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I n  t h i s  p a p e r  two- , -o l i t on  s o l u t i o n s  of b r e a t h e r  t y p e  o f  t h e  

v e c t o r  S c k r o d i n g e r  e q u a t i o n  w i t h  c u b i c  n o n l i n e a r i t y  ( ~ 3 3 )  a r e  c o n s i -  

c e r e d .  T h e  method s p p l i e u  was proi.>osed i n  " I .  I n  f a c t ,  t h i s  method 

i s  a v e r s i o n  o f  t h e  b a s i c  a l g e b r o - g e o m e t r i c a l  a p p r o a c h  f o r  f i n d i n g  

e x a c t  s o l u t i o n s  of n o n l i n e a r  e q u a t i o n s  o f  t b e  m a t h e m a t i c a l  p h y s i c s .  

An e x c e l l e n t  i n s t r u c t i v e  revierr  o f  t h i s  method may be found  i n  12'. 
We p r o c e e d  t o  f o r m u l a t e  t h e  m a t h e m a t i c a l  problem u n d e r  cons ide -  

r a t i o n .  We have 5 3  e q u a t i o n  i n  one s p a c e  d imens ion  

f o r  t h e  complex two-component Vec to r  f u n c t i o n  

Cb (x , t) = ( CD, (x,t), @,, (~, t ) )  7. 
Here u(x, t )  i s  s e l f c o n s i s t e n t ,  r e a l  and n o n s i n g u l a r  " p o t e n t i a l "  

rrin.ich i s  e x p r e s s e d  by t h e  f o l l o w i n g  fo rmula :  

w i t h  c o n s t a n t s  6 and b e i n g  r e a l .  We s h a l l  suppose  I.?.} r f 
d 

and t h e  s i g n a t u r e  of E -  t o  be d e t e r m i n a t e d  by t h e  c h o i c e  o f  t h e  
.I 

i n t e r n a l  s>mrrietry o f  t h e  model.  

Boundary c o n d i t i o n s  a t  i n f i n i t y  a r e  q u a s i - c o n s t a n t , i . e .  we 

have  t h e  f o l l o w i n g  a s y m p t o t i c s  i n  X 

i5 ( X  + K-t) + 2 2 .  
@. t . e d d 7 

d In/ +a d ( 3 )  

where K .  sad qd. a r e  r e a l  c o n s t a l l t s .  The c o n s t a n t  p h a s e s  
u 

g e n e r a l l y  s p e a k i n g ,  a r e  d i f f e r e n t  a t  X z  t o  and )( = - -. 
P o s s i b l e  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  model and  t h e  c o n s t a n t s  

k; , 9, 2 , 2;  one can f i n d  e .g .  i n  13/, where t h e  mathemat i -  

c a l  model ( 1 ) - ( 3 )  i s  u s e d  t o  a e s c r i b e  two-component Bose-gas w i t h  

p a i r  p o i n t  l i k e  i n t e r a c t i o n  a t  z e r o  t e m p e r a t u r e .  

Accord ing  t o  / I / ,  t h e  s o l u t i o n  of ( 1 ) - ( 3 )  can  b e  found  by u s i n g  

a u x i l i a r y  s c a l a r  f u n c t i o n  V ( U ~ ~ ,  K )  which depends  o n  t h e  complex 

s p e c t r a l  p a r a m e t e r  K . T h i s  f u n c t i o n  h a s  p o l e  t y p e  s i n g u l a r i t i e s  a t  

some f i n i t e  p o i n t s  tr,a,--.. , d ? ~  an essential s i n g u l a r i t y  a t  t h e  

i n f i n i t y  K = a 0  o f  t h e  f o l l o w i n g  form 

By tcse o f  t h e  f u n c t i o n  V ' ( l l t l ~ ) ,  which i n  t h e  n o - c n l l e d  Baker- 

- ~ k l ~ i r r e r   function'^ 4 (#,I!) can  be  rn l~ rnnnr l tod  by t l ~ e  e x p r e s s  i o n  

Thn r ,ea l  c o r l a t ~ l l L s  k; detercnllce t l ~ e  1 'Lrr t  o r r l r r  polen o f  moms 

ccux i l i e ry  l 'uicction E ( l )  . 'l'tcn rlucltbnr rjl' t Ice ~ ~ n l e n  Kd. clef i r l r s  tkce 

1111111ber o f  o s c i l  l n t i r l ~  cocnpor~nrctn of ttce r o l u t   lor^ *( l ,k ) ,  wtcernnn 

tktr clucnbtrr crf blto (snlen o f  v ( l l , t , ~ )  c l e l ' i ~ t r s  n  kincl nf nol tc t lonn.  

