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1. Introduction 
We s~udy maps with two turning pointe, i.e, bimodal maps. One 

of their essential features, to our opinion , is that such maps in 
general are described by two parameters. So here we encounter some 
problems which or don't appear at all in unimodal case, or are 
rather trivial, For exampl•, dynamics of bimodal maps is defined by 
lwo kneading sequences\ itineraries of two turning point• J, So if 
we want ~ prove the theorem about realization of all possible pairs 
of kneading sequences -l the corresponding theorem in unimodal ease 
is proved relatively simply ), then we need to consider the question 
~w a set in a parameter plane where an itinerary or one of the tur­
ning pointe is CQn&tant, looks like. It is also intersting whether 
there is some conqection between relation of parameters and relation 
of kneadin& sequences. We will •tudy these questions in the ease o£ 
piecewise linear bimodal maps, These maps generalize "skew tent" 
•ape which were considered in /l/, In fact, this work inspired our 
investigation. Bimodal maps were intensively studied by R.Mackay 
and C.Treeser / 2/,/J/, They used kneadinc theory to describe the 
hirurcatioo structure and to Cind tke boundary of topological chaos, 

We consider'the continuous piecewise linear maps F:C..·I,IJ-+-E-1,.(] 
which a:a,;e given by the formula 

Jo.:x. ..... -I -I ., X < c 
F>.)' (z) = {u ~"' c < X "' d. ( 1. 1 ) 

.)'X .. I -.)' cl. < X~ 1 
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where 

_ Jlcl<-.t- }:1-J\c -).. 
K- d . - c 

}l.ccl-c_..,d. +Jld. ·>c}1- c -d. ' "' = :..:..:=---'"''7"'-'-=::....:....::.<:;_!--=--:..:.... 
d-e 

J.>O,C<O. We shall consider the mapa with ~ following 

proper'k.iea 1 

1.F(:s:.) ia strictly increasi&g on [-.f,c) U (d)J] a.nd strictly 

decreaei.Jig on (c 1 J..}. 
2. F is a mapping o£ [-1 1

1] in'i.o itself' t then F(c)E .f 
F(ti.J~I). 

:J.F(C)'l:d,F(d.)$C i.e. we consider "essen'i-ially" bimodal mape 

ra~r Uhan mono•one or unimodal 

We shall assume/CJ•o/..: 1/!l, 

£or us only the equal ;I. ty / C J := d 1 

aap•. 
l in fact, it ie important 

but ~ie always can be achieved 

by eo .... notone differemtia~le 

quadra&.ic ) • Th.e value d.: 1/,!l.. 

Tbn 

chang• of' coordinates, cor ·~--ple 
we choose ju•t :for simplicity. 

and accordiq 'l.o 2.,:) • .i\ 1)" 1 
H vary in the range 3.;e.f\E 4 1 

3~}"-&'1 1 -~$KE-I. 
Tl:i.e main result of this paper i• t:bat tllle -.p from •oa• 

au .. et in the parame'i.er plane to ao .. •u-.•t o£ kneadinc aaquencee 

pairs ia 1-1 and oa'l.o. We e&all sAow 'Uaat a set in the parameter.: 

plane where an initerary of one of _the turning points equals -to 1C 

given sequence from this subset , ia a continuos increasing curve 

]I (;•l • The plan o£ our paper ie aa :f'ollove. ~n •ection 2 we 

recall aome notion• oC kneadina ~eory an4 give neceaeary de~1nitione 

Xn eection 3 we eAall prove eome eat~t••· In ••ctioa 4 we •hall 

pro.- monot.onicity or the kneadina ••quencee, in section S 

ia~er.adia~e Talue theorem, and fiaally, ia sectioa 6 - ~ theorem 

a~ut realiaability o~ a gi~•• kaeadiac sequence• pair. 

2. so ... de£:LD.itioD81 .. d etate .. Rt: o£ r••aJ.t.• 

Ve •ha1~ consider ·~~olic dyaa.doa of owr .. P•· The ._eie 

aotio .. oC kaea~ theory eaa be •ind ia /~/, and eepecially for 

W.-.oda1 -ps in /3/. 

I£ we oonaider bimodal ••P•/ (:r:) witla. turninc pointe C J d 
~Co each point ~ or&~#] one caa aa•ociate , .. itinerary 

d.ei"iaecl t,o be t.11e eequenee ot •~1• L, C 1 M~]), R .. d. eoaet:ru.cted 

by tlile ... :K, ru.l•• 
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L - f ~ .,~(~) < c (or we shall write /ix)r.:L) 

c f'cxJ ~ c 
I~ c:~:J = M d..< f'c:z:J < c 

]! f~ (X} : J. 
(orf'C~J< M 

R d <l'cxJ,.; 1 or f'C>-iE R ) 
in:fini te I I I I I I(::c.) is or sequence ofL S ,HS , R S or :finite sequence of'L s.Ms, 

R'S f'olloowed byC or]) Two itineraries can be compared. 
First., L <C<M<JJ< R We say fJ= § , if'Ai= B.: _.l.:o,J, •. .,Yi 
if' A is finite, and Ai.. = Bt , L::~ 0 1 1

