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1 • INTRODUCTION 

Undoubtedly the Aharonov-Bohm (AB) effect [1] helped to understand 
more deeply the geometric nature of gauge fields, Going in this w~ 
wu end Yong (21 generalized the problem to non-Abelian gause groups. 
The AB effect with the SU(2) gauge group on the punctured plane was 
elaborated by Horvathy [3). But the calculations become much more 
complicated for more then one sources of the gauge field (solenoids). 
A general scheme to attack this problem waa proposed by Sundrum and 
Tessie {41 end by Oh, Soo end Lai [5]. The main trick is to use the 
universal covering space technique originally developed by Schulman 
[6] in connection with the Feynman path integral on multiply connec
ted spaces. 

In this paper we consider a non-relativistic quantum particle 
moving in en external gauge field with the flux concentrated in two 
infinitelly thin parallel solenoids. In the idealized setup the con
figuration space is the double punctured plene M = IR2 '-.!a, b} and 
the gauge field strength Fl'" • u,.. Av - 'J., Ar- + [ AC'-,Av] vanishes on 
M. The gauge group is allowed to be non-Abelian end without lack of 
generality we cen regard it to be U(N) , N ~ 1 • The basic tool 
having been applied is again the universal covering space technique 
though the Feynman integral is not considered at ell. This approach 
enables us to express both the Green's function end the propagator in 
the form of infinite series the convergence of which is much more 
easy to prove in the former case. But the both objects are closely 
related by the Laplace transformation 
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2. QUANTUM MECHANICS ON MULTIPLY CONNECTED SPACES 

With very general assumptions it can be shown (7] that, up to equi
valence, all gauge fields Ai with the vanishing field strength 
F~~ = 0 on some configuration space M are in one~to-one corres
pondence with unitary representations U of the fundamental group 
T = 'ir1(Jl,xref) : for each homotopic class Cf1 E. r it holds 

U( [jJ r 1 = P exp(-1 Ay dxl') , 
r 

where the fixed reference point xref is the starting and the ter
minating point of the closed curve f , The group multiplication in 

r is defined as follows: tt,][f2] = [f1*12]' where 7i*r2 
means that the curve r2 follows the curve 1'i • 

The quantum mechanical description can be done in at least three 
equivalent ways. The most usual one is to choose the Hamiltonian 
equal to -(1'!

2 /2f) ((} + A )2 and acting in the Hilbert space of ICN
valued wave functions on M • The second possibility is to use the 
universal covering space M . The discrete group r acts on M 
from the left and the quotient T' \..M coincides with the original 
space M • The Hamil toni an Hu = -('n.2 /2f-) "tB is defined in the 
Hilbert space ~U consisting of 1CN-valued wave functions on M 
which are required to be u-equivariant, i.e,, -rcg.x) = U(g) f(x) , 
g t: r , The Hermitian product in :f U is defined 

<~1 , f 2 ) = JD "fl< x)lf- "'(2(x) dV(x) 

Here .t:.18 designates the 1aplace•Beltrami operator, dV(x) desig 
nates the Riemann measure on M and D is an arbi trery funda
menatel domain, i.e., such en open connected domain in M for 
which the sets g.p , g €. T' , do not inte~sect each other end their 
union covers M up to a zero measure set, We note that the Riemann 
metric is naturally transferred from M to M end the left 
action of r on M preserves this metric and hence the measure 
dV as well. The third possibility is to fix a simply connected fun
damental domain D c M , Then D is projected one-to-one onto 
an open simply connected set M '- 1 , with L being a cut 
in M , dim 1 = dim M - 1 • Now the Hamiltonian is H = -(fl2!2('-)A 
acting in £. = 12( M,<rN 1 dV) , but its definition entails also the 
boundary conditions on 1 , Clearly, the transcription from the 
second description to the third one is rather straightforward. The 
presented results will be given in the third formulation. 

