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Let  uc cons ide r  t h e  IN-formulat ion f o r  t h e  e q u a t i o n s  C1.11. C1.23.  

l h r  dc.malll 0" i s  n a r t i t i o n e d  i n t o  a  f i n i t e  number p  of 
r 

subdrxnai IS 0,  . (1 = U <IL . fIin 0, = B . i z j  . hav ing  t h e  L i p s c h i t z  
b' L = l  

Loundarl e c  

PROBLEM IN. Fl nd t h e  f u n c t i o n  uCx1 , x  € Cl . s a t i s f y i n g  t h e  

equat ior l  C1 .1 )  wi th  t h e  f -unct ion a  Cx3 . i=i .  . . . .  N of  t h e  t y p e  i 

r s R  
0 '  C1.43 

.i C w >  = 
1 I 1wl2dx ]'/'I yi . x E n , j = i . . . . .  p  

m e s  (1 C) 
1 J 

5;uppl emented by t h e  condl t i o n s  a t  t h e  boundar i e s  Tk,  . common fo r  

t h e  domain- r and r . 
J 

Then wi thoc t  t h e  loss of g e n e r a l i t y  w e  suppose  t h a t  I- n rf= 0 .  

1. . . . W e  d e n o t e  by C . . . 3  t h e  s c a l a r  p roduc t  i n  L2 
C' 

s p a c e  i n  t.hc co r re spond ing  dormin of d e f i n i t i o n .  L e t  u s  c o n s i d e r  

t h e  g e n e r a l  f o r m u l a t i o n  of  t h e  problem I N .  W e  i n t r o d u c e  t h e  f o l l o w i n g  

s p a c e s  a ~ ~ d  o p e r a t o r s  

where t h e  l i n e a r  f u n c t i o n a l  E Y*  a c c o r d i n g  t o  t h e  Han-Banach 

theorem i~ a c r , n t i n u a t i o n  o f  t h e  l i n e a r  c o n t i n u o u s  f u n c t i o n a l  g  

!J 
i n t o  t h e  whole s p a c e  L ~ ' ~ ' c N  . Here w e  d e n o t e  by 

yn  : V -b w*." C r  > t h e  t r a c e  o p e r a t o r  - / o n  I- f o r  a  f u n c i i o n  
2.9- !J c, 

from t h e  s p a c e  V .  and suppose  t h a t  t h e  f u n c t i o n  

w-S12 C r  3 .  where 
1 . 2  p  

and go is t h e  d e n s i t y  o f  t h e  Robin p o t e n t i s l  on  T. . W e  d e f i n e  t h e  
P 

Sobolev s p a c e s  w:/'c rp3 and w;"'c T. 3  a c c o r d i n g  t o  
P 

. The 

d i r e c t  t e s t i n g  of  t h e  expans ion  p r o p e r t i e s  /40/leads t o  t h e  

t 'ol 1  owing 1 emma 

LEMMA 1 .  For a n  a r b i t r a r y  f u n c t i o n  y, E w;IF~ 3  t h e  o p e r a t o r s  and 
P 

s p a c e s  C1.63 de f ine<?>  t h e  e n e r g y  expans ion  = T*A T  f o r  
IN 

t h e  o p e r a t o r  C i .  1 1 .  C1.43. C1.5>.  

The g e n e r a l i z e d  f o r m u l a t i o n  of  t h e  Problem IN i s  : Find such  

u  E v t h a t  

C AINTv, Tn 1 = 0  . V q E V . C l  73 

I f  w e  d e n o t e  by g  = mesni. 7 Cy3=CgT1~' l y  ~ ~ d x 1 " "  
i i and d e f i n e  

c>. 

t h e  c o n s t a n t s  po= 1 and p  Cu3= pCrLCVu33, i = 1 . .  . . . p  . t h e n  t h e  

e q u a t i o n  C 1 . 7 1  becomes 
P 

The f  01 lowing lemma have been proved i n  /' /. 
LEMMA 2. I f  t h e  c o n d i t i o n  C i .  3a1 o r  C1. 3b3 i s  s a t i s f i e d .  t h e  

- 
o p e r a t o r  A. is  s t r o n g 1  y  monotonous o r  L ipsch i  t z  con t inuous .  c o r r e s -  

p o n d i n g l y . .  Under t h e  c o n d i t i o n s  C l .  3a3 and C l .  3c3 t h e  o p e r a t o r  
- 
A h a s  t h e  Gatoex d e r i v a t i v e  which is symmetric and 

p o s i t i v e l y  d e f i n e d  w i t h  t h e  c o n s t a n t  m. The o p e r a t o r  AIM is of  

P o t e n t i a l  t y p e  w i t h  t h e  p o t e n t i a l  
P T , ( Y )  

FOcy3 = FoC03 + I: gi I pCs3 . s  d s  . 
t=o 0 

where f o r  i = 0  w e  d e t e r m i n e  pCs3 = 1 

The f 01 lowing theorem is a s i m p l e  consequence of Lemmas 1 .2. 