1
2 1 ·•· if ,d is infi-

nite. Irj * § then ~here is an index i , for which Al * Bi 
Le'tm.::mlni, TliLen we say A< S 1 if either 
1. Tb:ere are even number- arM's inA 0 ••• Am.-1 andAm<Bm,or 
2. Tltere are odd number of' M's in A0 •.• Am-I and Am >Bm 
It. is eady to check that ! (:z:.) <I C!ji =CI- ·X < y and 
z: < J1 =t .! (.X.) '$ ! (}I) ( f'or our maps we have :X < iJ <.;-> [ (r.) <,! ("!j) 

Now we use these notatfo:ns f'or maps F11,)J ('X) Let 

!(F,,f' <-k!l: !\.\,)1) ,I( F,,!' I"} I) = r ().,jH. + 
Since F)l /'f {-lt~) - i'JlQ.X F (:x.) then I (A ).JI) is 

maximal ( see 14/ ), i.e. -XEL-f,IJ ::>.,ft -

r" f!C11.J'l ~ I • < }<,J"I ... K = '· J., ... 
where :T denotes a shif't J~ -:.A-t A~ ••. , and simila-
rily 

I • -It ie obvious that _ > I and moreov<:!r 

J" '( - " - + I )1·1'' ;;. f (:.1,) :r .! o..J' J " I ( )\., .!' J. 
The standard way of comparing r+ and I- doesn't seem to be the - - + best ona, It is more natural to "make 11 from[ (l.j') minimal sequenoe 
( Or :from_!-(~./'~ maximal ) and then to compare them. So we give 

Definition 1. If !1 = Ao A, ~.4 , then 

!1·~ A~ A·, A~ where Lit~ R I R *= LJ M ... =' M, c*-= D. 
This construction will be very convenient for maps under con-

sideration, sinc:e if :x: 6. R , then -X. G- L , and i:f X E:: M, 
thlen - :Z. f: M ; :r. : C ~ -:z. = d. . Hence if~ = J F ( "X) then 
1 .. = I(-:t)I(-F(=<I) ... J(-F"(:cJ)••• Note that (d,')'=.!\ It is 
also trivial to prove that if A is maximal, then .fi,. is minimal 
and vice versa. We have the next relation between(f+(.hjJJJ* andi{o\.tf) 
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Theorem A. Let ( 11. ;M E :iJ 
A+-JI~¥ Then ., 

tc>-..r) -..(rcll-j')) <=> 
Fu~er we would like ~o prove a ~orem about realizability 

of' a given kneading eequncee pair. For this purpose £1st we define 

class of' maps. Since we consider "everywhere expanding" maps ( i.e. 

JDFt:r.)J">I VXEE-4,11) , two points .X 1 !;J. X :1: JJ will noticeab-

ly separate ( under repeated action of' F ) It mean8 that F (-:c) 

~sn't stable periodic orbits, and this imposes some restriotions 

to possible Corm of' kneading sequences. For example, if for some 

values Ao 1Jio, FJto.fo (3.) is supers table, f~{lto-J~ol=!JC , then for 

every ().,f'J * (1toofltJ) ( no mat. tar how small is differem:e max. [JA->..o/, 
/)' -.Jio/ f ) this supers table cycle will be deatroyed. ( Thi.a is 

no~ the case for smooth maps where there is some neighbourhood rT 
o< (11o,j'o) such tha$ \1 C><.r) E U" I+(~.J<) = (.~F)"") I="= M. t..' c) 

Now we define class n oC kneading sequences pairs. First, 

we shall say that. }. E n CL , iC 

1A. A ,. is ma;imal, T"~ ~~ , I(: I, .2., •• D. :E A ~ R 00) 

2A. I<~ =!! C $hen ~~4i (A C)"" where tj e: denotes 

extended itinerary ( see ) 

)A. oan not be represented as f!. "' f , where g is 

a Cini te maximal sequence Q. > D 
ce, containing symbols L 1 H 1 C 

• and E is a maximal sequen-

1 and 

Q•F=Q.F0 QF1 ••• 1< .Q. is even, and 
~ v v -- -.,-v 

~ • .f =~Fe~ F1 • •• 
if g. ie odd, where L=M 1 M-=1-,C-:C 

Remark. T~a deCinition is simdlar to ~ -product in uni­

modal caae / 4/. OC course it is not oomplete, but euCCicient for 

our purposes. It is easy to prove ( analogously as in / 4 / ) that 

def'ined in this way fl. Jl. £ is maxi .. !. Moreover, if" ,1 can 

no"t be represented as a. F , "then for every finite maxiiD&.lS >D 
we mua"t bave one of' th; in:quali ties~ >g....,_ M L. "0 or 

~ -= g * !t ( o-therwise one can prove that there ia £ such 

"t.hat. A= g *! in above sense ) Similar sequences in unimodal 

case are called primary. 

We shall say that ~ E:: n, if 

lB. § ,.is minimal J"" .f! .;t; § ; K = 1,1., ••• 

2n. u.!! = !!lJ , then !!o. = (BD)"" 
)B. ~ can no"i. be repreeented as- P * K 
a f'init.e minilll8.1 sequence .f < C .-and -K 

4 
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.-

containing symbols R 1 M ~ D and 

fA- Jj = E 110 E M 1 if .f is even 
f • ~ = t lio f A-1 • - ~ tf' .e 1s odd. 

f~ tf is minimal; if' .§ can be of' f'orm P • J.1 then f'or every 
finite minimal f < C we must have B,; £ .,-R_""' or § < P • M R"'" 

We shall say that (A 8 ) if' A C'= n;. 8 E n 0 and ~ _,- - .... ,_ t;> "" 

1c. u~~~D then ~-=~.DB 1 if.@:~ c then.§,.~~Ct\ 
2C. n r·-·~ * D then J"'.A > 8 J "'= 1,~ •••• 

If r..:.-• ~ ·-~=- c then :rl( ..§ < i k'.:: 1,.2, •O 

The following lemma shows that these conditions really def'ine 
possible kneading sequences. 

