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1.INTRODUCТION. 

We consider а linear differential equation in spectral рагате
(" 

ter л 

m M-:i dm-j
dL>I' (- м + Е р,(х)ёiхм-j)>I' =л.>I', (1) 
d" j=:i J 

where Pj(X) аге expressed in terms 01 elliptic 1unctions. There аге 

two classical problems [1]: 

i) ~oг which linear di11erential equat100 (1) there 1s а 000

zero 1amily 01 eigen1unctions >I'(х,л,k~а), depending smoothly оп the 

eigen1unction parameter л., such that >1' is meromorphic '1unction оп 

the algebraic сигуе 

N-:i 

С: R(k,a)=k N + Е k N
-

j Г,(а), л.""л.(k,а), (2) 
9 j=t J 

where rj(a) аге meromorphic 1unctions оп the elliptic сигуе C : 
t 

(~'(a),~(a»; [~'(а)]2=4~(а)9_g2~(а)-gэ; g2,gэ-еlliрtiс invariants, 

and ~ is the Weierstrass ~1unction. We тау view C as ап N-101d 
g 

covering 01 the elliptic сигуе С • Оиг conventions and notations 
• 1 

concerning elliptic 1unctions аге those 01 Whittaker and Watson [2, 

Chap.XX]. This ргоЫет goes back to Halphen [1]. The solution 01 

this ргоЫет was given in [1]only when т=3,4. The тоге general 

Наlрhеп's problems 01 equivalence and class11ication 01 ordinary 

dif1erential equations аге recently solved Ьу Bercovich [3] using 

the method 01 1actorization 01 di1ferential operators. These 

problems аге closely related to the ргоЫет i). As ап illustration 

we give the following example [1,4]. Let us consider the third 

order equation 

9
d d 

(- 9 + 3q2( х )ёix + 3q;(x»>I' = л>l'. (3)
dx 

and introduce the so called first and second Halphen's absolute inva


riants h=3q2,1=3q~. There is the 10110wing theorem:
 

Theorem 1. [1] The necessary and sufficient condition 01 integration
 

r.(];-;:.-=;- 1 
1"'1:
~ '1 ,., :. .. 

( ...~_... =



of equation (3) in terms of eIliptic fuпсtiопs 1s the algebraic ге

h 

lаtiоп 

Э=(1-п2 
) 1 2 /4 +const., n-integer питЬег, n ~ О (mod 3). 

Then eq.(3) has the following canonical form (Halphen equation [5]) 

d
Э 

2 d 2
(d"x 9 + (1-п )~)(X)d"x + (1-п )!р' (~)/2)Ф лФ (4) 

where ~(x) is the Weierstrass ~function. 

Бimi1аг analysis is a1so possible when m > 3. Боmе particu1ar 

results аге known when т=4,5. Be10w we sha11 са11 this fami1y 

of equations the Halphen type equat~ons. There is another usefu1 

approach to generating the equations of Halphen type. Let us reca11 

some results оп the algebra of commuting differential operators 

(Burchna11-Chaundy theory) [6] and corre~ponding completely integ

rable systems (the so called Lax-Novikov equations [7-9]). We start 

with two 1inear differentia1 operators 

k k-1 i-k 1-1 l-j 
L ~ k + Е u.(x) ~ i-k L 

d 1 
1 + Е у.(х) !! 1-j. (5) 

~=1 
j=1 J dx1 dx . ~ dx z d"x

Then we consider the f0110wing non1inear system of differentia1 

equations in ui,v
j 

[L.,L ] =0 , (6)
2 

which is equiva1ent to а condition of integrability of the system 

= ЛФ, LzФ = ~Ф. (7)L1Ф 
Theorem 2. (Burchna11-Chaundy) [6], see a1so [10]. 

The equation (6) i5 equivalent to a1gebraic re1ation of the 

10110wing type 

Q(L.,L ) = О, 
2 

where Q is а p01inomial, 5uch that 

1) The eigenfunction Ф(х,л) i5 the meromorphic 1unction оп 

the algebraic curve Q(Л,~)=О. 

2) The coefficients of Q(л,~) аге the fir5t integra15 of eq5. 