THEOREM 1 .  Le t  t h e  c o n d i t i o n s  C i .  3a3 and CI .  3b3 , b e  s a t i s f i e d .  Then 
-* /2 

f o r  e v e r y  v E WZ,,Cr 3 t h e r e  e x i s t s  a  un ique  g e n e r a l i z e d  s o l u t i o n  
u 

u  E V f o r  t h e  Problem C1.71 Cor C1.833. 

5 2  E r r o r  e s t i m a t e s  

Le t  u s  c o n s i d e r  t h e  e s t i m a t e s  of t h e  d i f f e r e n c e s  between t h e  



qar.cr-a1 i zed :cl u t ionr ,  u and u  f o r  t h e  P r o b l e m  FN and IN. 
F N  I N  

c g r r r s p o n d i n y l  y .  W e  deno te  uA=uFN- uIN; p C I C d  = p  C JVuIN I > :  
el,l<u> - pLcuIN> cm; x t c ) .  i = ~ , .  . . p ;  L ~ =  L cn,). is q  c m . 

q q 
The f o l l o w i n g  lemnia is  a  s l m p l e  consequence from t h e  p r o p e r t i e s  

01. t h e  o p e r a t o r  A. 

LEMMA 3. There  h o l d s  t h e  e s t i m a t e  
P 

1 uA R , 5 m-' & c j  lpcr-  p,, 1 '  lvulNl2 d x l ' / '  C2. 1 )  
,:1 n, 

I f  Lhe aszumptions  IVuIN I *  E Li , 1 < q 5 m and q-l+ p-'= 1 a r e  

, i s t i i f l e d .  t h e n  t h e  e s t i n m t e  

Lakrs p l a c e .  

I f  w e  u s e  t h e  Sobo lev ' s  i n e q u a l i t y  /41/, w e  c a n  s p e c i f y  t h e  

cs t in!a te  of  t h e  f i r s t  f a c t o r  i n  t e rms  of  CZ!.2l/'/. W e  d e n o t e  

v = IVuIN I .  

LEMMA 4. Suppose 1  ha t  c - C diam O.> 5 m e s  Oi, i = 1  . . . . . p  , and 

I Vv I E L.'. . vZ E L: , i 1  . .  . . . p  . Then t h e  e s t i m a t e  

1 uA W V  < c  dldzCmes ~:l'/' 

is  t r u e .  where 

d  = rnax Cdiam f l >  . 
' 1c,<p -' 

d Z = m a X ~ a l v v ~ ~  - 1.1 . I Y ~  . U Y ~  ) 
1<r5p L 4 - La 

I f  IVuINI E c 'c~, ) .  t h e n  t h e  f o i l o w i n g  e s t i m a t e  r e s u l t s  f rom C2.2) 
P 

Note. t h a t  t h e  estimte of t h e  t y p e  (uAIV< c . d  a p p a r e n t l y  c a n ' t  

b e  improved f o r  t h e  chosen method of  approx ima t ion  of 

n n n l i n e a r i t y  and f o r m a l l y  j u s t i f i e s  t h e  u s e  of t h e  IN-model o n l y  

1 a r  s u f f i c i e r ~ t l y  sma l l  d  . Hnwever i n  p r a c t i c a l  problems i t  is o f t e n  
1 

r n t e r e s t i n g  t o  know t h e  approximate  s o l u t i o n  f o r  uFN on1 Y i n  some 

subdomain n c n which does  no t  i n t e r s e c t  t h e  domain of  n o n l i n e a r 1  - 

l y  O" Cfor example i n  m a g n e t o s t a t i c  problems &IA is t h e  a p e r t u r e  

domain>. I n  t h e  l a s t  c a s e  ve c a n  see i n  numerical  expe r imen t s  t h a t  

t h e  s o l u t i o n  u  is  Lhe s u f f i c i e n t  approx ima t ion  f o r  t h e  f u n c t i o n  
I N  

u  even f r ~ r  sma l l  number of subdomains p  and f o r  a  
F N  

phenomenol ig lcal  c h o i c e  of  of t h e  c o n s t a n t s  pi .  i = 1 . .  . . . p  