SUppose we know the propagator K(t) for the free particle 
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on M • It is worth to emphasize that in this case wave functions 
and the propagator are scalar and the integration in the Hermitian 
product is over the whole space M, The Schulman's Ansatz (genera
lized to non-Abelian gauge groups) enables us to compute the propa
gator K0(t) in the second formulation (x, x0 EM): 

~cx,x0 ) = -1 ~ U(g ) Kt(g.x,x
0

) L. 
gEr 

( 2) 

Manipulating formally the infinite series Ku(t) 
to fulfil ell the basic properties. The propagator 

is easily checked 
K(t) in the 

third formulation is obtained as a restriction to the fixed funda
mental domain, Ktcx,x

0
) = K~(x,x0 )1 D><D 

3, THE 1-SOLJ:NOID CASE 

The f-solenoid example provides us with an inspiration opening the 
way to the more complicated 2-solenoid case. We shall discuss it 
shortly from this point of view. So M = IR2 '\.. { 0 .\ , the fundamental 

group T' 'a' :ir. has one genereto·r g0 which is chosen to be the 

homotopic class of a simple positively oriented (counterclockwise) 
curve containing the origin in its inner, Then U(g ) • exp(2<rtid..) , 

I 0 
where o.. is a N>< N Hermitian matrix unambiguously specified by 
the condition 0 f-01-< 1 (i.e., all eigen-values of cJ.. obey these 
inequalities), The cut is chosen to be the positive x-halfaxis, 
1 = ! (x, 0); x > 0} • The Hamil toni an is defined H = -(ti2 /2('-) D. :

on IR2 ' 1 together with the boundary conditions on 1 written 
in the polar coordinates (r > 0 , <p E (-'ll','it) ) : 

- 2'h:id. "' - 2'1Cid.. \ "f(r ,'k) - e "f(r '-~) ' of' rcr ,'k) - e 0, yt.r' -•t() 

The universal covering space M is JR+XIR , i.e., the angle 
f is allowed t~ take any real value. We can complete M with one 
"ideal• point A for which r = 0 <rp is not specified). '!'his 
point can be achieved from each point of M by a free classical 
particle in a finite time, i.e., it can be connected with each point 
from ii by a geodesic curve of finite length, !here is another 
peculiar property of M • Two points x, x0 € ii can be connected 
by a finit.e geodesic curve only if I 'f - tfo I< 'IC • Put Xcx,x0 ) = 1 
(resp, 0) provided the points X 0 X O&n (resp. cannot) be 

' 0 
connected by a finite geodesic. Then by definition X(A,x) • 1 for .,., 
all x €: If • 
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Put 

Zt(x,x
0

) = -6lt) X(x,x
0

) _!:!__ exp[ lL dist2t x,x ) J 
2~i~t 2~t 0 (3) 

where f<t) 
plete set o~ 
particle on 
compute ~or 

is the Heaviside step function. Since we know a com
normalized generalized eigen-functions for a free 
~, { <m~r1 J1., 1cpr/11) eiVif; )7EIR, p>o}, we can 

t>O 
00 

K (X X)" Z (X X) + '""'- - - • --- )( "' A s ds ( 1 1 ) 
t ' o t ' o ~i~t ~ ~~+is ~+~+is 

-co 

><. e :lrR2c s) /2-ti.t 

where J = •0 - ,o , R2< s) = r 2 + r 2 + 2 r r ch( s) T Yo 0 0 

For three points x,.x2 ,x3 E MufAr such that X<x,x
2

) = 

XC~·~> = 1 and ~or two positive times 

v(x3'~'x1) 
t2,tl 

_ in ( 1 1 ) 
- -;: 9-'lf+iu -~ 

t 1 , t
2 

we put 

(4) 

(5) 

where 9 = 4- x
1 
x2x

3 
(the 'angle is oriented, 

including vhe sign), u = ln(t2r
1
/t

1
r

2
) and 

r 2 ='dist<x2,x3 ). Using the substitution 

i.e.' e is defined 
r 1 = dist(x1 ,x2 ) 

s = lnCt1 r 0 /t0r) , de = t S<t
1 
+t

0
-t) .,tt

1
> .ij'tt0) (t

1 
t

0 
f 1 dt

1 
dt

0
, 

we can rewrite 

N JS ( x,A,x ) Ktl:x,x0 ) = Zt(x,x0 ) + dtfdt 0 a'(t1+t 0-t) V tl ,t~ X 

X Zt ( x,A) Zt ( A,x
0

) 
1 0 

(6) 