(6) and аге expre5sed а5 а differential p01inomia1s 01 ui,v ' 
j 

3) When k,l аге relatively prime, the 5расе 01 Ф i5 опеLл 
dimensional. The sY5tem (6) i5 comp1ete1y integrable and s01utions 

ui,v аге expressed in term5 of Riemann 8-function. 
j 

Ехатр1е 1. 

Let us consider eqs.(6) whеп k=2,1=2k-1 

[L,Li]=O, 

2 
d • '.where L =- ах2 + и(х), L аге operators ,wh~ch аге computed uS1ngi
 

а re1ation found Ьу Lax
 

д 
DtL = [Li,L] (8) 

L and Li аге ca11ed the Lax pair. The general expression for the L 
i 

i5 given in [11] 

i . 
L. =1/2 Е [tHk ~ - 1/2 X u](L) 1-": (9) 
~ . k=1 -1 Х k -1 

for example, 

d d в d
 
dx ' + 3и/8 d"~ + 3и/16,
L1=1/4 L2=-1/4 dx9 

з 2d~ 
L g = 1 / 4 dx!s 5и/В !!d 9 -15U'!!d 2 - 25и' '/32и -dd +15ии"/32-15/64и'" 

х х , х 

Li is а differential operator of degree 2i-1. For explicit expres

sions of Hk,X see [11]. Using Lame potential u = i(i-1)~(x) andk 
formula (9), ие сап obtain ап usefut example 'of Halphen type орега

tors. for example. 

d
З 

d 
Lz=d"х З - 3!P(x)dx - 3!р" (х)/2 

(10) 
~ !I 2 

-52.3/2!р' ,!!L =~ 5 1S~ з-5.з2/2!р'~ 2 -5.з2/2!рZ~ 
3 dx dx dx dx dx 

+ 5.з 2/2W' 
-5.з/Т!р' , , • 

The same tесhпiquе сап Ье applied to the пехt two examples. 

ExampIe 2. Let us consider the generalized Lame equation with pote
1(i-1)12 . 

ntiaI и=2 Е !р(х-х.). where ё. аге some constants, fixed Ьу the соп
. 1 ~ 
1=2 

tiоп 

i(i-1)/2 
Е !р' (x -х .)=0. i""j

ii=2 J 

2 3 



depending smoothly ОГI the eigen1unction parameter л, which is also
Equatio~ 01 such а type was introduced Ьу Dubrovin and Novikov [12З. 

. .. .., m . d" 
ап e~gen1unct~ons от а l~near d~fferent~al aperator А =Е А,,(Л)dл"Ву similar technique as in example 1 if is posslble to construct 

1'=0 

new examples 01 Halphen type operators. 
АФ(х,л) GJ(х)Ф(х,)..) , 

Example 3. Recently Treibich and Verdier r13] 10und new elliptic 

for ап eigenvalue GJ which is function 01 х. The complete answer waspotentials и(х) of the 10110wiпg type 
t, 

given in the case от Schrodinger operatar. Mast of the computations11
 
ц г х ) = i(i-1)!.J)(x)i- 2 I:gk(gk+1).(!P(x-U)k)-еk},(11)
 in this рарег 'have Ьееп carried out using camputer algebra system 

k=, 
VAXSYMA. The relation between the prablems ii) and iii) 1s under 

the progress.where O~ g.k~ i-1,. (for М, U)k see [13Jf. Let us introduce some 0-1. 

In the papers (19,20] the Lame equatian was studied 1гот the 
them (i--=3 , [ 13] >.

number theory point 01 view. 