111 w l ~ ~ r t  l'ollr~wm we nbi111 c o i ~ n i t l s r  n  1)r.nblrrn w l t h  two ~ ~ o l e n ,  n ~ l c h  

k i n d  s o l u t i o n s  w i l l  be  c a l  l e d  Lhe two-no1 l t o n  ro l t r t i n r c s .  

I ' # I ~ I I I U  ln  1'nr t h e  I'crllc t i o n  

; K ( X  + k C )  
Y ( * r t l I ( )  = det Mh C X , ~ . L ( I  e 

dat H ( x , t )  

TO o b t a i c ~  t t te  h r e n t l ~ r r  s o l ~ r t i o r ~ n  olle I I I I I ~ ~  t a k a  t h e  ~lccltrix 1 ( 8 , t )  

i 11 ttrn I ' r r r n l  

I le re  hle:g  i s  s11 a r b i t r a r y  cornplex cn i c s t sn t  and a. r a. x r r ? t ,  
d u d  

'rile m n t r i x  b f ( l ( , t , ~ )  i n  ( 6 )  i s  ~ l e f ' i l l e d  by ttce fo rmulae  

Leb one of t h e  ~ j o l e n  a, R I I ~  #a 1 l e e  i l l  t h e  I I I ) ~ I C ~  Icnl f -p lane ,  

nnd t h e  o t h e r  )vole 1 l e a  1 1 1  tire l crwer 1111 1 T-lrl llrle. As we all111 1  men 

l ~ t e r  such  a d i s p o s i t i o n  01' t h e  pnlea  ancl t h e  chosen form ( 7 )  f o r  

M ( ~ ~ t j  w i l l  l e a d  t o  t h e  b r e t t t h e r  t ype  ro l t ch ions .  

S u b s t i t u t i n g  ( 7 )  tlrld ( 8 )  i t ,  ( h )  rind usitca ( 5 )  we o b t n l n  t h e  

f 'ormc~ln  ~ l e s c r i b i n g  two-no1 i t o n  no1 tctloccn 



Here  

a =j, -3. , s = d p f  , 9 = d 2  +p: - j f  . 
The form o f  t11r c o n s t ; l n t s  Ed i s  very c o m p l i c a t e ,  s o  we s h a l l  n o t  

w r i t e  then1 h e r e , o n e  may f i n d  them i n  /4 /  * 

S o l u t i o n  ( 9 )  can  be i n  f a c t  of  t h e  s o l i t o n  t y p e  a s  w e l l  as 

q u a s i p e r i o d i c  del,erlcled on t h e  o r d e r  o f  t h e  p o l e s  *, X2,  ' K ,  a n d k .  1 
More e x a c t l y :  

I . .  I f  d + O ,  p = O  t k ~ e n  t h e  s o l u t i o n  i s  q u a s i p e r i o d i c  i n  X 

( r t = $ ( x , t )  e'" : / d .  

Lkien 5% and J a r e  c o n l ~ ~ ! e n s u r a t e ,  +d-()\t) i s  p e r i o d i c  i n  X . 
2. I f .  d =  O , / *  0 t h e n  t h e  s o l u t i o n  i s  q u n s i p e r i o d i c  i n  f. 

If' l(+ and j: -g: a r e  com~riensurate t h e n  t h e  s o l b t i o n  i s  p e r i o d i c  
d 

t i (*J +if) I e ~ : ( ~ *  u!" 
d 

+ 

b h e r e  

+a-z-  K 1 E  Y - t l l .  ( 1 3 )  
9 )  d d 4 

Orre can s e e  f rom ( 1 3 )  t h a t  bo th  c o n l ~ ~ o r i s r ~ t s  of t h e  s o l u t i n n s  a r e  

e x p o n e n t i a l l y  l o c a l i z e d  i n  3 , i . e .  t h e s e  s o l l ~ t i i > n s  a r e  r e ; r l l y  

s o l i t o n  s o l u t i o n s .  T h i s  s o l i t o n  moves r i t l i  t h e  u r i n c i t y   the 
same f o r  b o t h  coniponents.  However t h e  Innst i n t e r e s t i n g  p r o p e r t y  of 

t h i s  s o l u t i o n  i s  t h a t  i t  i s  p e r i o d i c a l  i n  t w i t h  p e r i o d  

O i i  TB = - =  $7 
J - ~ V S  

( 1 4 )  
9 

To o u r  o p i n i o n ,  due  t o  e x i s t e n c e  of i n t e r n a l  d e g r e e  o f  f reedom 

which i s  c h a r a c t e r i z e d  by a  f r e q u e n c y  $ , we s l ~ a l l  c a l l  t h e  s o l i t o n  

o b ~ t a i n e d  t h e  b r e a t h e r  of VS3 by a n a l o g y  w i t h  b r e a t h e r s  of  S G  eoua- 

t i o n .  

