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In this paper two-soliton solutions of breather type of the
vector S$chrodinger equation with cubie nonlinearity (V33) are consi-
.aered. The method applieu was proposed in /‘/. In fact, this method
is a version of the basic algebro-geometrical approach for finding
exact solutions onf nonlinear equations of the mathematical physics.
An excellent instructive review of this method may be found in /2/.

We proceed to formulate the mathematical problem under conside-

ration, We have 573 equation in one space dimension -
-] [
iz Plxt)= 25 d(xt) - U Dxt) (1)

for the complex two-component vector function
i
@ (x,t) = (D, (xt), Dy (x22)7.
Here U(X,t) is selfconsistent, real and nonsingular "potential”
which is expressed by the following formula:
2 2 2
w(xt) = 2[€li¢l, 'f's;,/ﬁl "E/e/ —5,,€,_’-] (2)
. el .
with constants &€- and > being real. We shall suppose /€/= {1
and the signature of E- to be determinated by the choice of the
internal symmetry of the model.
Boundary canditions at infinity are quasi-constant,i.e. we
have the following asymptotics in X
il\';- (x+ K-€) +2g.
D (xt) — € e ¢ a (3)
d ix{ » co 4

where K. and Q are real consitants, The constant phases }Z .
(4
generally speaking, are different at X=+o0 and X = - oo,

Possible physical interpretation of the model and the constants

.8 & .y

one can find e,g. in /3/, where the mathemati-
cal model (1)-(3) is used to aescribe two-component Bose-gas with
pair point like interaction at zero temperature,

According to /l/, the solution of (1)~(3) can be found by using
auxiliary scalar function W(®, €, K) which depends on the complex
spectral parameter K , This function has pole type singularities at
some finite points &,%,-, €y an essential singularity at the
infinity K =e® of the following form

|
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cK (x+kt) )
= € (W)

K zo0 ‘

Vs, t, k)

By use of the function ¥(X,t X} which is the no-called Baker-

/3
-Akhiezer function "¢(l(,t) can be repremented by the expression

%(l’ﬁ) - %.V{X/t,!{) e

: (5)
« 1,2,
Kd‘ d

Tlie real conatants k"' determlne the flrst order poles of some
nuxiliary function E(‘) . The number of the polen K" delines the
number of oscillating componanta of the molution ¢(l,t)' wherean
the numboer of the polea af V((,f:,l(] defines a kind of aolntions,
1n whnt follows we ahnll conmider a problem with two polea, much

kind solutions will be called the twon-mollton molutions,

To manlve the problem (1)-(3) , ns in /‘/, we ume the following
formula for the tunction
A ck(x+xt)
V(‘.b'“) = d&£ M(“t.“' e ] (())

cdet M (xt)

To obtain the breather solutions one must take the matrix M (x,t)

in the form

e‘:(a:“‘"') ¢ ’_e"r(‘:'-/'“t)
E‘ - % ‘ f, - X,
M(xt) = - - (7)
! 7+ cs(ﬁ)‘-lu,) e‘(“"&""a)
x - x, X - X .

Here J"/!IC" is an arbitrary complex constant and a,:’ - X r.s."t.
A . L4
The matrix M(x,t,k) in (6) 1s defined by the formulne

A A .

Moo = 1 , ngﬂ..«. ,,H-./,a

v e-‘.‘ui ¢ Lo . (®)
Mo = e ) M"o = e L w2

Leb none of the polea 2, and ”y lies in the upper half-plane,

and the other pole l1les in tie lower hnllf-plane, As we ashall nee

luter such a disposition of the jpoles and the chosen form (7) for
H(x'q will lead to the breather type molutions,

Substituting (7) and (8) in (&) and using (5) we obtaln the
formula describing two-soliton molutionna




¢ eZﬁif"l/ltr ﬁ“’-}“[zf c—(‘(alx gt)_*
ez;qu/u: J .Slfz/u

o ($x ’Jt +3)+

+ z:;' ei(xxrgé} L:-(K+:~t) (9)

Here

« = o, = Redty ,f,: Im,; ’ﬁ Im
Baprpe, H=up, 3= Lepls

The form of the constants Z‘e is very complicate, so we shall not

Ly

write them here,one may tfind them in .

(10)

[

Solution (YY) can be in fact of the soliton type as well as
quasiperiodic depended on the order of the poles J, %, " K, and k4
More exactly:

.. Ifr o %0 . Jg =0 then the solution is quasiperiodic in X .
. ke
2T A K/,
G (xr &L t) = P(xt)e™T V.

when K. and e« are comuensurate ¢(x,!') is periodic in X,

aq
2. It i:o,f# (-] then thbhe solutlon 15 gquasiperiodic in t

f- (s, ¢ +Jf"j-’:“) ?'(",t) G j‘ }'

2 and f"‘ -Jg‘?- are commensurate then the solution is periodic

It
in .
3. 1r =0, §20 then ?-{x.t‘):

solution is a conventional plane wave, This fact is hot suprising,

25‘35""5"11.«3. the
<
since when & =8 20 the potential ¥(Xxt) vanishes identically in
X‘t' and (1) reduces to a system of two nonconnected linear Schro-
dinger equations,

4, The case L+ 0, f * 0 is the most interesting. Namely,
here & new tivne of breather like two-soliton solutions arise, To
investigate their properties it is convinient to introduce a new

variable
‘{ = X +'-%£L_t . (11)

Then the solution (9) can be written in the following form

: 2}]’ Br . J -« +§t)
t = e 24e e (E e
®.(3,¢) 7l R

(12)

] c“"f- 3‘ A5 cos(uy +5t 1) +

+Z"!; cv-t'{‘j t5t) z,)s.(rfxdft)

« e J =12
+ Ed »
€
where
~ f 2
3;3-’-_"‘.&} k''= v -2 (13)
u‘ d d VB
One can see from {(13) that both compnnents of the solutinns are
exponentially localized in 3 , i.e. these solutions are really
soliton solutions. This soliton moves with the velocity Vb-ﬁdthe
same for both components. However the most interesting property nf
this solution is that it is periodical in t with period
Q7 8T
7' - —— = .—__L______ (14)
8 3 g - Vg .

