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1. I n t r o d u c t i o n  

L e t  6 be a separable H i l b e r t  space. We denote by Y ( $ ) ,  Sg.lf($) 

and PI($) the s e t  of s e l f - a d j o i n t  operatorm, t h e  Set  01 bounded 

opera to rs  and the  s e t  o f  t r a c e  c l a s s  opera to rs  on b, 

r e s p e c t i v e l y .  F u r t h e r  p3C [ . ) denotes the  or thogonal  pr0Jec t i o n  

onto t h e  abso lu te ly  cont inuous subspace of a s e l f - a d j o i n t  opera to r  

(see e.g. [ll). Then t h e  famous t r a c e  c l a s s  ex is tence  theorem of 

Kato and Rosenblum ( [31, [91)  s t a t e s  t h a t  f o r  Ho E Y($)  and V e 

Pl(b)  dSelf(b) t h e  wave opera to rs  W+(Ho - + V,Ho), 

e x i s t  and g i v e  a u n i t a r y  equiva lence between t h e  a b s o l u t e l y  

cont inuous p a r t s  o f  Ho + V and Ho. Note t h a t  the  opera to r  Ho + V 

de f ined  by 

( H ~  + V ) f  - Hof + Vt ,  t E dom(Ho + V) - dom(Ho) (1.2 ) 

i s  s e l f - a d j o i n t  (see e.g. 141). 

N a t u r a l l y ,  the  ques t ion  a r i s e s  whether the re  i s  a wider c l a s s  

o f  opera to rs  from Sself(b) such t h a t  t o r  any V o f  t h i s  c l a s s  and 

Ho E Y ( b )  t h e  wavm opera to rs  W+(Ho - + V,Ho) e x i s t .  More p r e c i s e l y ,  

urn can i n t r o d u c e  t h e  mete W+(b) - S Ssmlf($) def ined by 

On account of t h e  mentioned Kato-Rosenblum theorem we have 

Now t h e  ques t ion  i s  whether the e q u a l i t y  

huldm. I n  othmr wordm ( u s i n g  some rumultm o f  Umctlon 51, dour 

thmrm m x i s t  an opmrator V a B mmlf(b), V r Zi(b),  such t h a t  f o r  

a11 Ho Ycb) t h e  abmolutmly continuoum p a r t s  o f  Ho + V and Ho 

a r e  u n i t a r y  mquiva lent  v i a  t h e  wave operatorm? Thm problmm o f  thm 

v a l i d i t y  o f  (1.81 ham been pumed by M.M.Okriganov from t h e  

Leri ingrad O t a t e  U n i v e r s i t y  d u r i n g  t l ~ e  mtay o f  t h u  authurm a t  t h i m  

u n i v e r s i  t y  . 
I t  i m  enpected t h a t  e q u a l i t y  (1.3) i s  v a l i d .  The e ~ p e c t a t i o n  

i s  based on t h e  tamoum Weyl-von Neumann theorem and i t o  

g e n e r a l i z a t i o n  by Kuroda (see [41,[31). I n  thm genera l i zed  vmrmion 

th im thmormm maym t h a t  f o r  any m e l t - a d j o i n t  opmrator HOD any c >0, 

and any crosm norm r n o t  mquiva lent  t o  t h e  t racm norm thmre i m  a 

s e l f - a d j o i n t  compact p e r t u r b a t i o n  V much t h a t  H + V ham pure 
0. 

p o i n t  spmctrum and r [ V )  < c. Howmver, t h e  quoted theorem does n o t  

prove (1 .3 ) .  For th im,  i t  would brn necosmary t o  have a converme o f  

t h e  gunera l i zed  Wsyl-von Neumann thmorem. Namely, t o r  any compact 

m e l f - a d j o i n t  opmrator V, V m. Zi(b) ,  thmrm i s  an abmolute ly  

cont inuous m e l t - a d j o i n t  o p e r a t o r  Ho much t h a t  Ho + V has a pure 

p o i n t  spectrum. B u t  much a theorem i m  unknown t o r  thm authors.  I n  

t h i s  paper we show t h a t  t h e  e q u a l i t y  (1 .3)  i m  v a l i d .  T h i s  means 

t h a t  t h e  clasm o f  m e l t - a d j o i n t  t r a c e  clamm opera to rs  i s  t h e  

largemt c l a s s  o f  s e l f - a d j o i n t  p e r t u r b a t i o n s  g i v i n g  t h e  en is tence  

o f  tho  wave operatorm independent o f  t h e  chosen unper turbed 

m e l t - a d j o i n t  operatorm. More p r e c i s e l y ,  we prove a mtronger 

r e s u l t ,  namely t h a t  (1.3) i m  almo t r u e  i t  we use a more weaker 

d e f i n i t i o n  o f  t h e  wave opera to rs .  



