


v;.‘Introduction Let X be a Banach space with norm [ Let A
be a sector1a1 operator in % with the domain D(A), where Re a(A) >
ao > 0. The problem we are conslderlng is the parabollc evolutlon
equation
(1.1) . u’(t) + Au(t) = f(t,u(t))

’ u(0) = v e 2.
Here -the function f : R x X +» X satisfies
o ( lt-sle + lx-yi )
VX,y € X; Vt,s € R; 0 < @ = 1.

(1.2) ‘ HE(t,x) - f(s,y)0 = C

It i# well known that for f = 0 the solution of homogeneous
probiem_is»defined’in this way ‘
(1.3) S u(t) = T(t)yy = (2ni)~t J sl an
o .l |
where T is a curve in p(-4) (the resolvent set of -4} such that
_arg A -+t ¢ as Al -« for any fixea ¢ e (n/2,m).

In the case when f # 0 the solution of nonhomogeneous problem
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is described by this formula

t
(1.4) u(t) =T(t)v + J T(t-s) f(ﬁ,u(s)) ds.
o - -

The aim of this paper ifd‘to give the error estimate for
discretization in time (Rothe’s method, backward Euler’s method)
to the problem (1.1) when the initial element v is assumed to be

only in X. The main. result is.formulated in the Theorem 1. It is

easy to see that such an estimate is reasonable only for 0 < t =

T. For large values of t we can suppose smooth initial data in
virtue of smoothing effect for parabolic eqﬁation.

Error estimates forysemidiscrete Galerkin method applied to
pa;aboiic problems haVe been'derivedkpy many authors, cf. [1],
[3-5], [7] and referenéés therein.” Completely discrete methods
have been studied in {4]; (71 uhder'soﬁe restrictive assumﬁtions

y

on the right-hand side f. .
Our work differs from the -ones mentioned above in three
aspects. First, we work in Banach space only. Second, we deal with

more general operator. Third, ‘the right—hand side is nonlinear.

kemark 1. C denotes a generic positive constant independent

of T.

2. Main result. Let us consider the following discretization

in time
(2.1)- (ui -ui_l)/t + Aui = f(ti,ui_1L
Uy, = v
where T >0 is the time step (Tt = to), ;i =1it, i = 1,2,¢-0. «

One can prove that

e,

g

. R ! .
(2.2) uy = (L+ ) ly +Z CR I (L2

k=0
Lemma 1. (i) Lét u be the solution of:(l.l)'defined by (1.4).
Then

Hu(t)n = C vt = T,

(if) Let u; (i = 1,2,...) be the solutions of (2.1) defined by.

(2.2). Then
o= C Vi =1,2,... .
CProdf’} In virtue of.(1]2) we have
(2.3) : WE(E,X)0 = C (1 + lixl).
(i) Uéiﬁg - ) .
IT(E)N = C© LVt € <0,T>

(1.4) and (2.3) we get
. T t

llu(i)la =C+C J hu(s)n ds.

0

The rest of the proof .is a consequence: of Gronwall’s lemnma.

(ii) From [6,Th.2] we deduce

(2.4) T ey i = ¢
Applying this fact to (2.2) .one can find
Toi-1

T

g

ﬂuiu =C+C
. k=0 )
The assertion (ii) follows from  the last inequality and the
discrete version of Gronwall’s lemma. ) o

iy

Lemma'é. Let u be the soluiion of (1.1) defined by (154).

