


1.Introduction:

At present iIntensive work on testing of integrability - and
clasaification of integrable nonlinear evolution systems '

U,=P(x,0,U,,...0), neu(x,t)=(u‘,_,;u“) 0
=P, UDND), Do/ax

is carried out. The integrability means that the system (1) can e'ither‘;
be reduced to a linear one by differential substitutions UsE(V,..Vy)
or can be integrated by inverse spectre.l transform. Prototype
equstions ‘of these two groups are the Burgers and the Korteveg-de
Vries. (KdV) equations. respectively. In both cases the initial
nonlinear problem reduces to a linear one that can be investigated and
‘solved. Note that evolution systems of the second type are especially
interesting in physics due to their multi-soliton solutions. In the
present paper we use computer algebra to find all integrable coupled
" KdV - like evolution systems.

2.5ymetry approach

The classiﬁcation problem consists in obtaining a complete 1ist of
integrable systems (1) for some fixed N and 1o describe the most
general transroms connecting these systems. It can be achieved
eIIectively by using the symmetry approach (see reviews [1—3]) In the
framework of the symmetry approach, the integrable criterium i3 based
on the property of (1) to have an infinite .algebra of higher—order
symuetries, 1.e. the evolution systems of the form .

1
- U,=H(x,U,U,,...U ), B=(H',...B), ON, )

compatible with (1). The compatibility condition can be written as
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where F_ 18 the matrix differential operator
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"1t 1s BhOWIl in i¢! 21 that 1n the case wnere the evolution system

(1) has an infinite algebra of symmetries, 1t has an infinite —number -

of local conservation laws
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where the densities R 13 can be expressed in terms oI F and’ Q. k<J).
The conditions (3) generate an overdetermined system of’ equations in
F. By solving this system 1t 1s possible to find a’ list of concrete
F's containing all tne integrable cases (usually 1t is sufficlent to
use conditions (3) for 1<3 ). This 1ist is tnen cnecked Ior h:lgher 1
" agalnst the condition (3) in order to remove non-integrable ‘cages. The
next step consists in Iindi.ng nigher—order symetries and a “Lax
representation.

3.Role of Computer Algebra

The algorithms for the most tedious steps of classiIication,such as
computing the densities R 4 J,' checking the conditions (3), derivation
of ihe overdetermined’ Systems in F and Iindi.ng the ‘sym'netries. have
been suggested in [4,5]. They have been implemented using ‘the computer
algebra system FORMAC ‘for scalar equations M=i-1in (1 )) [4] and for
the Iollowing wide: class of’ systems 51" R -
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Ut-AUN+I(x.U,U1.... 1). =11, ...0% :

_ ) (4)
=d188(A1.-.-h"‘)n A’i#On Ai#hd(i#:]). KIGC .
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The step in our algorithm which remains to be done by hand 1s to solve

the overdetermined system of differential equations in P. However,in.a -
special case (which 18 very important for applications), the P',...F¥ .
are polynomials in U, u! ....UN with certain homogenelity properties. and'

the overdetermined system in P reduces to an algebraic system for the
coefticients of these polynomials. The general approach to solve such
a system exactly 1s based on the.: ‘'well-known technique of Groebner
basis construction.[6] which 1s- implemented for example, ‘in-.the last .
version of the computer algebra system REDUCE [7]. An example of a
Groebner basis computatlion for one of the classification problems (81
is given 1in [9]. Thus the classification of the integrable evolution
gystems (4) with homogeneously—polynomial right hand  sides can be
completely automated by means of computer algebra. '

4.Coupled KaV - Lyike‘Systems

In this paper we apply ‘the’ above technique to the classlIlcation oInh_'_f

‘the following systems from class (4) (coupled KdV-like systems)

1:—aou3+a1uu1+a2\rv1+aauv1+a 4vu1. ao;ébo, ao;éO. bo;éO,

(5)

V,=DV4+D, vV, +buu, +b vu +b,uv., a,,b,eC (1=0+5). ;i

which have an infinite algebra of symmetries..Using the FORMAG program

described In (5] we obtaln a system of equations for the parameters
1,b consisting of twelve equations of sixth degree .in. ten unkowns-,.