иЕх)=6!р(х) + 2 [!P(X-:U)kJ-еk]' к=i,z,.з 

2. NOTATIONS 

u(x)=6!J}(x).+ 2 [!P(x-U)k)-e ] + (12)
k 

Let us introduce the 1unctions 

2 [~(х-U)l)-еlJ, 1~k=1,2,3 

N d j 

Ф(х,л)=ехр(kх){ао(л,k,а)w(х,а)+ I: а.(л,k,а)dхj Ф(х,а)} (13а)The potentiaIs (11) allows us_ to obtain new examples 01 Halphen 
j=1 J 

type operators. i(i-1)/2 
Ф(х,л)=ехр(kх){ I: Ь. w(x-:x. ,а)} (I.M. Krichever, [16]) (13Ь) 

i=2 L ~ 
ii). The second ргоЫет is to construct the family 01 eigen М gk-1 1 

d 
Ф(х,л)=ехр(kх){ I: gk(gk+1)[aOkw(x-~k,а)]+Еa dxlw(x-~k,a)1unctions Ф(х,л). The general тогт 01 this 1unction goes back to 1k 

k=1 1=1 
Hermite [14] (1п the case п=2) and to Halphen (1] (in the case (V.Z. Enol'skii) (13с) 

п=3). This 1unctiorI was improved Ьу Krichever [15] in the theory.01 
• where

1inite-~ap integration method especially in the case 01 generalized 

Lame equation (see example 2). Не also proved that this funct10n w(x,a)=a(a-x)/(a(a)a(x» ехр«((а)х), (14) 

satis1ies the Baker,Akhiezer (ВА) acsiomatics [16]. In the major 

part 01 this рарег we describe ап algorithm от construction 01 and а,( аге Weierstrass a,(-1unctions [2]. 

function Ф(х,л), which we call Hermite-Halphen (НН) algorithm. The Recall that the 1unction (14) is а solution 01 Lame equation 

particular implementation от HH-algorithm оп the computer algebra 2
d, (dx2 - п(п+1)!р(х~)Ф = лФ, (15)

REDUCE is given. The mathematical background 01 this algorithm in 

тоге details 1s presented in (17]. 4 
when п=2. It is easy to see that the 1allowing Laurent series ех-In the рарег (18] the following ргоЫет was studied:
 
pansion ~1 Ф(х,а) hold
iii) For which linear ordinary di1ferential operators 

1· j 
00L=I: L,(X)-dd j there л.в а non-zero family 01 eigenfunctions Ф(х,л) j
 

j=o J Х
 Ф(х,0I)=1/х + I: е x , (16) 
j=1 J 

4 5 



,~ , 

Inserting (16) into the (15,п~2), не have the following recurent 

formula 

[j (j-1J-2Иj -2!.pj_1 -2 Е !.рп w =!.p(йI)W j_2, j > 2, (17) 

"."
k 

(n..-k=j-2) 

where не use the well known expansion of ~function [2] 

!.р(х) -1/х2 
+ -1:: 1J). x j 

. (18) 
j=1 J 

Боте first w.	 аге 
J 

«1 1~-1 /2!.J)( 01) ,«12 =!JY (01) /6, «1з =-!.JH 01) 2/8 +g /40, «1. =!.р( OI)!J)( 01) • /60 •••• 

3. DESCRIPTION OF ТНЕ ALGORITHM 

HERMIТE-HALPHEN 

Input:
 

ordinary differential equation of Halphen type.
 

Output:
 

function (13а), ai=ai(X,k,йI),
 

N-10ld covering оп the torus C (see (2».

t 

[1]	 Inserting (13а) into the ОDЕ (1) and using the expansions 

(14),(16) generate the system of linear algebraic equations 

Gm(ai(X,k,йI»=O,	 (19) 

Ьу equating the c:oefficients at the 1/x
g 

(g~,),

[2] Solve the system (17) and write a in terms of k, л, ~(a),
i 

!.р' (а). 

(3]	 Ву eliminating in (19) find the following system 01а! 
nonlinear algebraic equati~ns 

6 

F 1 ( k , л , !J)( а) ,!.р' (йI) ) ~O , F 2 ~ k , л •!.р ( се) ,!.р' (йI) ) =0 (20) 

where [!р' (а) i~=4!рЗ{йI)-g !Р(йI)-g • 
2 3 

[4] Solve the nonlinear eqs.(20) with respect to k,X 

k=k{!.p· (йI) ,~(йI», л~л(!р~ (a).,!.p(йI», 

1
 using some appropriate technique, for instance, usual eli 


mination method [21] ог Buchberger's approach, based оп
 

construction ~f the БгоеЬпег basis [22].
 