Besrdes  t h e  d r r e c t  u s e  of  t h e  IN-formulat ion,  w e  c a n  u t i l r z e  t h e  

o p e r a t o r  of  t h e  problem a s  a  p r r c o n d i t i o n e r  T o r  a r c e l  e r  a t l  ng t h e  

corlvergence of t h e  i t e r a t i v e  p r o c e s s e s  f - r  s o l  u t i o n  c7f t h e  ncml i near 

Problem F N  

6 3  Problem i n  t h e  unbounded domai n  

An e x i s t e n c e  of  t h e  un ique  s o l u t i o n  f o r  t h e  nonhomogeneous 

Con r3 boundary v a l u e  p r o b l e m  of  D i r i c h l c t  and Neumar~ t y p e s  f o r  

t h e  IN-formulat ion can  b e  proved i n  a  s i m i l a r  way 3s i n  Theorem 1  

I n  p a r t r c u l a r .  f o r  t h e  Neuman problem an analoyous  s t a t e m e n t  t o  

t h a t  I n  Lemma 2  t a k e s  p l a c e .  a s  w e l l  a s  t h e  f o l l o w i n g  theorem/' / .  

THEOREM 2. For e v e r y  y E ~ ~ : : ~ ~ r ~ 3  and g e w~I:~CT.~ t h e r e  i s  

a unr que g e n e r a l i z e d  s o l u t i o n  u  E em. L u ,  gJ= 0 f o r  t h e  

f n r  v r )  E 9 ~ .  ~ 7 ) . g ~ > ~  ,r, = 0 .  Here y i s  t h e  d e n s i t y  of t h e  

Robin 's  p o t e n t i a l  on T  .' 
W e  d e f i n e  t h e  n o n l i n e a r  Poincare-Stek 1 ov oper a t o r  SIN fo r  

t h e  problem i n  IN- fo rmula t ion  accord ing  t o  Theorem L?. s o  t h a t  

SIN E CZ*+ 23. where I=$/'< D , z*=w~"'c T) T h i s  o p e r a t o r  maps 
Z ' L  z. ' 

3ny f u n c t i o n  g  E I* t o  t h e  t r a c e  yoCul E Z of t h e  f u n c t i o n  u  

on Che toundary  r ,  where u  is t h e  s o l u t i - n  of t h e  e q u a t i o n  C3.11. 

20 t h a t  t h e  f o l l o w i n g  inequa l  i L y h o l d s :  

C S  g.7)) = Cy Cu).r)l .  
I N  - v r )  F I*. (3.2) 

Using p r o p e r t i e s  of t h e  o p e r a t o r  A,  o b t a i n e d  i n  Lemma 2  and t h e  
R 2 /  

technique. used i n  paper . where t h e  Problem FH h a s  been 

I n v e s t i g a t e d  . w e  can  p rove  t h e  f o l l o w i n g  

THEOREM 3 .  Under t h e  condi t.ions C1. 3 a l  and C 1  3bl t h e  o p e r a t o r  SIN 

ia s t r o n g 1  y  monotonous. c o n t i n u o u s  and h a s  t h e  i n v e r s e  ST:, which 

is  L i p s c h l t z  c o n t i n u o u s  and s t r o n g 1  y  rnc.,notc?nous. s;: E CZ + Z*l. 

Under t h e  c o n d i t i o n  C1. 3c> t h e  o p e r a t o r  c . ~ '  t1.31; t h e  Gatoex d e r i v a -  
I N  

r i v e  wi th  p o s i t i v e l y  d e f i n e d  and symmetr ica l  R = CS-'1'. The ope- 
I N  

rsLor S-' has  t h e  p o t e n t i a l  t y p e  wi th  Lhe p v t e n t i a l  
I N  

p T C lgrad " 1 3  

The Theorem 3 a s  i t  was i n  n2' e n a b l e s  t o  c o n s t r u c t  e q u a t i o n s  

f o r  t h e  domain decomposi t ion method when t h e  s o l u t i o n  u  of t h e  

boundary v a l u e  problem IN is be ing  found i n  t h e  whole s p a c e  R~ 
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where t h e  c o n s t a n t s  c  . c2> 0  a r e  weakly dependent  o r  q u i t e  

independen t  on t h e  dimension of t h e  s p a c e  X . I n  what f o l l o w s  w e  

c o n s i d e r  t h e  two-dl mensional c a s e  . w h i l e  t h e  precondi  t i o n e r s  f o r  

t h e  th ree -d imens iona l  c a s e  w i t h  t h e  checker  -board s u b d i v i s i o n  h a s  

been i n v e s t i g a t e d  i n  /'/. 