. obtained from (3) for 1=1+4 and in part for 1=5

—ek=0, (k=146) , . (6)
. where e =e and
Tk kla, e bi
e,=a,(a;-8,)-8,(by-b,),
o 2 I
e -(2a a4)y1 2y2. y -6a0a3b2+(a o)(a1+a4b2).
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5.Solving the System (6)

In order to solve system (6) one may use the technique of Groebner
basis. However,we have used instead a much more effective algorithm
[10] which exploits the special structure of the system (6). Its main
1dea 1s to consider several alternative cases: o

1)a,#0,8,#0 2)a,#0,8,=0 3)a,=0,a,#0 4)31=34=0
and two subcases inside each case:
-a)y,#0 or y,#0  b)y,=y,=0 .
‘One can find simple relations connecting a,,b, for ‘each: subcase and

thus the system (6) can be considerably simpliried. For ' example, 1in
the case 1), the equations

‘lead to two possibilities:

1)ags=a,,b,=b,

=84 ii)aa;éa4 or bs;éb4 . a1b1=a4b4.

In the case 11) we can set a,=a, and b1'=b4 by taking into account

The step in our algorithm which remains to be done by hand 1s to solve
the overdetermined system of differential equations in F. However.in a
special case (which 1s very important for applications), the F',...”¥
are polynomials in U ,U',...0" with certain homogeneity properties, and
the overdetermined system in F reduces to an algebraic system for the
coefticients of these polynomials. The _general approach to solve such
a gystem exactly 1s based on the.: “well-known technique of Groebner
basis construction [6] which is,implemented, for example, “In the "last
version of the computer algebra system REDUCE [7]. An example of a
Groebner basis computatlon for one of the classification problems [8]
1s given In [9). Thus the classification of the integrable evolution
systems (4) wilth homogeneously-polynomial right hand sides can be
completely automated by means of computer algebra. '

4.Coupled KdV - Like Systems

In this paper we apply the above teohnique to the classification of.
the following systems from class (4) (coupled KdV-like systems)

=8,U,+8, Ul +8,VV, +a,uv +a,vu,,  a,#b,, 8,#0, b, #0,
(5).
t—bov3+b vV, +buu, +b vu +buv, ai,biec,(i=0+5)., )
which have an infinite algebra of symmetries. Using the FORMAC program
described in ‘[5] we obtain a system of equatlons for the parameters

b consisting of twelve equations of sixth degree -1n: ten unkowns

obtained from (3) for 1=1+4 and in part for 1i=5
e,=6,=0, (k=1:6) . : (6)

where ek—ek a, b and

=8, (85-8,)-8, (b, ),
¥,=68,8,b,+(8,-b

e,=(285-8,)¥,-0,¥,, )(a +a,b,),
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5.S0lving the System (6) _

In order to solve system (6) one may use the ‘technique of Groebner
basis. However,we have used instead a much more effective algorithm
{101 which exploits the speclal structure of the system (6). Its main
idea 13 to consider several alternative cases:

1 )a1¢0.ad¢0 2)a1¢0,ad=0 3)a1=0.ad#0 4)a =a,=0
and two subcases insilde each case: -

a)y1#0 or yz;éo b)y1 —y2—0

One can find simple relations connecting a,,b, for each . subcase and

thus the system (6) can be’ considerably simpliried. For example, in"

the case 1), the equations

" lead to two possibilities:

i)aa-ad.b —b 11)83#84 or p3;£b4 . a1b1=a4b4.

“In the case 11) we can set a,=a, and b1'---b4 by taking 1into account

the invariance of the." ten-parametric - family - (5) under --the - scale !
transformations u =» au, v = pv: (a,f € C). - On the-‘other hand, the'-
gubcase a) implies-a,b,=(2a,-8,)(2b,-b 4)» 80 a5,b, can immediately :be-
eliminated from the equations (6) for k=346, etc. Applying this method
and carring out all computations in- the interactive - mode. of the
computer algebra system REDUCE, we have -found all ‘the: non—trivialf
solutions of (6) (see ref.[10] fore more details). It should be noted
that in each alternative case the problem reduces to- simple ‘ged  and
resultant computations which are built-in in REDUCE. It turns out that
in the most tedious case 1 )a,#0,8,#0 the  system: (6)’' has a . single
non-trivial solution (up to.a scale transromntion)
8,=(3+v5)/6, 8,70, a,=a, (%8, —7)/(12a -1): 88,7 (385), a8, P

b2=81 (3s0+1 )/(980—7 ) ’ b3=—£!.1 . b4=—81/ (3a,),

by=(-32¥5 )(6 b,=-8a,/(38,),
The evolution system (5) with the coefficients (7) can . be tra.nsromed to
the well-known integrable Drinfeld-Sokolov system [11] by appropriate
linear transrormation of the vector space (u, v). - For the cases 2)+4), we
have obtained a list of rour nonlinear coupled systems ‘of ‘the rom (5)
with coerricients ai,b satisrying (6) and containing Iour to six
arbitrary constants.