The Schulman's Ansatz leads to the correct result in the third for
mulation 

4 

.l 

jl 

.,) 

'~ 
~Lf 
J 

)II, 

)l1' 

'!, 
:/), 

~· .. ·.· '\ ~ ,, 
li 
\;~ 
\{~ 

,1'~ 

I 

,, 

Kt(x,x
0

) expl2'J(ici.) -L-i 1 1 if IX-X
0 
l /2flt 

e 
exp(-2~i~) 2~i~t 

00 

- si~ 'lrcJ.. J ds ...t:__ e~~< s)/2-!'lt e-O.<s-if) 
-co ~i~t -s+iJ 1 + e 

where the value in the composite brackets depends on whether 

( 7) 

j = tp- f
0 

belongs to the interval (-'!!','IT') or (~,2c;r) or 
{•2'1t,-qo. Having performed the Laplace transformation {1) we get 
the Green's function (z ¢ IR+ , K

11
< X) is the Macdonald function) 

Gz<x,x0 ) { 
exp~2'lfiot) J 
exp(-2'lfW.) 

co 

;;, KO( W 1x-x
0

1 ) 

_ si~'ltCll J ds 11-~~2 Ko[w R<s>) 
1 + e-s+it -co 

w=~/~ ,Rew)-0 

4. THE 2-SOLENOID CASE 

Let us now turn to the 2-solenoid cese. S,o M = IR2 '-.{e,bj 
we choose the coordinate axes such that a= (0,0), b = <f,O) , 

( 8) 

(.9) 

r= I a•bl :;;> 0 , and the cut to be a union L = La U Lb of two half
lines lying on the x-axis: La= fcx,O) ; x ~ 0} , 
Lb = {cx,O) ; x > p}. We shall need two polar coordinate systems 
with respect to the centres a and b • The angles are again 
cOunterclockwise oriented and tfa• ~ € (-'ll','ll) • The values 
rpa :: .±'lC (resp. !fb = :!:'!() correspond to two sides of the cut La 

(resp. Lb), r is the free group with two generators ga' gb 

corresponding to two simple positively oriented curves winding round 
the point a (resp. b) end with the point b (resp. a) 
lying in the outside. The universal covering space M results 
from the 'infinite process of patching together countably many copies 
of the typical sheet (fundamental domain) D = m2, L , The boundary 
dD consists of four helflines (two sides of L8 and two sides 
of Lb) and of four points: a, b and two times ~ (reached 
from the upper and from the lower helfplane). This fact will be 
emphasized in the notation: D = D(a,oo,b,PO). Each sheet is patched 
together along four halflines with four other sheets, M ill again 
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completed with "ideal" points which now constitute a union ~U ~ • 
The countable set A ( resp. 'P.) is projected in the point a 

(resp. b ) • 
The function X(.,.) retains its meaning. But it holds never 

more that X(C, x) = 1 for ell x E M provided Ct.. .A LJ 'B • 
For example, let AE.A • Then the set of points which can be 

connected with. A by a finite geodesic is a unian UDj , Dj 

D(A,oO,Bj,oo), J = ••• ,-1,0,1,2, ••• , end BjE:B, dist(A,Bj) =f. 
The domains Dj ere arranged in "spiral stairs" centred at the 

point A , Dj is patched together with Dj-T end Dj+1 • 
Put U(g8 ) = exp(2'ltiol) , UCgb) = exp(2'1ti~) , 0 6 o. ,f.>< t 

The Hermitian matrices d., t> ere not constrained with any other 
condition. The Hamiltonian is defined H = -(fl2/2(A)A on JR2 , L 
together with the boundary conditions on the helflines L

8 
, ~ 

I - 2'11'iot. I d I - 2'ltid. d "V I 
"( fa ='it - e 'f fa =-'It ' 'fa 'f 'fa :'1( - e fa I fa =-'It 

I - 2'11' i/.1 I :l I - 2'11'i/!> ... tV/ I 'f ~='!(- e "( cfb=-ir. ' "9b "f tpb='lt - e "'fbI 'fb=-'ir • (1 0) 

Now we can guess the form of K(t) • The symbols Z(t) , V( •• ) 
defined in (3), (5) retain their meaning. For t > 0 