Lemma C. Let .3 1f .I\ :S "" 1 3 '5:fi ~ 4- Then 

(!: .. <~-J'I, {<~!''! E n . 
And finally we describe the main result of this paper. 
The~emc._ Let ("h~)c~=-[:i\~4-j:;In..)J- ~ 4 -J;-1.} 

Let n => rT = [ (~,§.).: n, 6 <: RRD, 1!.;: L.LC} 
Let (~ 1 §:)~ jf. Then tl'llere is an unique (>I:J)E ~ such that 

:!." P._J') = fj ;C ( ),_jd = B. • 

J. Some estimates 

Here we shall obtaine some eetimatea of partial derivatives, 
We use the ~echnique developed in /l/, Let 

x: - F. n (-!. ). 1.{ - F." ( J.} a - <I :x;, g - • XA <> - <I It~ ct 4 ~~ n.- Jt.J' .L ,a,.- IIJ' .£. ) 11.- », 1'1.- ~, '"'- J'J\ 'r"'·=~. 
I • '.}J These derivat.~ve:s exi.st if X,:.*'"!: 113, ~:Ji. 1:-:t ~for all_ c..~ ;z. , It 

.means that I i l= C)]) for all ~ < n.. , and r i. -;: c, D £or all 
'"<n.. /1/ r_,_rT r" Now we define some notations as in , If 1 4 ~-~ ~ 

doe .en' t contain C 1 D then we define 8 ~ ae the number 
M' 1_,_ ·r-f- e" of 5 ~n f ~ ... n. and set £"'"= (-1) fl. , Similarily, 

iri;r;.~ .. r~ doesn'tcontainC,]) ,then9~ isthe 
number or N's in tbi.e sequence, andfn.~C-t}e;., rfi;~c,]) 
{ or I~ :.C1 :D then E,_= 0 Cor all n..;.;: l"i ( (17. ~ 0 for 
all l't. ~ H ) • 

Le"""" lB. Let (Jo,)'l e .£> 
and a 11 En. 7 o "'t' n. a. f 

If €11..*0 \In~ I then e.·m /altJ: 00 

"~"" 
I£ ¥~~.-.,o 

Proof'. 

't'n-~ f then C"".J.,Yn<O and e~_, I q 11 J = oo. Q 1\."+ ~ y 
We shall prove the estimate for a. i'L ( and the esti-

maae for ~~ can be obtained in the same way). 
We recall that for simplicity we assume lei:= d.-::. 1/J... Then from 
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( 1 ,1) one can obtain the recursive formulas: 

a,=o, a,·• '!:<. 

:if- 1 ~ xt1.<-f (x."' Ll ' {XII. + ). a.,.;- 1 

QMI: - ~:: HQ_. +.1;- if' -f~ xi"L < f 
if' f" <. -Xn -s: I 

( 3. 1 ) 
("'~t:MJ 

( "'•., R) 

Tnen we can obtain the next estimates; 

i'OIL'Ei at~rl <~a"" +f 
i<~< ai't+t <f . .,.J.<a,. 

an. ... , ·• ..)-1 Cl~~,. 

u x..,.e L 
if' JCn.. e-M 

if 

(J.2) 

+ 
Let K be the first index for whichiiiC::M{k>4). From (J,2) we 

have 

0 < a. ... < 0.1 < • • .. < 
;. /( ·:,_j- I 

and in fact Q 1< .. .)-' .i\ a 1 

:r+ I+ • ' in f .. • • IC-1 ' I< -d-., is 

where d 

the number of 

(J.J) 

is the number of' R's 
L 's I+ J+ •in t ..... l(-1 

To provide a constant sign of 011.+ 1 

I 

when;rn..:; M we must have 

I< art+ ·r < 0 (J.4) 

and :for increasing of' i an,f we must have 

1<'0,_ + l " - q._ (J.5) 

ulo:ai!.J=Jo<1J>t and /1<1"1/0.o. > 1. then by (J.J) (J.4) and 
(3.5) hold, Since_)' >3J Int >I ) the first inequality is satisfied, 

and~ second is true i~IK+fl ~I , but this is the case when 
(ltjl) E: of) , Hence the s1gn of' Ofn.. is changed to opposite on N 

Since 1t.aA.=~)II~ > IJ~ , the sign of' an. iS reserved on L 
and i:f' an.. comes "to L with negative sign, then since ('A-1))'4/~ "> .1 J 

Jall.+.fi">IC\.n.J • So the aign of O.n.,.. ohanges only on M, henoe 

We also have 

loei .:0 fa, I.:. " I <>ni. 
More oYer 

N'R !ft:J Ar,_ I"'"' " 1: )I }K} .. :1. ' 

N'"R R's I/ -1-
where .. the number of in I ,_, 

N'~.o is the number of L's in I~ .. ,.r .... l'l.-f 
N'M is the number of M's in I~ .... r+,__, 
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So ~he assertion of the lemma is obvious. 