6.List of Integrable Systems.Conclusion

- Using our FORMAC program.[5] we have checked the 1list obtained
whether or not conditions (3) for 1=548 are satisried.’_We have found
that.only three evolution systems satisfy these conditions. namely

U =U AU VY,V =-2V, -Uv (8)

1 t 37N
u’t=u3+1;mi.’_ vt=4yé+uv1f1(2'li1f> o . o 4“’(9)
(10)

ut=s3f1n11 N vt=52v3—v1i1‘fv1 .

The system (8) is the well—lmown‘Himte—Satsum system‘Ual with an



infinite algebra of symmetries. The gystem (9) was firstly considered:
in our paper [5). Based on the generally accepted conjecture (see, for
example, [3] ) that the existance of higher-order symmetries implies
mtegrability. we may conclude that the gystem (9) also has. an

- infinite algebra of symmetries. In {5] we have found the Tfollowing-

5-order. symmetry for the system (9) .
) -
U, =u+5/3 WL, +10/3 U u,+5/6 uau .
v, =16V, +20/3 uv,,+5/2vu,+10u, v,+25/3 V,u,+5/6 wev, +5/6 vuu

We believe that the system (10) is also integrable. It has the

5-order symmetry with the same first equatlon in accordance with the .

structure of (9) and (10) -

Uy=Us+5/3 WigH10/3 W u,+5/6 u2u1

Vt—-475—1 0/ 3 uv3-5/ 3 V113-20/ 3 u1 72—571 Uy -5/ 1 8 u2V -5/9 uu1

We may conclud.e from the above computations that computer algebra
is a powerIul tool for mvestigati.ng nonlinear evolution equations. It
allows to make a ‘complete classification of the integrable coupled
systems from the ten-parametric family (5). All integrable cages
are exhausted by the four systems (7)+(10).

Authors are thankIul to K.S.Kd1lbig and S.I.Svinolupov for useful
discussions.

References

1. Sokolov,V.V.,Shabat,A.B.(1984).Classification of integrable
evolution equation.¥ath.Phys.Rev.4,221-280, New York.

2. Mikhallov;A.V.,Shabat,A.B.,Yamilov,R.I.(1987). Symmetry approach to
classification of nonlinear equations. Complete 1list of integrable
systems.Usp.Nat .Nauk,42,3-53(in’ Russian).

3. Pokas,A.S. (1987).Symmetries and integrability. Stud Appl. ¥ath. 77,

253-299.

the: Invariance of ' the - ten-parametric “family ' (5). under . the scale
trar:siomations u=ou, Vv=fpv (ap €°C). On the..other hand, ::the:
subcase a) implies‘a2b2=(283-34)(2b3-b 40980 85,b, can -immediately .be.
eliminated from the equations (6) for k=36, etc. Applying this method -
and carring out all- computations in: the interactive ‘mode  of the’
computer algebra system REDUCE, we have - found' ‘all-: the ' non-trivial
solutions of (6) (see ref.[10] fore more detalls). It should be noted
that in each alternative case the problem reduces ‘to simple' ged and
resultant computations which are built-in in REDUCE. It turns out that
in the most tedlous case 1)a,#0,a,#0 the .system ‘(6) "has :a ‘single
non-trivial solution (up to-8 scale transromation) T

a°=(3:v'5)/6. 8,#0, 8,=8, (98, —7)/(12& -1), a3=a1/(eao)."a4=a1 po t’l)i
b°=(—3:v'$)/6 b1=—a1/(3a°). 'b2=a1 (3e0f1 )/(9&0—7). ba-f—a“ ’b4=—a1/(3ao),

The evolution system (5) with the coefficients (7) can be transrormed to
the well-known integrable ‘Drinfeld-Sokolov system (111 by appropriate
linear transformation of the vector space (u,v). For the cases 2)+4), we
have obtained a list of four nonlinear coupled systems oI the Iom (5)

with coeIIicients ai,b satisiyi.ng and containi.ng Iour to six

arbitra.ry constants. .
6.List of Integrable Systems.Conclusion
Using our FORMAC program (5] we have checked the 11st obtained
whether or not conditions (3) for 1=51+8 are satisfied. We have found
that only three evolutlion systems _satisry these conditions, namely
U =U  HUUL +YY,, ¥, =-2V UV, (8)
ut_=u3+uu1’,‘ y£=4v3+uv1+1/2'u1v 1 " (9)

u 1;=1.>13+uruj1 ' t=—2V3—V11 -V,

1774 ' """(130)’