Kt< x.,x0 , = L:: "r< :t;x,xo) 
r,n;?:: 0 

w
1

(t;x,x
0

) = J 
1Rn+1 

dtn ••• dt 0 S<tn+ ••• +t 0-t) v( r ) x 
tn' ••• ,to 

>< Zt(x,Cn) Zt ( Cn,Cn_ 1) ... Zt(CT'x
0

) , (11) 
n n-1 0 

( 
IY' ) (·x,c ,c ) V ' - v n n-1 

tn, .•• ,to - t t n' n-1 
v( en ~cn-1 ~cn-2) 

n-1 ' n-2 

(
c2,c1,xo) .... v t t 

1' 0 

V = 1 for n = 0 end the sum is over ell piecewise geodesic 

curves f: X- Cn- • • • - C1 - x 0 , With the inner vertices 

(12) 

cj € cAu'B , 1 ~ j ~ n , such that dist(Cj,cj+1 ) = p, 1 ~ j ~ n-1. 
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To simplify natation we put where necessary c
0 

= x
0 

, Cn+
1 

= x • 
Treating formally the infinite (countable) sum we can verify 

the equality (x
0 

- fixed) 

2 
(Hi£_ + 1L ALB) -6"Ct) Kt<x,x ) = if! O(t) OM(x,x

0
) 

ot 2f' 0 (T3) 

where the Dirac-type generalized function 

reletian ~M OM(x,~) tp<~) dV(\) = 'f<xl 
OM is defined by the 

• Indeed, the equality (T3) 
results from the following relations: 

lim Zt(x,x0 ) = ~M(x,x0 ) 
t~O 

lim W (t;x,x
0

) = 0 
tso r for n;?:: t, 

(T4) 

end for t > 0 , x
0 

- fixed , 

( i~ L + .t.LB) "r<t;x,xo> = _J ... [ w.r<t > aoD<C ,] 
fl ot lJn n 

- [~ •ret>] 6~ncc > • ~ .. [•r'ct> ounce ·c >] + an Q n on n-T' n 

t [L "r'<t>] c)oDCC C:) an n-1; n 
(f5) 

wl'lere r': X - cn-r ~ ••• - c1 - ][0 ' D(Cn) = 
{ xE )4; X<c ,x) = t} , i)D(C .;c ) is that pert of the boundary n n-, n 

dDCC 
1
.) which consists of two helflines with the comman vertex n-

C end o/un is the normal outer derivation. 
n , 2 ~ 

Let us now apply the Schulman s Ansetz. Let D = IR 'L c M 

be the fixed domain, x
0

,x €. D • We have to sum the contributions of 

ell piecewise geodesics g.x +- en +- ••• - c1 - ][0 f g €. r ' 
with the weight U(g-1) • The passible values of the angles O. 

J 
at the inner vertices cj ere 91 = - fo + 2'k'kt f 92 = 21l'k2 f ••• 

•• ' en-l = 2'1tkn-11 ' en = tf + 2'ltkn ' k1 ..... ,kn € :a: ' end 

k1 kn 
g=g ••• gn 

where gj = ge (resp. gb) provided cj erA (resp. '30) • Let 
K8(t) designate the 1-solenoid propagator (7) centred at the point 
a with the cut L

8 
, U(g

8
) = exp(~i-) • KbCt) is defined si-

milarly, K0( t) is the free propagator on the plene. Then for t' > 0 

7 



• 

Kt.cx,x0 ) • ~(x,x0 ) + ~(x,x0) - K~(x,x0) + 

00 

S dto 

o to 
S'<tn+ ••• t 0-t) x 

~ 00
dt 

c.__ (-1 )n S ......!!. 
r,n:2;2 t ••• 

+ ..J!_ 
21'cifi 0 n 

[ 

r 2 r 2 
x exp ll. ( -ll.. + • • • + _o_ ) I 

2fl tn to J srcs;tf•tfo> 

Sf (S ;cf, tfo) 

sin 'it G' e-o-n (sn ·i!f) sin 'fr<r T ·on-1 5 n-1 · n ~ e = 'II' -sn+irp ~ .::.....----s-n--1-
1 + e 1 + e 

sin <n:<r
2 

e -13"2 5 2 sin 'ito; 
~ -s ~ 

1 + e 2 

-Gt<sr+iifo) 
e 

+ e 
-s 1-1!fo 

s . = ln(t .r. 1 /t . 1 r. ) 
J J a- a- J 

T ~ j ~ n 

( T 6) 

(17) 

(18) 

where rj=lcj+
1
-cjr, O~jofn, and (rn,cf) (resp. 

