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In the physical sclence the following Hamiltonlian systenm

d - -
iaf uj + ¥y lujl u +£ Mjk k" 0, j=1,..,n (1)

i8 now widely recognized as a generic model of self-trapping in
condensed matter physice. In the case n=2 this system le completely

integrable in the Liouville sense, due to the existence of

the following conserved guantities H=- ¥, Iu - L M. x Yyt
i=1 ;J ik Js J
N=F IuJ which are in involution. In the case of n>2 there is
j=1
conjecture that this system is not integrable.

The eystem (1) is8 & wvery special g¢ase of the following
general vector equations

18,0, ¥ ,(1) u, +kFly§§; gy ;f;giin wugu L (2)
which desgcribe nonlinear interaction of n waves. These
equations have a large number of applications in condensed matter
physlics, hydrodynamics, metereology, molecular dynamics, etc.
The structure of constant tensors r(a), azl,...,8 is determined
by the particular physics of the processes under investigation.

After the pioneer work [2] many works of physical and mathe-
matical character [3-7] have been devoted to the problems of clamsi-
fication of symmetries, reductions, and applications of the system
(2). As special cases of the integrable equations of type (2)
we may identify almost all finite dimensional integrable dynamical
systems known at the present time, for example, one dimensional
reductions of generalized matrix nonlinear Schrodinger equations
[5], Toda lattice dynamical systems [6], equations of motion
of n-dimensional rigid body in the external gravitational and
electromagnetic fields [6] and many others.

The ailm of the present article is the construction and
analyeis of reductions leading to two new integrable dynamical
aystems of the special type which belong to the class (2).0ne of
these 1in the two-dimensional «case 1is 1isomorphic to the
nonperiodical Toda lattice; the other in the case n= 2 ie the
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go called dymer system equations [1] In the later case we obtain

the general solutions using the finite-gap integration method. K,: w? = (t‘—(u2+u_2)t2+1)(t4—(v2+v_2)t2+1). (6)
These solutione have been obtained in [1] by direct methods.
We start the analysis of the dymer equations (system (2) where u,v are the rational functions of the firet integrals of (2)
with n=2) with the Lax representation when n=2,these integrals are the coefficients of the polynomial in (5).
We point out that K is exactly the spectral curve of the two-particle
%t L = [L,A]}, (3) Toda system associated with the Kac-Moody algebra D(é),see [11].The

spectral curve Kl possesses the dyhedral group of automorphysms and
where the matrices L,A have the following form due to this fact the 3-dimensional theta functions, which naturally
exist in finite-gap method [10] reduce to one dimensional ones 1i.e.

0 € uy 0 reduce to elliptic functions. The simplest way to demonstrate this

L=|e 0 0 Uy reduction is the following: all Abelian integrals of the firet type
1u: 0 0 -&/x associated with the curve K, are easily related to Jsdx (» + viv )
0 1u; e 0 [a:(a:—l)(n—n)(’t-v)(t¢-1r7v)]‘1}2 which after the rank 2 Jacobi reduc-
tion goes into elliptic integrals. These results agree with the
results of paper [1].
—1|u1|2-t A 0 0 '5“1/k'tu2 Owing to the conjecture of nonintegrability of (2) the

0 _1|u2|2_¢2x _culx-cuz 0 following problem naturally arises: Are there integrable cases of
dynamical systems of the type (1) ?

= x x 2, .2
A = 0 -ieu;-ieu /A Lhuy [T+e7/A 0 The structure of (1) gives us a possibility to find the Lax
x * 2 2 representation in the following form:
-1ehuy-leuy 0 0 iluyl%+etA
o4 My
Ll -, |0 27 |, u M

The central idea of the method of finite-gap integration [8] 1is the
construction of the Baker-Akhlezer function (BA-function). By where 11,2'“1,2’q’r’21,2 are matrices of the type n x n . Theé Lax
definition the BA-function is the solution of the following matrix representation is equivalent to the following matrix equations:
linear equations:

Lo = e, $o = A . (4) S.1,=01 0, 1-(ax v, 0), 1 501,,m,1- (P2, +2,9) (8)

dt dt~1 1’71 2 17 dt "2 2’72 175277
- %Q=QP-F1Q‘+(IZ + x.1,),

Generally, BA-function is explicitly written in terms of Riemann’s t 2 1*1 172
theta functions which are associated with the affine part of eome %tr = r oy - opr 4 (1222 . lel)' (9)
algebraic curve. In our case this curve is hyperelliptic of the
genue 3: Is 1t possible to specify the structure of (1., u, , x,)0 in

K: “2‘ (n + 21y . PZ(“Z) = 0. ¢)) such a way that (9) reduces to an equation of first order with
It is easy to see that K is equivalent to cubic nonlinearities and (8) reduces to identity? The answer to
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thie question is positive.The slmplest construction arises after
the following choice of the matrices entering in (8),(9):

X = -lja - aly, Xy = lpr +r 1y,

Hl = -qr - ml, HZ = rqg - Ilz.
where Inl,llj = [mz,lzl z 0, 11 and 1z are constant matrices. The
system of eguations (8) for gq and r in thisg case has the
form

§£q=2qrq - [{1§+m1)q + Elial, + q(1§+m2)].
(10)

d r=-2rqr + [(1§+n2)r + 21 rll + r(l?&mi)].

dt 2

Using phase transformation it is possible to cancel in {(10) terms
of the following type r(l§+m1) ' q(13+m2) and esc we shall

-.12 = 1% .
put in (10) n,= 11 s BoE 12 . We get:

d - _

ded = 2ara - 2 Lia 1y, (11)
d r oz~ 2rqr - 2 1l,r 1

dt 2 1’

where the matrices 1, and 12 are arbitrary. By similarity
transformation it 1is possible to reduce one of them to the Jordan
normal form. It is easy to see that it is impossible to put (10} in
the form of the self-trapping equatlion .Indeed, the sum with cubic
terms is absent only when the matrices q and r are diagonal, i.e.

qu = Qi éiJ f ryg < Ri éld' i,4=1,...,n (12)

From (10) we obtain, that the matrices llqlz y lzrl1 pust be
diagonal too. Up to the phase and gauge ambigulties this
condition is eatisfied only for the two sets of matrices

( 11 , 12 }. Each choice corresponds to the irreducible system of
equations, i.e. thls system does t split to independent subsystems:

= Y &

(19) 4 1. k+1" (Ap) gy = Ve

(A) (13)

Sy k41

(B) (11)Jk = Ve (6j+1’k+x 6j,n6k.1)'

(14)

- v -1
Uolyp = 72 By g1 S4u1x %kun)-
The corresponding systems (10) may be wrltten in the following

form

d o -2(a2R.- d g - 2q.R%
atQJ+2(QJRJ cQJ+1) N dtRJ‘ Z(QJRJ cRJ—E)' (15)

In the case (A) we have Qn+1=0'30:0 ("nonperiadic qonditioas“),an§
in the case (B) we impose the cyclic conditions Qn¢1:Q1. 80 = Rn
The Lax matrices in the case {B) contain an explicit dependence on
a spectral parameter.

The simplest reduction of the system (15} is obtained by impo-
sing the following cyclic conditions RJ =1 Q;+1_3 ,€ = 1 &, where
4 is a real number.

aja

S
@y = 1 (Qfap,, -6 Q) (16)

The system (16) has a different structure of nonlinear term in
copparlson with nonintegrable gself-trapping equations. Its
physical applications (if any) are unknown.

In the case n=2 another reductlon of the system (15) is possible

R1 = 1 Q: , Rz = 1 Q; . This reduction immediately gives
the completely Iintegrable system (16) in the sc called "periodic”
cage. When - o ¢ j < @ we way consider the system (15) as a

differential-difference equations of the first order. We shall
present the cnoldal-type solutions of this system elsewhere.

Now we want to investigate only the finite dimensional case,
It is easy to see that the systems (15),(16) are Hamiltonian and
the Hamiltonlans have the form H= 1/4 tr (L4 ). The later
integrals are the part of more general integrals of motion Ik =
(172K 6r(L2K) .