To our opinion, due to existence of intermnal degree of freedom
which is characterized by a frequency 5 , we shall call the soliton
obtained the breather of V53 by analogy with breathers of SG equa-
tion.

Depended on the order of the poles &; and %a of the Baker-
-Akhiezer function and the poles K; and K, of the auxiliary fun-
ction we have solitons with different khind of unitary symmetry., It
is convinient to reformulate the conditions for the parameters %;
and Ke , which lead to different kinds of symmetry, in terms of
some critical velocities and the velocity of the breather. Namely,
when

Vg <V, or Va > V3 (i5)

we obtain solutions with u(l,l) symmetry. Here we denote the criti-

cal velocities by

Vy = -lc:{ ) v, = %‘— , (16)
where
a=(p-0/plp+1) and P,ﬁ://fd.
Ir
V) < Vg < V3 (17)

then we obtain the solutions with ulZ,O) and u(o,z) symmetries.
Transition from the solution with u(z,o) symmetry to the solution
with U(o,l) symmetry occurs when the breather velocity equals to
some critical velocity VZ ) which is given by the expression

(Vi-v-l)(vl’vl):—qL + m

(pr)?al az g (18)




It mhould be noted that the nbove conditlionm can be nntiefied
1f the poles J;, X, K, ~and k; do not }ie on wvne circle,
Computer experiments for some particular valuea of parameters

ahow that the Lreather solution (12) cnn be considered to ronainat
of two none=moliton stntes,
Finally, A couple words of pomnible physical interpretatinn
of the solutlons obtained. Repulmive S3 aquatinn usually called the
Ginaburg-l.andeu equation, is applied to demcribe phennmenolngicnllf
superiluids, The plune wnve moiutions then sscribe the Bome-conden-
sate, while thie kinks describe hole-type excitations in one-dimen~
sional models and vortices , in two-dimensional models reapectively,
Strictly spenking, this picture ia valid at zero temperature
Cr‘o) only. On the otuer hand a physical sysatem conalats of two
components (superfluid normel) at T £ O and we have to apply
at least two-component vector Schrodinger equation to demcribe it,
Besides these two components must posmea different types of internal
symnetry, As a result, we come to nan equation with total symmetry
e.y. u(IJ). 1t meana that a new breather type mnde of excitatinn
mliould arise when the superfluid component moves through the normal
one with a velocity greater than aome critical velocity (see above),

This new branch of excitation with internal im abmsent in the pure

superfiuid component (equation 84 with 2 (Of) aymmetry),

Such excltationm may display themaelves in, e.g. 1ight acatte-
ring experimonts, The point ia thnt the holes will dotermine the
central prak, while the breathors will lend to matellitee to ocrur
at average breather frequency./sl
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MaxaubkoB B.I'., Cnasos C.H, E5-89-806
PemeHHss 6pHSEpDHOro THIIa BEKTODPHOI'O HEJIMHEHHOTO
ypaBHeHHsa llpennHrepa ¢ KBasHNOCTOAHHLIMH
T'PAHUYHbBIMH Y CIOBHAMHU

B pabore paccMmaTpHBaeTCA BEKTOpPHOE HeNHHeHHOe ypaBHe—
Hue llpeguHrepa ¢ KBasHNOTeHUHANbHBIMH I'PAHHYHLIMH YCJIOBH—
amu. llonyvyeHH HOBble ABYXCONHUTOHHHEE pemeHHs ¢ HeTpPHBHAaNb—
HOH OHHAMHKOH, KOTOpbE MOXHO Ha3BaThb ODHSepHBIMH, IIpHYEM
TaKkHe pemeHHA CYWecCcTBYT ONA BCeX THIOB BHYTPEHHEeH CHM-
MeTpPHH HCCJIeQOBaHHOH MoAeNH. [IJ1A monyuYeHHA 3THX pemeHuH
6bl1 MCNONB30OBAaH BapHaHT anrebpo-reoMeTPHYECKOTO NOAXoma
Hosukosa, Ly6posnHa M KpuueBepa. YcnoBHA, olnpelensawimue
CHMMETPHI0 pemeHusa, CHPOpMYIHpOBAHE B TePMHHAxX CKOPOCTH
6pH3epa H HEKOTOphIX KPUTHUYECKHX CKOPOCTE€H, BhlpaXeHHhIX
nocpencTBOM NapaMeTpoB 3alaudH.

Pa6ora BoinonHeHa B JlaGopaTOpPHH BHYHCJHTENBHOH TEXHHMKH
H aBTOMaTH3auuu OHUAH.
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Breather Type Solutions of the Vector Nonlinear
Schrodinger Equation with Quasi-Constant
Boundary Conditions

Vector nonlinear Schrbdinger equation (VS3) is inves-
tigated under quasi-constant boundary conditions. New
two-soliton solutions are obtained with such non-trivial
dynamics that they may be called the breather solutions.
A version of the basic Novikov - Dubrovin - Krichever
algebro-geometrical approach is applied to obtain bre-~
ather like solutions existing for all types of internal
sympetry of the model under study. Conditions under which
symmetry is specified are formulated in terms of the so-
liton velocity expressed via the parameters of the prob-
lem,

The investigation has been performed at the Laboratory
of Computing Techniques and Automation, JINR.
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