$6. C o n s t r u c t i o n  of  t h e  l i n e a r  p recond i  t i o n e r  

W e  c o n s i d e r  t h e  "chess"  s u b d i v i s i o n  of  t h e  domain 0 mentioned 

i n  54. Without t h e  l o s s  of  g e n e r a l i t y  w e  suppose  t h a t  a l l  

subdomains 0 a r e  r e c t a n g l e s .  though t h e  r e s u l t s  a r e  t r u e  f o r  

t h e  convex quadrang les  a l s o .  Le t  u s  c o n s i d e r  a n  e x a c t l y  i n n e r  

r e c t a n g l e  . j . e. . r ,n r = B . W e  p a r t i  t i o n  t h e  component u ie  f" 
of t h e  e lement  u  E X i n t o  f o u r  components u  = ( u k >  . k = 1. .  . . . 4  

each d e f i n e d  mr~l y  on one  s i d e  of  t h e  r e c t a n g l e  0 . Corresponding1 y  

+.he o p e r a t o r  sitL may be  w r i t t e n  i n  a  block form 

s*:; = < strn >.  k . m  = 1 . . . . .  4 CB. I> 

For t h e  domains of t h e  boundary l a y e r  t h e  block dimension o f  t h e  

o p e r a t o r  s;fL e q u a l s  t o  2 o r  3. whi l e  t h e  b lock r e p r e s e n t a t i o n  

h e r e  c a n  b e  o b t a i n e d  by d e l e t i n g  t h e  block rows and columns 

c o r r e s p n d l n g  t o  z e r o  components u: o f  t h e  v e c t o r  u  . 
W e  imply t h a t  t h e  c o n s i d e r e d  s u b d i v i s i o n  of  t h e  domain 

Y 

! I  = U fl form a  g r i d  which d e t e r m i n e s  t h e  f i r s t  o r d e r  f i n i t e  
L ' L  L 

e l e m e n t s  of t h e  " s e r e n d i p i t y "  - t y p e  . The dimension of t h e  

co r re spond ing  b a s i c  f u n c t i o n  s p a c e  . which c a n  b e  deno ted  by X 

e q u a l s  qI of t h e  i n n e r  v e r t e x s  of  t h e  subdomains 1. Denoting 

A  =A<; 3, d e f i n e  t h e  s p a c e s  
2 0 

4 m 

X 2 . r  
= , XI = I : e X 2 , i  . C 6 .  2) 

k= t ia 

where t h e  s p a c e  C D  is d e f i n e d .  f o r  example.  i n  -/ 

L e t  X 2 c  X; b e  some subspace  of  X-and X = X X . Then f o r  a n y  
0 L. 2 

u  e x t h e  un ique  r e p r e s e n t a t i o n  U = u  + u2 , u,€ XL, u2€ X2 

i s  c o r r e c t .  For a n y  u .v  ei Xo w e  have 
2 2 

C A2u. v > = I: x C A2ui. v j>  . C6. 3) 
i=a ~4 

I n  c o n s t r u c t i n g  t h e  o p e r a t o r  B  w e  e x c l u d e  f rom C 6 . 3 )  t h e  c r o s s -  

p o i n t  t e rms  and r e p l a c e  t h e  second summand by its 

hl o c k  -di agonal  p a r t .  Def ine  t h e  o p e r a t o r  

accord1 r ~ g  t o  b lock r e p r e s e n t a t i o n  C 6 .  :I. Us11.y t h e  represel-l t .at  i -1; 

c . 6 .  42, dc-f i n e  t h e  pr-econdi t i o n e l  oper aim- [F: ,J for  u  r Xo Ly 

ctEu.v> - i d i a g  A2u2,v  > + i A  . \ .  3 .  V v  E X 
7 ,  2 1  1 

t 6  F;? 