Lemma 2B. Let 3 $0.1'f ~ 4 and .. '\ ~ 4 - l/_1-1). If c:l'l. ~ 0 \fl'l. ~ f 
then En.iln. < 0 and e:ITL J B,j = oO. 

fl.·~ CXI 
Proof. Note the condit.ion A>- 4- f/.}-1.2 means that 

and /11'1 -"' 13/g 
Let us write the recursive 

{ 

;\15,_ • Xn. E L 
g._., = - .t x,.. -~ ., ~""- . ~ ' 

:x:.._ + ./" e,. - 1 , 

150 ~ tG1 : 0 , 8_, = ~/.t - z . 
From (J.6} we obtain: 

formulas 

.:X.rr..E 

X"n,.C: 

B,..H = )1. IS,.. Xn.-" L 

£or 

M 

R 

fig,..- t < ~ ........ , 

..)-' 16,._- i < g.,_rl 

< ~ &..._ • 'X.Jt., e: M 

<)/ (!,,._ • oc,.. E R 

B,. ~ 

(J.6) 

( J. 7) 

Let N' be the nwnber of R' S in ! + from the beginning, 
Le. ~+: ~R ( N">.<. ) N" can be find as follows. 
Let f. -.:t, ,!"_ E. , E .,.0 Then X 1 =-i'f.t- f.:: t-€ 1 X-i..::. ·/-.f'E. 

"X.O"L= .f -)"lfl-lt,. ,11-=.R.1 •• 1 K'•f.From (J.6). we obtain: 

S.,.=- ~, €5 = t-..1'•-J'•-r ·= -.Z;-<• 

{gN"•I:- N"~r-T-1£.:- J.r [1 ·- X..rri] • (J.B) 

./' ·• Let us consider the minimal value lr:3 •!= RRR•.u ( It is obvious 
tha.il. if the assertion is true for W' = 3 
also t.rue :for II"> 3 ) 

+ If:!= R.RRL ..... then since X~< lf.t. 
(J.6)J8.5J-~3Ajg >I. Later we'll see that this 
provide the necessary behaviour. 

then by (J.8} it is 

, JC. J ,..1. > -1. , and by 
.fi.JI 8 

value is sufficient to 

Now let I-; RR R. H ..... Let J be the number o£ ' <. 
e. I*'= RRRM-... M - ..__..,.,._ 
LJ=I •J'=jRRRMR ••• Tb.en:X.,<Oand}6~/:.~f'l tf15 t>>l'l 2.J: 1 ,I-t= RRR.ML.,~Here we need some more exact estimatea. 

We have1 
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where F(x1)=- 1- ., ~, E: M oc..,-.=. -1/J.. - P.. > 2.-.u:.. so£< _a__, 
l'i 8 'ij'-1 

< 3 ) 
10~ 

.. .6 wb.ere x* is a fixed point, i.e. J, d =.2 LetX'f.,..;x..,. , 
l<)a:."+-ot.-= :x:.* ( :;~orne 1;alculations show that under the conditions of" the 

lemma ....:.L<·x .. .c;.2.... Since"%"-=.X*+t<.O.eM ,::c.*+-KA>-:f- and 
88 10 .0 

:x:, ~ x .. ;- I<~A -,. j- (J,9) 

From (J,6) we have 

e, o: (- fx'-;i- )(~<+I)- >;A+ ..;"-8~ • 

Using (J.~) we obtain 
(-!- -:X. ') 

IB,I >li"'IB.I- ,./"I - (±x*+~))ri+l/>o,:~.. I 6~1 >O,G. 

The case -x_.:x•- 6 can be considered similarily, 

obtain here the greater value of I g'1}. 

and in £act we'll 

4, J ·,.2, We'll show that if" /~/3: 3/8 then 

( J. 10) 

By (J,7) we have 

J€,1 >}ft5j' Jg.J > ~~~~' 
so J €n,J increase, "We have from (J.7) 

(6 5 > 1iB4 - '/z 1 K ~~ < K·~~- fH , /?,<>I go;« rl"-g•-! li 
e~ ~liB,- r > l'i•gy-fH'- f 

Thus if x!JfS~- 1 fti~- f :> ~ e~ then B:,.> g5 The inequality 

... By - t ,., ... _ /{ g" - i ,.. 0 ( K < 0' By < 0) 

h.oldl!l as it is easy to see 1£ { ~~ >- 3/8 , and l.}g.S /Iii I~ .2. · We can 

repeat these arguments, and show that;/6QI>}g.,_/, •••• and so on, 

Now we see that in all cases we'll start our considerations 

wit.h. a value J e~ J which is grea-ter than an "initial" one. J gi i 
will no"t decrease at the most "dangerous" part M , and in fact it is 

eal!ly t;o show, using (J.6), that icT"'l+= M"" , then eirn.l &n../-=oo 
In~ remaining easel!! "this is obvioul!l, 

,___.., 
Remark, Unfortunately, we can not consider a smaller domain 

in the conditions. For example, i:f we allow itinerary I+::. R R ... <R.RD 
+ -

then Carl= RRML.. •• ,. as one can see from (J,6) J6,.J becomes 

very ema;l, and for iterary!~RML ••• even the conditi~n f5LJ Eo; < 0 

doesn't hold, Of course, for some itineraries e.g.!~ RRL..L • •• ) 
we have En. ~n. < 0 21m. / Bn..J :: ao • 