The system (8) 18 the well-known Hirota-Satsuma system [12] with an



intinite algebra of symmetries. The system (9) was firstly considered
in our.paper [5]. Based on the generally accepted conjecture (see, for

example, [3]1 ) that the existance of higher-order ~symmetries implies .

integrability. we may conclude that the system (9) also has an

intinite algebra of symmetries. In (5} we have found the Iollowing

5-order symmetry for the system (9)-.
)
U, =u +5/3 Wi, +10/3 u,u,+5/6 vlu,,
- ‘ 2 '
v,=1 6v5+20/3 uva+5/2vud+1m1vz+25/3 v1u2+5/6 U v1+5/6 m1
We believe that the system (10) 1s also 1integrable. It has the

5-order symmetry with the same first equation in accordance with the
gtructure of (9) and (10) _ R

U, =Uc+5/3 uug+10/3 ﬁ1u2+5/6 uzu.1 ,

2
vt=—4v5—1 0/3 uv3—5/3 vu3-20/3 u1v2—5v1u2-5/18 uv, -5/9 uu1

We may conclude from the above computations that computer algebra

is a powerful tool for investlgating nonlinear evolution equations. It
allows to make a complete classification “of the. integrable coupled
systems from the ten-parametric family (5). All Integrable cases
are exhausted by the four systems (7)+(10).

Authors are thankful to K.S. Kolbig and S.I.Svinolupov for useful
discussions.
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I'epor B.II., Kapkor A.l0. ’ E5-89-232
Knaccudukaiima Ha IBM HHTerpHpyembiX HeHHEeHEIX
9BOJIOIIMOHHBIX CHCTEM THIA CBA3AHHOIO ypaBHEHHA
KopreBera - ge Bpusa

KpaTko onHcaHb OCHOBB CHMMeTPHHHOro nogxoga K KiaccHdH—
KallUH HUHTErpUpYEeMbiX HEJIMHEeMHbIX BOJIOLMOHHLIX CHCTEeM. B pam-—
Kax 3Toro nogxomza uccnenmosaHo l0-mapameTpHueckoe ceMelCTBAO
HeJIHHeHHbIX 3BOJIOLIHOHHBLIX CHCTEM TpeThero mnopsagka THIIa CBS-—
3aHHoro ypaBHeHHAa KpoB. [lonyuyeHn HeoOGXoguMble YCIIOBUS HHTE—
IPHPYEMOCTH TaKMX CHCTeM, CBOAsANHeCcHA K NepeonpeneleHHOH
CHCTeMe HeNUHeHHbIXx anrefpaHuyecKHX ypaBHEHWH HAa mapaMeTpbl
HCXOOHOro ceMmericrtBa. Hcnonwr3oBaH 3ddbekTHBHBIHA MeTon peme-—
HHSA IIOJIYUEHHOH CHCTEeMbl, ONHpawmUiicAd Ha ee CTPYKTYpPY. ITO
NO3BOJIHJIO MOJIVUMTh MNOJIHBI CIHMCOK HHTErpHpYeMbiX CHCTEM
paccMaTpHBaeMoro THna. Bce BHUUCIIEHHSA ObUTH BbHIOJHEHB! C
noMOomb0 CHCTEM aHaJIHTHYeCKHUX BbMHcIeHHMH FORMAC u REDUCE.

Pa6ora BhutonHeHa B JlaGopaTOpUH BLMHCIHTENIBHON TeXHHKH
¥ aBTomarusauuu OUAN.

Npenpubr O6beAMHEHHOr O HHCTHTYTA ALEPHbIX HccnenoBanmit. Jly6una 1989

Gerdt V.P., Zharkov A.Yu. E5-89-232
Computer Classification of Integrable
Coupled KdV - Like Systems

The foundations of the symmetry approach to the clas-
sification problem of integrable nonlinear evolution sys-
tems are briefly described. Within the framework of sym-
metry approach the ten-parametric family of the third or-
der nonlinear evolution coupled KdV - 1like systems is in-
vestigated. The necessary integrability conditions lead to
the overdetermined nonlinear algebraic system. To solve
that system the effective method based on its structure
had been used. This allows us to obtain the complete list
of integrable systems of a given type. All computations
has been completed on the basis of computer algebra sys-
tems FORMAC and REDUCE.

The investigation has been performed at the Laboratory
of Computing Techniques and Automation, JINR.
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