! el. u s  . s t a t e  s o r e  auxi 1  i a r y  def  i  n i  1 . 1  ons  L e f  X = X e X LP a  
1 2 

2. r ? c t  sum of  solhe Hi lber- t  t y p e  space5  X I  araj X . C!>nsidrr t h e  

t ' i l  I nwi ng numerical  c h a r a c t e r s  

n C X  . X >  = s u p  a ?  0 . n C X  . X >  = s u p  (3 i 0 i6.61 

f01- t h e  c r m s t a n t s  n > 0  . (3 > 0  . s a t i s f y i n g  t h e  e s t i m a t e  

n II x,f12+ 0 II x2u2 5 Px,+ x2u2 , v X,E X , .  X ~ E  xZ 
These c h a r a c t e r i s t i c s  a r e  a n a l o q u e  t o  t h e  n o t i o n  of a  s p r e a d  

Copenj.ng3 of a  p a i r  of  a  H i l b e r t  s p a c e s  

37 Gi?nera! e s t i m a t e  of t h e  condi i  i u n  nunher 

Denots  s i m i l a r  t o  cG.Z> X = E e  X For t h e  f u n c t i o n  
L El 

2 . ~  

B 

v G X Z - L  g i v e n  on ? , k = I . . . . , 4  def  i n r  t h e  f u n c t i o n a l  a 

where a and a a r e  t h e  ends  of t h e  seynent ?. and t h e n  f o r  t h e  

f u n c t i o n  u  = i e  uk E X  we construr:t  t h e  f u n c t i o n a l  
k=L 

2.L 

The c o n d i t i o n  number KCB"A 3 i s  e s t i m a t e d  i n  t e rms  of  some 

g e n e r a l  c h a r a c t e r i s t i c s  of  t h e  s p a c e  X2, n o t  r e l a t e d  w i t h  t h e  

opera+.or-s E3 and A  . W e  u s e  t h e  f o l l o w i n g  h y p o t h e s i s e s :  

e l .  There  is s u c h  a  c o n s t a n t  gCX2>>0. t h a t  f o r  any f u n c t i o n  u  E X 

s a t i s f y i n g  t h e  condi t i o n  uCr > =  0 fo l  some 1 E r t h e  i n e q u a l i t y  
D L 

hoi d s  

H e .  For ar.y f u n c t i o n  u  cz X t h e  f o l l o w i n g  i n e q u a l i t y  h o l d s  

where T)L p a s s e s  th rough  a11 i n n e r  edges  and cCXZ>>O. 
- 

Here and i n  what f o l l o w s  u  d e s l  y n a t e s  a  harmonic i n  1'1, f u n c t i o n  

having a t r a c e  u  on rL 



According t o  -/ f o r  t h e  c o n s t a n t s  d e f i n e d  i n  C6.63 t h e  

f o l  lowlng e s t i m a t e s  a r e  t r u e  

!-EMHA 8 Under t h e  h y p o t h e s i s  HI t h e  f o l l o w i n g  e s t i m a t e  is t r u e  

min c ~ c x ~ . x ~ > . ~ c x ~ , x ~ > )  t C . C I + ~ C X ~ > ~ *  . 
where t h e  c o n s t a n t  c lO  is d e f i n e d  o n l y  by t h e  s h a p e  of donrains n, 

I 
L E W  9. Assuming t h e  h y p o t h e s l s e s  HI and H 2  a r e  t r u e .  f o r  any  

f u n c t i o n s  11 E X and u,e X t h e  e s t i m a t e  h o l d s  
L 1 2.1 

l k i n g  Lemmas 8 . 9 ,  t h e  i n e q u a l i t i e s  f o r  t h e  f u n c t i o n  t r a c e s  from H* 

on t h e  L i p s c h i t z  s u r f a c e s  and t h e  r e s u l t s  of  s t i c k i n g  t o g e t h e r  t h e  

f u n c t i o n s  from H~ . 0  < r  < 1 . d e f i n e d  a t  t h e  s u r f a c e  o f  t h e  

quadr angl  P 
/34/ i n  A?/ 

t h e  f o l l o w i n g  theorem is proved 

THEOREM 5. I f  t h e  h y p o t h e s i s e s  H i  and H2 ho ld .  t h e n  f o r  t h e  

p r e c o n d i t i o n e r  B d e f i n e d  accord ing  t o  CB. 5) t h e  f o l l o w i n g  e s t i m a t e s  

t a k e  p l a c e  f o r  a l l  u  e Xo where t h e  c o n s t a n t s  c2.cI> 0  depend 

c11ly on t h e  shape  of  t h e  domain R .  

