (T(ti)~Tr(ti))v, 

i-1 

I T(ti-tk> [f(tk+1 ,u(tk-)) - f(tk~ 1 ,uki] r, 

k=o 

i-1 

I 3 =I [rcci:-tk) - Tr(ti-tk>] f(tk+ 1 ,uk> r, 

k=O 

ti-t i-2 

J T(ti-s)f(s,u(sj) ds- ~ T(ti-tk)f(tk+1 ,u(tk)) T, 

"( k=1 

"( 
t. 
~ 

I~= I T(ti~s) ;;s,~(s)) ds + J, T(ti-s) f(s,u(s)) ds-

0 ! ; .t: 
J.-1 
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-·[ret .Jf(T,v) + TC•Jf(t. ,u(t. 1»] •· 
~ ~ ~-

Now we estimate r 1 , .•. ,r5 . From [6,Th.2] we get 

(2 .10) -1 III1 11 s C l:t. . 
..-l . ~ 

It is easy to see that 

(2 .11) III
5

11 s Cl:. 

)i'urther 

(2.12) 

i-1 

ur2 u scI: llf(tk+l'u(tk)) - f(tk+l'uk)ll 

k=O 
i-1 

s C I: IIU (tk) -ukll i 

k=O 

i:...l 

c I: llu(tk)-ukll 1: • 

k=;I. 
The third term can be estimated in this way 

i-1 

1: s 

III3 11 s I: .II{T(ti-tkJ-T,(ti-tk) }f(tk+l'uk)ll 1: + 

k=l 

+ II{T(ti)-T,(ti) }f(l:,v)fl 1: s 

i-1 i-1 

s C [I: (i-k)-
1

11f(tk+l'uk)ll 1: + •] ": c ': [1 +I:. (i-k)-l] 

k=l k=l 

c 1: ( 1 + fl k -1] • i 

k=l 

So, we can write 

(2.13) ur3 u s C 1: .( 1 + ln(til:-~) J~ 
because of 

n 

(2.14) . I: ~-l s 2 ln(n+l). 

k=l 

In order to estimate the fourth term we rewrite it into.the 

6 

~~ 
) 

1 
J 

following form 

where 

r4 =. sl + s2!· 

t 
i-2 k+l 

s 1 ~I: I T(ti-s) [rcs,u(s))-f(tk~:J..'u(tk))] ds, 

k=l tk 

t 
i-2 k+l 

s 2 = I: I [r<tf"-sJ- _rcti-tk) J f(tk+l'u(tx/l ds. 

. k=l tk 

Using (1.2), (2.14) and Lemma 2 we obtain 

t 
i:...2 k+l 

us1 u scI: 'J ll[rcs:u(s)J~iCtk+l'u(tkll]ll ds s 
k=l t . 

.k 

t 
i-2 k+l 

scI: I .[ ls-tk+lle + llu(s~-u(tk)ll] ds s 
k=l tk 

.. tk+l 

",c· f 2 

[ :l+B + I 1: .[t~1 + 1 + ln k.] ds] s 

k=l tk 

i-2 

scI: 1: [•9 + 1: + k-l +. 1: ln k] s 
k=l 

s c [•B +. 1: + 1: ln(ti•-1>], 
Applying_ [2 ,Th.1.4. 3,Th.1.3 .4 ].:one. can. get 
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. tk+l 
~-2 

11s2 11 :s II L I [r<s-tk)-r] T(ti-s) f(tk+l'u(tk)) ds II :s 

k=l tk 

t 
i-2 k+l ' -"" L I (s-tk>IIA T(ti-s) f(tk+l'u(tk)lll ds :s "' c 

k=l tk 

t t 

~2 Jk~l . -1 
i-2 k+l 

"' c . . ~ (ti-s) ds :s c L I ~ (ti-~k+l)-1 ds"' 

k=l tk k=l tk 

i-2 

"' c L k-1~ -1 
:s c ~ ln (ti~ ). 

k=l 

so, we have proved 

(2.15) III4 11 :s C [ ~B + ~ + ~ ln(ti~~l) ] • 

,In the end, using (2.10)-(2.13) and (2.15), we conclude 

'i-1 

llu(ti) .- uill :s c [~ + ~B + ~t~1 
+ ~ ln(t 1 ~-l) + L llu(tk)-ukll~]. 

'k=l 

The assertion of the Theorem 1 follows from this fact 

applying Gronwall's lemma. a 
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