) I"Z.-. co 
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Le-a JB. Let 3 ,.;t. .;·4 and.Ji"4- 1/;.>- Lf-<ii LLC 
If' jn.::t:.O Vn..~ 4 J then.Jin.fn..>D and n.~r:! I ('n.l .= oo · 

Proof' is the same as the pr•vious one, 

Let now Cn. -=an.-Sn ,Jr..·::. an.,. en. 1 2n..=pi'J.- 'f.n.' eft.=ftt.'+-~rz.; e!,~.~.r"are as 
hefore, Then we have 

Lermna 4B. Let)\ '-.f' ": 5 ·-r '(.3' If E'~-*0. Vn~l and.fn.*O t'n ~~ then 

r,_c,. >0' f.d,. > 0 ,,,.;?c,."" 0' rn.e,. .... a, e;mjc,.} "'e•m }d,.): l!imf>n J ·~ e•m/f./•00 
a. n+P3 n....,. <10 n.....,.C&:) t1...,. c:n 

Proof', We'll write only the recursive f'ormulas for Cn and d.,_ 
one. 
XIL E: L 

:r" € M 

x:,. € R 

Xn. E: R 

Finally, we shall prove a lemma in the same spirit, 

Let "'"' = P,~ (-f),~ ... = F~~ Cf-) Let I(<Xz)= r•cy,l,l•l, .. ," 
(Recall 'l.hat R•-:~L~C'=R,M*":M 1 -J4C .. -= D ) Set ~'l- = 'Xtt.,.iJI"Z.· 

Lemma A. If' (11;)1) E 3) "":JJ,F;n=I;0
1

"til'l.,.t,,,.,x then 

From. 

<,.;;;, > o vn..," e;m 1 J"" 1 , oo. 

9 
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x,_" M <)jn~ M I 
:X:n. e;R (~,eL). 

(J.12) 



I:fj-1/I(+IJ ~ f then by (3.12) frt.·6h> 0 'Tirt: IJ 

fol/ < i o.R.J < ... < fc•'l 

/ dllf ~ ;/.Jii.•H"L/i'ol{'('"/11. C\.-f!c), where lfR,N",.,tr._ 
t.he same as in lemma lB. Thus e;m, /6~~:/ = <.0 • 

i<. ;. c:o 

4, Monotonicity of the kneading sequences 

u~ing the estimates, one may prove the following 

TheoremB, Let ()\l 1J'oJ,().2.•jloJE/t) l ',\,·,.-,\.to• 
Then 

are 

f+U.,,j'o) > r+o.>,.f'o). <•.1) 
If ( ~•.j'd, (~•)-''-! blJ1 = [3:,.f'~q,il?:'i-};2 }•nd ft1 '>~ 1)"1 <.J''-
( )1.~1'14 ,/'·1 <.}Ji. or)(1 >l\~ ,.)",$:.')"~ also is possible), then 

+ ' . <•.2) ! ( ~··.!"" > t' ( ~ .. -/'2). 

Let (J<ofil, {·'•}"~)6 .2J , .J'•<".J'~·Tben 
(4.3) 

r(Ao.j',) > r 0"o j'•) · 
Let (~<.)'d, 0.>.J'z) &.2>z = (3"A "''+,./'.;4···~<.}, /If> ~-1. 

_)) 1 < .J'~ ( one of' these inequalities may be non-sharp 

then 

( 4 •• ) 

Proof', Since it is very aimilar to the oorreeponding proo:f in 
/I/, we shall not give it here, The idea is that, i:f, for example, 

>.1:> )\.t and fr(i\l~di:Jr( ),.:L .j4c) then according to l•mma 1B 
E:.,~>O, thus.I+(li 1,JJ.,J>I+(~,e • .u0 ), and sinceeimj~j-=oo the J) _,. - /'- ~F .,_.,_ Q),\ 
equality I. ("lt-tfoJ:f+(-',t,_flv) is impossible, if' "'~".t" 
{ In the case of' :finite sequences it is also impossible, because 

"~~~ * 0 ) • 
From lemma 4B we also obtain the similar proposition about mono­

't.onicity o:f the kneading eequence.s along lines 1\+j-~::: c:..:Jn!.t,~ )t-j-4=""'1l~t. 

Proposition .e. Let ('At-j~d,O.~'.flz.l &'..8a -=£:~~~~i.J/!I:r:}"'~'I,A+j·h{h5 
-"~+}1;. >.z.-ty • • 

Set U;.- .t }Vi'"' .t • t..=t,:t,If' ui > u~ I -u,:> tr.t ( one of' these 
inequalities may be non-sharp } then .. J: ~~ •. j'.l + 

> ! (h . .J':d 

I£_ u.~ < u2. 
1 
v 1 > -u.& 
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Proo£ is the same. 

We say that(~,.t.ft}.:t:{A.2.f.t)if' at least one of the inequalities 

)\1 * ~" , jlt * }'3. holds. Similarily {/! ,1 ~f) f. (~2., ~ .2. ) if' either 

~~ *ht or .~1 l: .~.2. Note that ~c<l)1 c..t)Jc.f)1&.t>..l.c..i).:Jc..£1 Then 
using theorem B and proposition B one can easily prove the following 

Co<ollary B. U ( ~'•J'•l,(••·J'•> <0 ..f5 and (~••J'•I * (N.,J'-'-) 
then u;+<~•.)'•>,! c~ •. )',l) * ( !+~··f'•',!-(~ •. .f'.l). 