Note t h a t  t h e  problem of  i n v e r s i n g  t h e  o p e r a t o r  (B r e s u l t i n g  t o  

~ o l u t i o n  of  t h e  e q u a t i o n  

C ( B . ~ * .  1 = c ~ . v > .  V V E X O  

is e q u i v a l e n t  t o  s o l v i n g  of  two r a t h e r  s i m p l e  problems . F i r s t  f i n d  

t h e  f u n c t i o n  u2 f rom t h e  e q u a t i o n  

I and t h e  f u n c t i o n  u  f rom t h e  e q u a t i o n  

f o r  which t h e  e q u a l l t y  u  + u  = u* h o l d s .  The problem C7.7) r e s u l t s  
1 2  

t o  independent  s o l u t i o n  of combined problems f o r  t h e  Lap lace  

2pe ra to r  i n  domains n, wi th  t h e  Neumann c o n d i t i o n  on one  s i d e  of  

t h e  domain and wi th  t h e  homogeneous D i r i c h l e t  c o n d i t i o n  f o r  t h r e e  

o t h e r  s i d e s .  For t h e  co r re spond ing  subspaces  X such  problems a r e  

s o l v e d  el t h e r  by t h e  FFT method or by t h e  approa:h proposed i n  -< 
The problem C 7 . 8 )  co r re sponds  t o  f  i n i  te-elenmt sets of  l i  near  

a lgebra1  c  e q u a - i o n  wi th  t h e  d l  ncns ion  14 f o r  t h e  " s c r e n d i p i  t y " - t y p  

elemer1t.s of t h e  f i r s t  o rde r  formed by p a r t i t i o n  of  t h e  domain 

Y 

R =- U nL . To s o l v e  t h e  e q u a t i o n  C7.8)  t h e  d i r e c t  mrl-hods o r  t h e  
I = I  

p r e c o n d i t i o n e d  c o n j u g a t e  g r a d i e n t s  method CPCFS can b e  used 

$ 8  R e s u l t s  f o r  t h e  s p e c i f i c  subspaces  

L e t  u s  c o n s i d e r  t h e  e s t i m a t e s  of t h e  c o n s t a n t s  gCX > and aCX23 

f o r  t w o  f l n i  t e  dimensional  subspaces  X2 

Conzlder  t h e  subspace  X 2 . h  c X 2 c o n s i s t i n g  ot p i e c e - v i c e  l i n e a r  on 

rL 1  = I ,  . M  . f u n c t i o n s  d i t h  z e r o e s  a t  t h e  v e r t e x  of  t h e  

r e c t a n g l e s  RL P a r t i t l o n t h e e d g e s f .  k - 1 .  . 4  t o  n  r.k + I  

segments  A  . j-0. . n  s o  t h a t  f o r  h>O t h e r e  a r e  c o n s t a n t s  
J 1 .k '  

c  . c . i ndependen t  on j  . k , h. f o r  which c  h  l I AJ ) i c  h  f o r  
0 I 0 

a l l  J Def ine  subspaces  

X L ,  k =  < U E CCP);), U E PIC?C>, uCX>=O. X E dCf> > .  C 8  1) 
I A  

where P  C x) i s  a  set of  l i  near  polynomial s Then t h e  s p a c e  XZsh  
I 

1% d e f i n e d  by 
4 

X z ,  r L E * XL.k 
C 8  2 )  

k i l  

De f ine  a l s o  t h e  s p a c e  X s l m l l a r  t.o ( 8 . 1 1  so t h a t  a t  e v e r y  edge 
2.0 

npx 
t h e  f u n c t i o n s  f rom X2.ptakr t h e  ferm < s i n  - > , 

lk 

p = 1 .  . . .  n  ~ , k  ' I:= ~ r r l  . x E + I t  i s  c o n v i n i e n t  t o  u s e  t h e  

s p a c e  X2,- f o r  t h e  r e c t a n g u l a r  domalns wh i l e  t h e  s p a c e  X I s  2.n 
we1 1 - s u i t a b l e  f o r  t n e  f  i n i t e - e l e m e n t  approximation of t h e  

f u n c t i o n s  which a r e  harmonic w i t h i n  t h e  q u a d r a n g l e  n, of  t h e  

gerreral  t y p e  I n  bo th  c a s e s  w e  d e s i g n a t e  nL=max n  
k 

L . k  . n,,=mx n  , 

where n L .  = dim C X L  . k > .  
Let  u s  c o n s i d e r  t h e  f o l l o w i n g  auxi 1 i a r y  corr f i rmat ion.  