" 1, Find the N-fold covering of the type (2).
 

\


J
\.

We h~ve implemented the HH-algorithm 'оп the basis of the compu

ter	 algebra system ~EDUCE 3.2 and the programm charac:teristics аге'i1I 
( 

J• the following: 
..,	 computer ЕС 1061 (IВМ 370), operating system ТКЗ,
 

high speed storage required, depends оп the ргоЫет, mini


тит	 800К, 

- number of lines 200. 

j 

In the last step 4 не use the method of elimination. We test оиг 

program with Lame equation п~2+9, and Halphen equation (п=4,5). 

Маге general implementation is possible using 1unction (13Ь) (see 

example 2) and also function (13с) (see example 3). Ап ореп ргоЫет 

is the generation 01 all equtions 01 Halphen type. 

4. EXAMPLES.

:1 
,{ 
f Example 4. This example illustrates the basic steps in tne геа
J 
I~~ lization 01 Hermite-Halphen algorithm (HH-algorithm) described 
(( 

above.
 

Let us consider the Lame equation (15,п~4), М=3.
 

J [1] Iпsегtiпg the fuпсtiоп (3) into the Lame equation, п=4 не obtain 

[1/x~] 3kаз-а2~0' 

[1/х
4 
] 3(л-k

2)а

з-6kа2+7а1=О, 
[1/х

З] 
(л-k

2)а

2-2kа1+9ао=0, 
[1/х

2 
] 3(5!.р2+9z)аз-20/3 !Р'а2+(10~k2+л)а1-2kао=0,il 

[1/х ] -8~'аз+5(з~2_9z)-20/3 ~·аt+(10~k2-л)ао=0. 

\\
 
7
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[2]	 The solution of the system (17) is 

а 1=3k
2-3/7Л, 2-3/7

аз=1, а2=3к, ао=к(к А) 

[3]	 After simple manipulations "е obtain
 

F1=35k4_к2(30А+210~)+140~'k+зл2_105~2- 2192+30~A=0,
 

F 2 =( 5~,-140~»K9+210~'k2+(-3Z+45~A+12692-420~2)A+70~~'-25A~' =0. 

[4]	 Using the method of elimination for the 10-fold covering 01 the 

elliptic curve С 1 we have 

k10_45~kО+120~'k7+(-6зо~2+399/4 g2)k6+504~~'k~+ 

(-1050~З+1725/4 gз+735/4 !pg2) K4+(360~2~.-165~' g2)k
З+ 

(-189/49: -315~4+2205/4 ~292-855/2~з)k2+ 

(-163~~'g2+125!р' g9+40~З~' ) к+ 

-9~~-75/4~:-75/492gз+9/4~29з+309/4 ~З. 

I;xample 5.
 

Let us consider ~be Halphen equation (4) when n = 4
 

~ d 
ЛФ.	 (21)

(~x	 -15~(X)~x + 15/2 ~'(х»Ф 

Assume that Ф	 has the following torm 

2 
d d 

Ф = ехр(kх)(аоф(х,а)+ а 1 ~x Ф(х,а) +а 2 dx2 Ф(х,а» (22) 

Inserting (22) in (21) "е have 

[1/x~] 2ka2-a~ = О, 

[1/х4 ] к 2а2-ао = О, 

[1/х 9 ] (2kЗ+5~'-л)а2+(6k2_15~/2)а1-9kао=0, 

(-k З+15/2(1/х 2 
] (-5K~3/5 g2)a% + K~ +A/2)a 1-3k 

2а 

о=0, 
[1/х	 ] (45/4 k~2-3~')a2-(5k~'+45/8~2)a1+ 

(k9-5/2 
~'+15/2 ~-A/2)ao. 

Бtер	 Ьу step elimination of a i gives 

8 

1. 

5(k
9-3k!Р+!Р'

еq.Е1/х
9 
] =ф А = J,' еq.[1jх 2 ] =ф g2=0,ао=к

2, 
а1=2к, а2=1, 

eq. [1/х} ... 

к
5 k 2=0.-25/2 ";2!р, +45/2~k-3W' +1512~k9_Л/2 
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