In oUhsr words, kneading sequences pairs corresponding to 

disLinct pointe a~ the parameter plane are distinct. 

Proof. We separate the domain around the point (;ll,jil) by the 

lines )I:Coi?St!J:cM&t,)*j~:::~·t. (see fig. 1 

Fig. 1 

According to ~heorem B we havet 

! + <~·)') > f + ( h,, .f'd 

r (A'~'' < ± *' c "'· !'·' 
if 

if 

~~·!'> .;. I 

( ~:J') "' JL 
and by propoei~ion B : 

J+(~'f'' >I+ (h•·f'•l if c ~:!"' "' E. 
!+C~·)'><!+(A,,f'd H (~:!'''~ 
r<!.)'l>!-o•.J'•l if <~·J""' £[ 

r 1),}'1< !- c~ •. J'•l u Cl.J'l ' E 
So whichever point (i\~) distict f'rom ( '/1 1, .J:_1) we take, at least 

one of' +the itineraries !+("'11,.)') or "b (i\ 1)") will be di:f"f'erent 

f'ro.m. ! ( h 11 jl4) 1 or correspondingly f'rom ! - (>u 1 fC'). 
Finally in the same spirit. using lemma we may prove the theorem 

A. 

Proof of theorem A. It ie similar to the proof of the theorem B. 
If">->jl. E"* 0 tben according to the lemma A fn.En. :> 0 So if' there i.e .. 
the smallest m euch that I(~m.)*I~M), then Xm>- ~,.,..,. if the sequence 

I(:x:,} • • • I(>;,.,) is even. and x.,<- if"'- if I(x,) •• • I("'".,) io odd. 
But 1bds means that • 

1•1)}') :l(:x:,J ···I {:r:nJ ••• > I•~,) I ~.!J•' •.• I '"fJml··. =[(~j'>l. 
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Such rn exists, becauce if' r.·i- is infinite, then l;m I 0~)::: oo· 
.,.. - <:"' ,_.,.,<4/1/ 

If T ('A}4is finite, then rn. exists, since On:tO' see ). The 
in:,._;rse

1 

a:;;sertion is obvious ( I._ ()1
1
}) = (!-(lJL})., only if' J..~ ) . 

5. Intermidiate value theorem 

We consider some connected sei at the parameter plane, for 
example a continuos curve ~(-I:.J,):"(t) , Lettt:[to.~a,)l{toJ'= >.o:_tito):J"o 
and 711• Mt,),)"•')'ftil, fi>, f'o)'8o ,ft••)'1) = ~ 1 • .b'••)'ol • §. 0 • f'i ••.)'.1= J2 1. 
Suppose that~ 1 ·,.~c ,fi 1 ·;;o§.C> , Then we have the :following theorem. 

Theorem D. Let A be maximal sequence,and ~0<. !!·</2 f I~'"' n~-
Let 't't.,[t •. ttJ, ~"' .;i .J'"A>{i"t~l.j<ltl) if r•-•1 *D. 
Then there is e·E:(to,t,J such that ~+(~(-t*Jj'(t-t)) ·.: .d: _ ,...1 

If~~ ng , and.Jl0 <~<.§ 1 ,H"I ,YH[t,,t,],J'-jj<:!0(#,/'l~)r/J8oC 
then there is e·~r~=c;t" such that I-t~tt•J,_~~tf::*>J,=-..§.. 

Proof, It is enough to consider the case of' ~ the other one 

being similar, To prove realizability of !J we de.fine by standart 
way the following sets: 

L~ "' { t t E [ tc, t,] and I'(Mtl.j'{i/) < .t } 
R!l. = [ t : ~ " [tc,t.,J and I:(~Ct'I.J•(t)) >~} 

We need to show that they arl- open, Let us consider Rf. (the case 
or LA is similar ) Assume t E R A , We shall show that there is 
some -neighborhood V0 :(t-S, ~ r5') su~h that IIi:. f.: V J 

1 
~~('Mtl.j'tl:.)) ·> ~ 

For simplicity we denote I~(~(<lj'ftlh!•lt), ;r-l•ltt_flt>)~ J; -(t I • 
Let rL be the first index f'or which ;r~ { t) * A 11. , We may 
assume that the sequence I 0 ••, .I 1'1.- 1 doesn't contain C 1 D , sin-

+ ' 
ce otherwise! (t:J::.A ( due to the "stopping" rule ), The further con-
sideration is just a careful enumaration of various possibilities. 

1, I:f In~ C. 1 J) then by continuity of' we can preserve the 
equalitiesT .. (i) :I"C-tJ I.,. .. ci J =I~ (t-J in some 

0 ' c ... 
neighbourhood Vo of f. , vt ~ V G 

1 
t. e- R A· 

I ~ r""' _,. 2, If' n(-t.J .= C~ then-E(i.)=(~CJ'-" and ~::.A_1" •• ;_There is a 
neighbourhood V of r; such that if' t E- V theni"{i:J-=~F, where 

F = M or L .,. A A 
2.1. Le't A be even. Since~C>~7', T"'L . If' F=M, then ·i' ,. .... -