Depended on t h e  o r d e r  o f  t h e  p o l e s  dCf and Za of t h e  Raker- 

-Akh ieze r  f u n c t i o n  and t h e  p o l e s  and of '  t h e  a u x i l i a r y  fun-  

i n  tT 
3 .  I f  d " 0 , J  + 0  

/..I.( X t*. tj , 
t h e n  9. (*,t) = $ e d d 1. e .  t h e  

s o l u t i o n  i s  a  c o n v e n t i o n a l  p l a n e  wave. T h i s  f a c t  i s  ho t  s u p r i s i n g ,  

s i n c e  when d =J a 0 t h e  p o t e n t i a l  1(I~,t)  v a n i s h e s  i d e n t i c a l l y  i n  

X , t  and ( 1 )  r educes  t o  a  sys t em o f  two nonconl tec ted  l i n e a r  Sch ro -  

d i n g e r  e q u a t i o n s .  

4.  The c a s e  d + O ,  
J Z O  

i s  t h e  most i n t e r e s t i n g .  Nnlnely, 

h e r e  e nph t l! ,e of' b r r : i t l ~ e r  l i k e  t w o - s o l i t o n  s o l u t i o n s  a r i s e .  To 

i n u e s t i g a t e  t h e i r  p r o p e r t i e s  i t  i s  c o n v i n i e n t  t o  i n t r o d u c e  a  new 

v a r i a b l e  

= r +yt . ( 1 1 )  

Then t h e  s o l u t i o n  ( 9 )  can  be w r i t t e n  i n  t h e  f o l l o w i n g  form 

c f i o r i  we have  s o l i t o n s  w i t h  d i f f e r e n t  h ind  of u n i t a r y  symmetry,  It 

i s  c d n v i n i e n t  t o  r e f o r m u l a t e  t h e  c o n d i t i o n s  f o r  t h e  parametersd!. 
d 

and K e  , which l e a d  t o  d i f f e r e n t  k i n d s  of symmetry,  i n  t e rms  o f  

some c r i t i c a l  v e l o c i t i e s  and t h e  v e l o c i t y  o f  t h e  b r e a t h e r .  Namely, 

when 

v8 < " I  o  r V6 > "3 

we obfa i r l  s o l u t i o n s  k i t h  U[ I , I )  symmetry.  Here  we d e n o t e  t h e  c r i t i -  

c a l  v e l o c i t i e s  by 

t h e n  we o b t a i n  t h e  s o l u t i o n s  w i t h  U [ Z , O )  and .%(0,2) symmet r i e s .  

T r a n s i t i o n  f rom t h e  s o l u t i o n  w i t h  ,!4(2,0) symmett-y t o  t h e  s o l u t i o n  

w i t h  U ( O , L )  symmetry o c c u r s  when t h e  b r e a t h e r  v e l o c i t y  e q u a l s  t o  

some c r i t i c a l  v e l o c i t y  V2 , which i s  g i v e n  by t h e  e x p r e s s i o n  



I t  nlro1~1ri  11e r r i ~ t n d  b h n t  t l ~ r  n b o v r  c n n d i t l ~ ~ r ~ n  c n n  b r  n n t t m l ' i r c l  

i f  t h e  ~ ) o l e s  L l ,  Z a ,  k t  n11c1 k4 clo n o t  l i e  c ~ n  o r l r  c l r o l s .  

C u n ~ p t l t r r  s x p ~ r l m e ~ ~ t n  f o r  some  ~ 1 n r . t i r 1 r l r r r  v n l l l c o  I I ~  1111rntrlrtnrn 

rhow b h n t  t h e  l r r e n t h e r  a o l u t i o n  ( 1 2 )  cnl l  b e  corroiiler.ncl t o  r o r ~ n i n t  

o r  t u n  n n e - s o l  l t o r l  o t r l t e n .  

F i r ~ c r l l y ,  R colk(11e we~reln o f  p ' o n n i b l e  p h y s t c n l  i n t r r p l ~ n t n t i o l l  

o f  bi le  n o l u t l o n s  o b t a i n e d .  H e p u l o l v e  S 3  n r l u a t i o n  u s r l n l l y  c a l l e d  t h e  

( i t n a b u r g - 1 , a n d e u  e q u n t i o n ,  i s  ap1)l t e d  t o  i l e n c r i b e  p h e r l n m e n o l o ~ i c n l  l y  

s u p r r i ' l ~ r i c l s .  Ttre  )111rlre wnve no1 u t i o n s  tile11 1 l e s c r l 1 1 e  tire l l o n e - c o n d e n -  

s a t e ,  w l ~ i l e  t l r e  k i n k s  d e s c r i b e  h o l e - t y p e  ~ x c i  t n t i n n s  i r ~  one - i l ln l rn -  

s i o r r e l  n~o t ln l  s a n d  v o r t i c e s  , 1 I I  t w o - d i n ~ e r r o t o n n l  ~ n o d e l s  r e r r r e c t i v e l  y .  