LEMMA 10 .  Assume t h a t  f o r  t h e  f u n c t i o n  uCx> €H1cni), c o n t i n u o u s  

2 L  t h e  convex quadrang le  0 t h e  f o l l o w i n g  e s l i m a t e  h o l d s  

C u - m a x  I u C d J  CS. 2) 
'Lw,Rt, x d l L  

f o r  jome h i 0  and t h e r e  is  rL. f o r  which u C Z  > = 0. 

Then 

max ( uCx3 1' 5 c  C l  + lnCd/h1> f ( Vu 12dx. C 8 .  3) 

x*L nt 
where t h e  c o n s t a n t  c  d o e s n ' t  depend on h and d  = diam CnL> 



This lemma g e n e r a l i z e s  t h e  well-known e s t i m a t e s  f o r  the f u n c t i o n s  

f r  om t h e  f i n l t e - e l e m e n t  subspaces  /26'37/ and c a n  be proved u s i n g  

t h e  t e c h n i q u e  from ''287'. 

LEMMA 1 1 .  For any  of t h e  subspaces  X and  X t h e  c o n s t a n t s  
2 . h  2.. 

r C y  and gC%> d e f i n e d  i n  h y p o t h e s i s e s  Hi and H2 a r e  e s t i m a t e d  by  

m x ~ c C + . g C + )  5 c ~ i  + 11) nu) c e .  43 

wher e t h e  c o n s t a n t  c d o e s n ' t  depend on n  m S h i s  c o n f i r m a t i o n  is 
Y n/ proved on t h e  b a r i s  o f  Lemma 1 0  s i m i l a r  t o  Lemma 7  f rom . 

Fvon t h e  Theorem 5 and Lemma 11 i t  f o l l o w s  

THEOREM 6. Asxunte t h a t  X i s  one  of t h e  s p a c e s  X o r  X . Then 
2.. 

f o r  any u  E X 2 e  X t h e  e s t i m a t e  i s  t r u e  

.xhere conzt  ant: r .  . c d o e s n ' t  depend on n  . 
1 2  Y 

N o t e  t .hat  i  he e s t i m a t e  Ct3.91, f o r  t h e  c a s e  X = X c o i n c i d e s  
2 2.h 

wl th  t h e  similar e s t i m a t e s  of p r e c o n d i t i o n e r s  f c r  t h e  f i n i t e  

e lement  elliptic sys tems  of  equation^^^'*'^^'^^/. 
REMARK 1 .  For t h e  domains nt be ing  n o t  r e c t a n g l e s  i n  c a l c u l a t i c ~ n s  i t  

i: convin;  e n i  t o  r e p l a c e  t h e  components of t h e  o p e r a t p r  B i n  t h e  

d Z  ,/z 
i u t s p a c e  X c X by s p e c t r a l l y  e q u i v a l e n t  o p e r a t o r s  C =[- >;I] , 

2 .  r 2.h 

which d e f i n e  t h e  norm e q u i v a l e n t  t o  fl.i,,, km/. Such ope ra tmrs  
H (r.) 

a r e  used j n  ' 2 6 / .  
L 

REMARK 2 .  I t  i s  e a s y  t o  show t h a t  e s t i m a t e s  C7.8) and C8.5) a r e  t r u e  

a150 i f  wc u s e  j n s t e a d  of harmonic f u n c t i o n s  i n  n. t h e  "h-harqanic"  

Zunct ionz.  j . e .  . t h o s e  s a t i s f y i n g  t h e  f i n i t e  e lement  a l g e b r a i c  

zys tems f o r  t h e  c o r r e s p o n d i n g  t r i a n g u l a t i o n  of  t h e  domains 
nL 

o b t a i n e d  by t.he Gal e l - k i  n  scheme. 

REMARK 3. I t  cart Le e a s i l y  s e e n  t h a t  f o r  t h e  p a r t i t i o n  of t h e  

" s t r l p s "  t y p e  . i .  e .  . a t  n  =I t h e  q u a n t i t y  K C ( B - ' A ~ ~  d o e s n ' t  depend 

or, t h e  dimenhion n  f o r  t h e  c o n s i d e r e d  subspaces  
Y 
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X o p o ~ c ~ w f i  B .H . E5-89-598 
KBa3mu~ef i~b1e  3JLTIHIITHseCKHe YpaBHeHHH 
B H ~ I ~ o ~ H o - H ~ J I ) I H ~ ~ ~ H o ~ ~  nOCTaHOBKe 
u MeTonbI wx nepeo6ycn2snHsaHu~ 