!(i:J=AM·••>A•"...u• so let us consider the case F:.L SinceA_E:11, 
- - - ,A OQ ,A -we must have or A<A ~ L or A >A_. ML00 ( but ,. - - - -A= A L ... so this is impossible ) Therefore there is l"i !luch 
- - A K ·'\ ""'/ ~ A " thd ~:(~L) § ••• , where/§ =/~ L/ and~ < ~ L,: ••• 
~hea choosing suf'f'iciently s•all V we can provide! +-t~} = {f3.L) ••• 
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f'or t E V and hence I +(t.) > A f'or f: ~ V • 
A - -

2.2. If' A is odd, then 'J'I,. M,R. 1 D , and the only non-tri-
- - .... 00 vial case is 'J",. M 

1 
F": M Again we rnuet. have or~ :>,d. • ML 

A A ... A ~-( this ie impossible } , or _ < ~ •L: = ( 8 J'olt • Then there is "' 
A /CA A A A A 

such thai:_A={_AM) _8••• where JSI=IA/"11 1 B<AM • There:f'ore 
- - - " loco'\ we again .-an f'ind V such 1U!Iat: ,!+(i:)=(~MJK"".I .. ,'>(AM)§_.,f'orl::-• 

J, Now we consider the case r:£-t-J=D • i,e.I~= RDT-(t) 
A A z+ ,. - - :::t -=~ 1",... and f'or some neghbourhood_ (i:):~F••• , t:=M 1 R. 

forte V • If' A is even, thenT:: L,M, C The cases T'.a C,J... 1 - ... ~ ,.. " F := R are trivial, So let I (t).z AMP ) A= AM & • According to the 
conditions if'J""-1A *]) - t;en -..,t;[i;,,t,],JJ<A > I-(t:) 

-.... - A - -and in parhlcular 8 > I ( t ) • Let Yn be the :first 
index f'or which ~m-* I;;ltJ Here again we have several possibili­
ties. - . 

J.l.J;,CI:J *C
1
D. Then by continuity of' F we can f'ind a nei-

bourhood v, c:. v such that f'or t E: vl 
+ - ' I+ - " 1._., ltJ = P, = 1 1 (tJ=B,, ••• , ,..,.. (i:l = P,. = .!.,. (t) '* g.,.. 

1' A A A A 
Thus f'or f. E V 1 ~ :!, (t) = ,d MP > ~ M § A A ( since~ M is odd 

J,2. I;;,(t)=]) ,1.e. I"E(ti=AD6D I-(ti~(BDJ ... Then - ,_e. -A A 
A=AMQF ••• - - - is even, then F: R . By the ug.. 

" A above arguments f'or some V, C:. V when t.E-Vh! {t.):~'T'§lK • .,.where 

one 7'=M,K:r M, R. We consider only the case I'I=R ( the other 
being trivial ). In the next section we' 11 sh__ow that V (?\>)") 

(r·r~:f'I,I-(~')'1)" n. So J (OJ=g.R ••• >g. .. R"" or 

J;-(-ij=9-R ••• <g.,./1R.c.ot this is impossible). By the conditione 

J n ~ = Q R • •• > ~ -(t) > .9. * R ~ 
A KA "'o A 

Tl1erefore there b K ouch that .1 = ~M{g.R) § ••• , )_§)= JBRI,ft>~l{ 
Th.en choosing V..,c:V,c: v we can provide f'or f: 6 vl 

I -1 ) I )K'H + " ( K+l A K/) t = gR ... ,.I (tls~M gR) ... > .1 M(Q.R) ~ ••• 

The remaining possibilities when~ ie odd , or A is odd, or 
some ot.h.er combinations .are considered analogously. - c" +A (A A <>0 ,J,J}m tJ = C •fE(t): ~.D!!C) ( so called double cycle ). 
Let~ ,~ be even. Then we consider some neighbourhood V1 --A.A "'A 
where,;!+(tJ=~M~M... ' ~=dM!M••• ( the1therpossi-
bilities are trivial ). If' t is suf'f'iciently close to t then 
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·r "' ""' f I ( tl = ( A M 8 M) ••• - - -
A A 

( and only" thi,{' combination is possible, if' A and ~ are even!) 
Note that A/'18 is maximal and odd, Then since A(: 11 c::a,. or 

A A- - A A i;oC1 A /:: c.D -
A>(~M~)r ML"' , or 6_<(~M§)•L~(~M!!M) . The first inequ-

ality is impossible. Thus there is ~ , such that 

A A " 6, "- ( !i M§M) 9 • • • where 
-\ A A A 

/Gi.I=IAMBi'1/ Q.<AMBM. - - - ,_ - -
Therefore we can f'ind V4 c: V 1 such that 

-t 1\ A I( f. i I (t.)-: ({lMf?.M) ••• . .. 
" " If A is even , 8 is odd, 1;hen one should consider 

;.. .,-,., 1\. ~ 
I {t)-= A MB L uP,~ A.: AMS l u .. The arguments ~n - -- --- this case, as in the 

reU1aining cases are similar, This in fact completes the proof', 

since L! anll R* closed non-empty, and [Co, i:1] ie connected, 
~ ~ . T.b.us L.An RA is non-empty, so there is f:," 41: (t:o,l:.t) such that 

I+(t•J;Ir - -
6, Proof' of theorem C 

Proof' of lemma C. We must check whether the conditions 1A 1 2A,JA 

1C,2C are satisfied by I.'"(~.)') and correspondingly 1B,2B,JB, 1C, 

- by r~·~/<1 . 
definition of .rr( "·JA> 
dit.ion which we have to 

2C lA,B,C and 2B,A,C follow immediately from the 

and!- ( ]\-_JJ) , and in fact tlie only con­

considef, is JA ( JB ). 