The propf o f  (1.5) i s  done as fo l lows .  F i r s t  we s h o r t l y  

i n t r o d u c e  the  genera l i zed  wave opera to rs  and some n o t i o n s  i n  t h e  

n e x t  sec t ion .  I n  Sec t ion  3 we prove some consequences o f  t h e  

a s s ~ ~ m p t i o n  t h a t  (1 .5 )  i s  n o t  t rue .  I n  p a r t i c u l a r ,  i t  f o l l o w s  t h a t  

f o r  the m u l t i p l i c a t i o n  opera to r  Ho by t h e  independent v a r i a b l e  X 

on ~ ~ ( [ - . n , n ] )  the re  i s  a  s p e c i a l  s e l f - a d j o i n t  opera to r  V such t h a t  

t h e  genera l i zed  wave opera to rs  e x i s t  b u t  V #! Z i (b) .  Using the  

s p e c i a l  form of t h e  opera to rs  V and Ho from Sec t ion  3, we prove i n  

Sec t ion  4 t h a t  the wave opera to rs  W+(Ho + V,H ) cannot e x i s t .  Th is  - 
g i v e s  t h e  des i red  , c o n t r + d i c t i o n  f o r  t h e  assumption t h a t  (1 .5 )  i s  

n o t  t r u e .  

2. General ized wave oper-ators 

Qenera l i zed  wave operatclrs were s y s t e m a t i c a l l y  i n v e s t i g a t e d  i n  Cbl 

and C71. They are de f ined  w i t h  t h e  h e l p  o f  more genera l  l i m i t i n g  

processes. We o n l y  p res r r l t  genera l i zed  wave opera to rs  de f ined  w i t h  

t h e  he lp  o f  t h e  Cesaro mean. We say, t h e  genera l i zed  wave - 
operatore W+(H + V,Ho) e x i s t  i f  t h e  l i m i t s  - 0 

T 

e x i s t  and a r e  p a r t i a l  isometrics s a t i s f y i n g  

For  b r e v i t y  and i n  accordance w i t h  E l 1  we w i l l  use t h e  n o t a t i o n  

i t  (2.12 and (2.2) arb f u l f i l l e d .  Note t h a t  t h e  ex is tence  of t h e  

wave opera to rs  i n  t h e  Cesaro mean i s  equivalent f o r  t h e  ex is tence  

o f  the  wave opera to rs  i n  a  whole c l a s s  o f  l i m i t i n g  processes ( f o r  

d e t a i l s  see C71). Thus, the  Cesaro mean i s  o n l y  a  concrete 

description f o r  a  more genera l  d e f i n i t i o n  o f  wave operators .  

F u r t h e r  no te  t h a t  t h e  ex is tence  o f  W,(Ho + V,Ho) i m p l i e s  t h e  ... 
e r l s t e n c e  o f  W,(Ho + V,Ho) b u t  t h e  converse i s  n o t  t r u e  i n  

genera l .  

We say. t h e  genera l rzed wave opera to rs  ( o r  wave opera to rs )  

are complete i f  t h e i r  f i n a l  p r o j e c t i o n s  c o i n c i d e  w i t h  paC (Ho + V) ,  

FI necessary and s u f f i c i e n t  c o n d i t i o n  f o r  t h e  completeness i s  t h a t  

-.. 
t h e  wave opera to rs  W+(H o,Ho + V) e x i s t  ( t h e  same i s  t r u e  f o r  t h e  

- 

usual  wave opera to rs  W + ) .  - ... 
Now we i n t r o d u c e  t h e  s e t s  W+(f)) c a - s e l  f ( b )  by 

.% 

r * ( b )  ( V  E gsel f (b) :  G,(H~ + v , H ~ )  e x i s t  f o r  a l l  

(2.5 ) 

Ho E Y ( b ) l  

which obv ious ly  obey t h e  relations 

I n  t h e  f o l l o w i n g  s e c t i o n s  we show t h a t  

F i r s t ,  we remark t h a t  the  i n t r o d u c t i o n  o f  t h e  genera l i zed  wave 

opera to rs  has c l a r i f i e d  some problems, e.g. the  i n v a r i a n c e  

p r i n c i p l e  i n  a q u i t e  s a t i s f a c t o r y  manner (see C111, C121) (The 




