P ~ C C M ~ T ~ H B ~ I Q T C H  KpaeBbIe 344asH UnH y p a ~ ~ e ~ ~ f i  B HenOnHO- 
H ~ ~ H H ~ U H O ~ ~  (IN) IIOCTaHOBKe, HBJIHI iqHXCR Moflki@Pi~aq&iefi KBa3u- 
J M H ~ ~ ~ H ~ X  snnnnTasecKax y p a ~ ~ e ~ n U  UnsepreHTHoro Tuna. Ha 
OCHOBe K J I ~ T O ~ H O ~ ~  fi€?KOMn0313U$iH n6nac~ki  flnH ypaBHeHFifi B I N -  
nOCTaHOBKe IlOCTpOeHO ~ e l . f e f i ~ ~ B 0  J I H H ~ A H ~ I X  n e p e o 6 y c n a s n u ~ a 1 ~ -  
WkiX OIlepa.TOpOB, KOTOpbIe JlerKO O ~ P ~ T M M ~ I  / K ~ K  Ha ilapaJUItYlb- 
H b X ,  TaK M Ha IlOCJIenOBaTeJIbHblX 3BM/ k i  6nu3wl no CneKTpy 
K COOTBeTCTBYlOueMy JIHHeapU30BaHHOMY OllepaTOpY C IIepeMeH- 
HblMW / C M J I ~ H O  M ~ H R H ) ~ I I M I I C R /  K O ~ ~ W ~ U ~ H T ~ M I ? .  P ~ C C M O T ~ ~ H H ~ I ~  
n e p e o 6 y c n a ~ n a ~ a ~ e m  AalOT B 0 3 M O X H O C T b  ~ @ $ ~ K T W B H O  pemaTb 
YpaBHeHuH MarHHTOCTaTHKH KaK El I N - ~ I O C T ~ H O B K ~ / ' / ,  TaK H B 

n0CTaHOBKe ypaBHeH~fi M a ~ c s e n n a  flnR CKaJIHpHOrO IIOTeH~aJIa. 
P a 6 o ~ a  BbInOJIHeHa B J Ia6opa~opuu B b l r l ~ ~ J I P i ~ e n b ~ ~ f i  TeXHUKW 

M aBTOMaTU3aqWW OMRH. 
n p e n p u n ~  O G a e ~ x ~ ~ e ~ ~ o r o  m m T y T a  fmL9epHbIX u c u ~ e ~ o ~ a m i f i .  AyGna 1989 

Khoromskij B .N .  E5-89-598 
Quasi-Linear E l l i p t i c  Equa t ions  i n  t h e  
Incomplete  Nonl inea r  Formulat ion and Methods 
f o r  T h e i r  P r e c o n d i t i o n i n g  

We propose  a  boundary v a l u e  problems f o r  e q u a t i o n s  i n  
t h e  incomple te -non l inea r  (IN) f o r m u l a t i o n ,  which a r e  some 
m o d i f i c a t i o n  f o r  q u a s i - l i n e a r  e q u a t i o n s  of t h e  d i v e r g e n t -  
type .  The f a m i l y  of l i n e a r  p r e c o n d i t i o n e r s  i s  developed 
which a r e  e a s i l y  i n v e r t i b l e  (bo th  f o r  p a r a l l e l  and f o r  
t r a d i t i o n a l  computers)  and s p e c t r a l l y  c l o s e  t o  t h e  c o r r e s -  
pondidng l i n e a r i z e d  o p e r a t o r  wi th  h i g h l y  v a r i a b l e  c o e f f i -  
c i e n t s .  The c o n s t r u c t i o n  i s  based on t h e  domain decompo- 
s i t i o n  method w i t h  checkerboard s u b d i v i s i o n .  T h i s  precon- 
d i t i o n e r s  p rov ide  means f o r  c o s t - e f f e c t i v e  s o l u t i o n  of 
m a g n e t o s t a t i c  e q u a t i o n s  f o r  IN-formulat ion,  a s  w e l l  a s  i n  
f o r m u l a t i o n  of  t h e  Maxwell e q u a t i o n  f o r  t h e  s c a l e  poten-  
t i a l  r e p r e s e n t a t  i o n .  

The i n v e s t i g a t i o n  h a s  been performed a t  t h e  Labora to ry  
o f  Computing Techniques  and Automation,  JINR. 

Preprint o f  the Joint Institute for Nuclear Research. Dubna 1989 