Suppose on the contrary that for same (). •]"4) i'or example 

!'r( 1\ 1_JJ) can be represented as Q jf P in sense of' the def'ini­
toin given in JA. li'irst note that ;-; ,!+(}l'l") doesn#t contain C 

1 
"D 

it can not be periodic, since othe.rwise two points F(CJ and Fflrl(c) 
{ where rL is a period ) have equal itineraries ( this is impossible 
because our maps are everywhere expanding, so two arbitrary points 

will be separated, } 

Let now for def'initness 
Then nH ,- <' F (ci~C•o,, o, >.a • We 

+ 
be even, I {4jl)=_9/'1g ••• ,Jg.J-.tL 

consider 

F Hrt~O "., .... o, J, ""- . (C) ~ F (C-+-0,) = c + where " 
ol = n ]) F ( F.i lcJ). 

Since 
~,, 

Lf' >3 • !Iii 71 "' '7 3 Thus 
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We have 
3(~H) 00 

F (cl = c -a3 , jd"3 / > Jo~l > lit and so on 

that I!Q"* P eo we 

( we have 

can conti-supposed - - -
nue thoe process infinitely ). 

Then 
('" m(n+ll · 
0 m = C - F , $" m > /lm) S, where 

When Jm. increase suff'i.ci.ent.ly, the eequence Q. 
I ~ -

€;m f {n.J = a>· 

m., ~ill be dee-

t.royed, so_ {h'.J') can not be of :Corm .Q. l' .£ . The t.reatment of the 

caee, when ,9. i.e. odd, and of' !'- (:A,.J") is similar. 

Proof of tl!L-eorem c. Let(,d,~)en and~ ~RRD ,_§_::: LL.C. 

The assert.ion ia obvioue ifA:::Rc;oB::Lco (!+(~1 '1)-=Rco I-{•4)- Lao ). 
- ,_ - J- I -

lit ie also obvious if A: R"', B =t L 40 or S:. L 00 , A* A.c.a • ( Since 

f'or example the set ;-{('A,u/"iJJ :r+(i\,u)-;Rcoo]ia tbe l:ine .i\; 4 
j

K COO :.1 J- ',/-

and .,! < R if ]"'-'B * C and L-<8< D 1 we can apply theorem C ). 

So let A ~ R co B-? L CIO • Acc-;;rding to the just given argu-

men-ts there i;-a fi~- auch that !,-(¥:)"0 )-:~ •..J'Io<II-Let 

U8 consider OLe domain G;,=[(1tj')t:~1jl~}""o 1 i\<'i}• By theorem B 

V(~')'J• G0 fi~;tJ< _r ( ">)'•13! • Hence 

J"1 > .§ > !_-(~,)') 't' (~ • .f') 6 G-o • 
Since D <A < R 00 , we can apply t.heorea C. So :for every ~ ~ J./g 

- r+ ./ 
'ltll.-ere is a )!.{_j4J euch 'that_ (li'JJ_yM)·~· Moreo"Yer, by theorem B 

t,llie value i\f.JIJ is unique. (\~J ie increasing and continuo• 

l:ty the int.ermidia"te value theore;u if' ../"4 <' J:~ then )lj~J <.~ !jtz). 
U ll<ju•J< 11 < }I fJ'"-l •"-•n::!; (~~.)<~ < !.,. (~ •j'tl, hence 

""'r• is •)', j't<j!<J'• ouch thd !_+(>:J'l=~ ). ~ 
Let ~ ~o):: llo • Let ua consider now Ute domain G; -=[(A1") E ~, 

A~;.0 ~j.J <.'I J .. By tbe similar argwn!nts f'or every ). ~ Ao there i• 

an unique :./" ( ll) such ....,, I (~JIItl)=~ • _.f' (~) ie continuo• 

aad in~easing. Set)'('\,):.\• .fl1t.e~)<.J4{'1)-)Jo• Thoen we consider G,g = [ 

{?r.'.f')i~J:J~~j-11 , ]I <4/ J . Ve can continue tlite curve ).i)'l) ( where 

f{lll)'Jj'): .A ) f:or_Pt~J->;)'0 • Let}ly.J=~., .. and so on. 

J<• 7 /. 
v "' ' ' 

' 
Fig. 2 
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We obtain the sequences 

A I;-{ - • t -
- 0 = - lto.;'c)' §. =:! Oo:f•),6_, =J o, ·.f·l' ". ,II,. I c~ .. ,nl, II.,.~JIA.:('.l. 

The sequences t~nJ , {~"j are decreasing and bounded ( the same is 

true for f1n , ~"' ) . Hence , 

~mi\11....::. i\"... eimJ.Arz":o:::.)-1 ... , '""'~o } n...., (..., 
exist, and ~---=:J4{A~J, i\fJ-''liJ::=.)-t. By definition of the curves 

:ro· . .f'·J =fj_ > :C<"··r·J: a. 
. "' Due to corollary B ( ~"*" 1)1 ') is unique, Note also, that (1'1-.,fi*)E .2) 

since otherwise or J""'"(A.._j-f~J<RRD or ;!(ll~·"f-J>LLC. This 

completes the proof. 
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