S t r i c L l  y  n11enki1rt:, t h i s  p 1 c h u r . c  t n  v a I  i r l  n t  a r r o  t r n l p e r n t u r m  

(T -0 )  o r ~ l y .  011 t l rn  o t h e r  hnrid n  p l ~ y s i c a l  n y n t e m  c o r ~ a l r t s  o f  t w o  

c o m p n n e n t s  ( s ~ r ~ ~ e r f l u i d  n o r m t l l )  a t  7 0 n n d  we h v e  t o  f i ~ ~ p l y  

~t l e a s t  t w o - c o m p o n e n t  v e c t o r  S c b . r g d i n R e r  e q u a t i o n  t o  d e n c r i b e  i t .  

Ues ic l en  t l r s s e  two  c o n l p o n e n t s  mlrs t  p o s n e a  e i i l ' f e r e n t  t y f > r o  o f  l r ~ t r r r ~ n l  

rytlnlnetry. An n  r e s t ~ l t ,  we romn t o  n n  e r l ~ r a t i o n  w i t h  t o t a l  n y ~ n l n r t r y  

e . # .  U(1 , I ) .  I k  menna t i l e t  n  new b r e a t h e r  tylne mode o f  e x c i t n t i o r l  

n l ~ o u l d  a r i s e  when t h n  o ~ r ~ ~ a r f  1  u i d  c o m l > o ~ r e n t  movro  t h r o u c h  t t ~ e  n n r m n l  

orbe w i t h  a v e l o c i t y  g r e ~ t e r  t h a n  nonle c r i t i c f i ~  v e l o c i t y  ( r e e  n b o v r ) .  

T h i s  new b r a n c h  01' r x c i t ~ t i n r ~  w i h h  i n t e r r ~ n l  1 s  a b n r n t  i n  t t r e  p r l r e  

a u l ~ r r f l ~ r i c l  c a ~ r n l ~ o r ~ e r ~ t  ( n ~ l ~ t n t l n n  S'I wl t h  2 (40  nyt r~n ln t ry )  . 
S u c h  o a c l L n h l o r ~ n  lnny c t i n l ~ l a y  t l l r n ~ n r l v r o  111, r . 6 .  l  i ~ h t  n C H t t n -  

r111fl e x l n r r t n ~ u r r t n .  T l ~ r  1tr1i11t i n  t l ~ n t  h h r  tiolt 'n wl l l c l n t n r m l r ~ r  t h n  

c e l l t r a l  lnratik, u l l i l r  hhn b r n n t l ~ o r n  w l  l l l cncl  t o  n n t r l  l i t v a  t o  o c r l l r  

a t  a v e r n g e  l r r e n t h n r  f r e r l u e r r c y  . "' 
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Makhankov V.G. ,  Slavov S . I .  E5-89-806 
Brea the r  Type S o l u t i o n s  o f  t h e  Vector Nonlinear  
Schrad inger  Equat ion wi th  Quas i -Constant  
Boundary Condit ions 

Vector  non l inea r  Schrb'dinger equa t i on  (VS3) i s  inves-  
t i g a t e d  under quas i -cons tan t  boundary c o n d i t i o n s .  New 
two-so l i ton  s o l u t i o n s  a r e  o b t a i n e d  w i t h  such n o n - t r i v i a l  
dynamics t h a t  they  may b e  c a l l e d  t h e  b r e a t h e r  s o l u t i o n s .  
A v e r s i o n  o f  t h e  b a s i c  Novikov - Dubrovin - Krichever  
algebro-geometr ical  approach is  a p p l i e d  t o  o b t a i n  bre-  
a t h e r  l i k e  s o l u t i o n s  e x i s t i n g  f o r  a l l  types  of  i n t e r n a l  
symmetry o f  t h e  model under s t udy .  Condi t ions  under which 
symmetry i s  s p e c i f i e d  a r e  formulated i n  terms o f  t h e  so- 
l i t o n  v e l o c i t y  expressed  v i a  t h e  parameters  of t h e  prob- 
lem. 

The i n v e s t i g a t i o n  has  been performed a t  t h e  ~ a b o r a t o r ~  
of  Computing Techniques and Automation, J I N R .  
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