The leading terms of these integrals have the form k’ft& Qg R§

1.e. they are polynomials of k-th order of the variables {QJ. RJ }
which proves that the integrals in the set {Ik } are functionally
independent. Using the standard method (see for example [9]) it is
easy to prove that these integrals are in involution with each



other. Thie completes the proof of the integrability of the aystem
{15) in the Liouville sense.
For the dynamical systems of type (B) we may wrlite the apect-
ral curve det( L{(X) - #E ) = 0 in the more suitable form
;wijr: 0, where we introduce the notation:

- - 2 -
Wig = (Q3Ry+eQ,/Q, 1-u7)6y &i,J-lei/Qi“lyv’E *
ITRRR I G A A S s O L o
It 18 easy to express the explicit dependence of the spectral curve
on the spectral parameter A\

E sn/z(k + x‘l) + Pn( 92 y =0

2

where Pn is the polynomial of degree n in u Ite coefficlents
constitute the full set of involutive integrales of motion. The

genus of the curve equals 2n-1 , the number of Involutione on
K are different for odd and even n

n=2%k, Tl: P Y Tz: s -
2x-1, T: L S T By 71

Hi

When n=2 beslides T1 , T2 , an additional involution exists

( see the previous text).The system (15) 1s similar (in the sence
of linearization of these systems on the hyperelliptic algebraic
curves) to the Adler-van Moerbeke generalized Toda system
{11] associated with the Kac~-Moody algebra D;l). The linearization
of these dynamical systeme occurs on the Prym varieties of the
Jaecobeans { Prym(KO) <  Jac(K) J. The structure of the Prym(Ko )]
will presumably allow us to express the explicit solutions of (15)
in terms of the Prym theta functions.

An open problem 1e the relation of the esystems (15), (16) with
the periodic and nonperiodic Toda systems [11,12]. In the simplest
case nz2 we are able to find the following isomorphism between the
system of the type (A) and the usual nonperlodic Toda lattice with
the canonical variables (pi,xl,pz,x

Q

2
- X —aX za X - -X
1“ple 1/2, Qz-e 2, Rl—e 1, Rz-pze 2/2.

In our opinion, it is of great interest to find the Lie algebra

interpretation of the Lax matrix representation in the case (4)
and the Kac-Moody algebra interpretation in the case (B). The
inveatigation of the quasiperiodic dynamice of the system (B),
including the construction of the BA-function on the Prym
varieties of the spectral curve will be given in a separate paper.
We also expect that these dynamical systems &are & subclasge of a
more complicated family of integrable equations of the nonlinear
wave interaction type. Their claseification 18 far f£rom being
complete.
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0 HOBWX MHTErpUpyemsix CMCTeMax YpaBHeHW:
B3aMMOREHCTBYOUWNIX HENWHERHWX BOMH
: iLi-F@
" n U=
HailaeHu A8e HOBue raMuib TOHOBH CWUCTEMb YpPaBHEHWA TuNa T

C KyGU4eCKONW HENMHEAHOCTbI, obnanaoume Nakcosum NpeacTaBNeHWEM W [QOCTATOM-
HyM HAGOPOM HE3aBUCHMMLIX WHBONWTMBHEX MHTerpanos. OaHa w3 Hux B cnydae anT
cTenewei cBOBOAN COAEPWAT B KauecTBe PEAYKUMM W3BECTHOE YPasHeHue HenuHen

HhiX KONeGaHwit ABYXaTOMHHX MONEKYN M AONYCKAEeT paccMoTpeHwe B pamkax obue

TeopuH KOHEMHO3OHHOIO MHTErpuMpoBaHURA .

Pa6oTa swnonHeHa 8 flaGopaTopun TeopeTudeckoin (m3auim OHAU.
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as o
We obtain two new Hamiltonlan systems of the following type LE;U-F(u)

with cubic nontinearity, which have the Lax representation and appropriate
set of first Integrals. One of these systems in the two dimensional case

after appropriate reduction contains the so c?lled dymef equation and the
last equation can be investigated using the finite-gap integration method.

The investigation has been performed at the Laboratory of Theoretlical
Physics, JINR.
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