Then



t-T . . . t-T

PP -1 '
lu(t)-u(s)l =ct |1 +t + 1n(tt . -
.  fu(e)-u(s) [ ( ’] + Ch J AT (t-z) £ (z,u(z)) I dz = CT [ 14+ J (t-z)"1 az ]
for 0 < T=t<s=s=¢t+7T=T. . . EE . . .
: . ] : . . 0
Proof : Let us denote h = s-t = T. We can write~ 3 From this we conclude
tyh (2.8) Cowrgn s et [ 1+ 1n (e} ]
- u(t+h) - u(t) = (T(h)-I)T(t)v + T(t+h- i ' g
: ( ) (t) (_(~l IT(t) ‘I (t+h-2)f(2z,u(z)) dz + g The rest of the proof follows from (2.5) - (2.8). o
N t N ’ ‘ N V'
t ; : : : »
: : : Theorem 1. Let u be the solution of. (1.1) defined by (1.4).
+ T(h)-I)T(t-z)f(z,u(z dz =I, + I+ I,. : y : y - -
J( (h)=I)T( Vf(z,u(2)) dz 1 2 3 ! Let u; be the solutions of (2.1) defined by (2.2). Then
0 ‘ . : ’ . . _ L
. . : lu(t,) —u.t =C [ T + re + rt.l + T In(t.T 1)],
Let us estimate I,, I, and I,. For any t > 0 we have T(t)v e D(a) . 1 1 e 0
. T : where C = C(T,v.Cy), i = 1,2,...
and (2, Th.1.4.3, Th.1.3.4] yield ]
. . . . R Proof : Let us denote ) ot .
: -1 -1 ' - ) :
2.5 WI.l = Ch nar(t)vi = i = . : . - . - -1
(2.5) 1 (t)yvi = cht = Wwvi = Ctt T (t)) = (1 + ta)~i,
For the second tefm we get ’ ' ) Then we can write
t+h ) : ’ .
v . . . . : - (2.9) q(ti) - ul. = I1 + 12 + I3 + I4 + 15,
2.6 nI i = +h- = S :
(v ) I, s J T (t+h-z)f(z,u(z))t dz where ’
A : _ o v = -
. : ‘ : » ; S Iy = (T(E)T (E))v,
J ( a . : i-1
=C if(z,u(z))l dz = Ch = Ct. . : o o e, 2 R )
» : ‘ | ‘ Iy = Z T(t;-t )[f(tk+1,u(tk‘)) S ()| T,
. t SEERE T ; ' 5 ' 2o
We estimate the last term in this way. If t = T it is easy to } . -1
find that ‘ o o b : l = - - -
o . , o 0 I [T(‘r tr) - Tl tk)] Ftypqety) T
(2.7) g sccr. - » k=0 :
3 t, .
If.t > T then 4 i1 i-2 .
t-t T .
] J T(tl-s)f(s u(s)) ds - E: T(ti—tk)f(tk+1,u(tk)) T,
L S n[T(h)—I]T(t—;)f(;,u(g))u dz + : o1 BRI
] . t
R t . o , . T - AN
+ J W[T(h)-IIT(t-z)f(z,u(z))n dz = CT + Ig = J T(t; 'S) f(S u(s)) ds + J T(tl-S) f(s,u(s)) ds -
t-t o ’ ’ ' ) . Y ,*”J";? EERRE I S SO : . Lt
e



-'[T(ti)f(r,v) + T(r)f(ti,u(ti_l))] T.

Now we estimate

» 1,...,15. From [6,Th.2] we get
(2.10) . iI,n = ¢ reol V
. . . " =g T
It is easy to see that
(2.11) 7 ’ ' Il = cr.
Further
: i-1 , S
(2.12) "IZHYS c E: uf(tk+l,u(ck)) = L(ty T
k=0 L
i-1 Cim
=C E: Hu(tk)-uku T =C E: Hu(tk)-ukﬂ T .
k=0 _ et k=1 ‘
The. third term can be estimated in this way
I ! : ) .
I = E: '"‘T(ti'tk)th(tiftk)’f(tkfl'”k)" T +
k=1 ‘ '

+ T (E) =T (L ) (T,v)0 T =

i-1
sc [ E: (i-k)’luf(uk+1,uk)n TFT

k=1 : k=1
1

_i -
=CT [1 + E: k-ll. e
. ' 4
k=1
So, we can write
(2.13) 0.1 sC T [ 1+ In(e,t Y ]
: R . i’ A
because of '
n .
(2:14) _ E: k1 < 2 In(n+1) .
’ k=1

,In order to estimate the fourth term we rewrite it

<

into.the

following form

where

I

t
J T(egm9) [Flsuen -Fiey, ue,))] as,
t ' '

t
i-2 K1 ‘
52 = E: J [T(ti-s)—iT(ti—tk)] f(tk+1,u(tk)) ds.
- k=1 tk
Using (1.2), (2.14) and Lemma 2 we obtain
¢ .
‘ i'_z k+1 . ) .
s s © E: "[f(s,u(s))—f(tk+1fq(tk))]" ds =
Lo REL L,
. t
L g ke '
= C E: J [)'S_tk+1| + uu(s%—u(tk)n ] ds =
k=1 1ty
o ) “t
i-2 k+1 |
s C‘E: [ %0 4 T [ckl + 1+ 1n k,] as ] =
: k=1 Ck ‘ : X
i-2
=C E: T [te +t+ kY4 zan k] =
k=1

<C [te - ln(tit-l)].

_Applying'[2,Th:1.4.3,Th,1.3.4]nnnewcan,get,



tre1

i-2
uszn = ’ }: [T(s-tk)~I] T(ti—s) f(tk+1,u(tk)) ds l =
k=1 tk - :
t .
i-z K1 S .
=c }: J (s-t)]a T(e;-9) £ty uit, )] as =
k=1 tk
th+1 K+l
i-2 i-2 .
=C J Tt (t,~s)Tas = ¢ E: T (tl—Fk+1)' ds =
k=1 tk k=1 tk )
i-2
= C E: k1t < ¢t 1n (e,c7Y.
k=1
So, we have proved
: ] RS |
(2.15) } HI4H = C [ T+ T+ t,l"‘Fit« ) ].

In the end,‘dsing (2.10)—(2.13) and'(2.15), we conclude
) T i-1
-1 .
v+ T 1n(tit ) + }: Hu(tk)—uknt].
o ‘ "h=1
The assertion of the ~Theorem 1  follows -from this fact

la(t.) - udl = C [t + @ et
. i’ T ) i

+

applying Gronwall’s lemma. c ’ o
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