(rO',cfo> ) are the polar coordinates of x (resp x 0 ) . with res-

pect to the center en (resp. c 1) ; the sum is over all finite 

seqnnces f = (cn 1 ... ,c 1> , cj €: fa,bj, cj ~ cj+T and O'j = 0. 
(reap. /!J) provided Cj = a (reap. b ) • Again c 0 = x0 

cn+
1 

= x • The substitution (18) together with the relation 

dna = t d(tn+ .. ,+to·t) -D'<tn) ... ~(to) (tn ... to r 1 
dtn ... dto 

enables us to rewrite 

where 

Kt(x,x
0

) 
a b Kt(x,x0 ) + Kt(x,x0 ) 0 ) + Ktcx,xo 

+ _.t:_ 
2'!riflt 

L::: (-t )n J dna e~R~<sJ/~t sfcs;!f,fo> 
t,n 2. 2 IRn 

2 s, 
Rtcs> = (r0 + r 1e + 

sl+ ••• +s 
+ rne n) x 

-s,-... -s 
+ rne n) 

-s 
x(r +re 1+ 

0 1 

The Laplace transformation applied to (19) gives the Green's 

function 
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(20) 

a b 0 Gz(x,x0 > = Gz(x,x0 ) + GzCx,x
0

) - Gz<x,x0) + 

+ ('A 
'Kfi2 

.L::, (-T)n J dna K0{w Rr<s>) stcs;l(,f
0

) 
r.n ~ 2 IRn 

Starting from (16) we get another form 

a b 0 Gz<x,x0 ) = Gzcx,x0 ) + Gz(x 1x
0

) - Gz(x,x
0

) + 

where 

+ tA 
"l<fi2 ~ (•1 )

0 J d
0

't' Ki'l:.(.wrn) Ki('l" •'l" )(W~) 
f,n ~2 IRn n n-f n 

... Ki('t'•'r.)(Wf:ll K•i't'(wrO) TfC't';f•fo) 
1 2 1 

Tr<7:;!f, fo> 
sin('lr0'

0
) e'f'Ln 

'lr sin['!rCun+i~n>] sin['ll: (<Jn-1 +i 't'n-1) ] 

sin 'l!'()n-t 

-ct. ... 
sin'll'6'

2 
sin('lr<5'

1
) e 0 f 

'It sin['IC(G"
2

+i't'
2
)J 'I'C sin('l'C(0"

1
+i't;)] 

5. CONCLUDING REMARK 

One can verify directly the basic properties of the Green's 
function ( x

0 
€ IR2 ' L fixed) : 

(i) ( Cfi2/2f)A + z) Gz< x,x
0

) = - 6cx- x
0

) on IR2 '-L 

(21) 

'(22) 

(23) 

(11) 'lj/Cxl = Gz( x,x
0

) satisfies the boundary condition (1 O) on L , 

(iii) G ( x,x J"' = G-Cx ,x) z 0 z 0 

This can be done owing to the asymptotics 

.~ -z [ -1 J Ky(Z) = V'll:t~z e 1 + O(z ) for z - oo 1 

1 erg z I < )<lr/2 • In the Abe.lian case one can use the expression (21), 
1the identity 

"" J •G's 
e (1 + --and the estimate 

e·s )•T ds = '!C/sin 'lee' O<G'<:t 

Rr(a) ~ r 0 + r 1 + ••• + rn • r 0 + rn + (n-1)~ 
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• 

In the non-Abelian case one can use the expression (22) end the 

estimate 

II sin 'li:O' / sin['lrtCS•ior)]II~N,N ~ 1/ch'i'C't" 

But now the properties (i - iii) ere proved only for 1z1 large enoug~ 
In this case the order of multipliers in (17), (23) is essential. 
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