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I. Introduction 

Asymptotic expansion of a three-body wave function at small 

hyperradius was first oonsidered by Fock [lJ for helium 

in the ~S symmetry. A complete list of references to the 

investigations and generalizations of the Fock expansion of the 

Schrodinger equation solutions for the atomic systems is given 

in papers [2]. In those papers the Fock expansions of three-body 

atomic wave functions are investigated in detail. 

In ref. [JJ the Faddeev equations were derived in the 

three-dimensional conftguratlon apa c e nnd the generfl.117.11tion of 

the Fock e xpunu Lori WIlU lJ"I';'UI to t h o C/llJU or u rb i Lr-n r-y 0I'hu1'1c/l1

aymmc t r i c po t cn t l u Lu nnd nrry p"rl.icl"-III1J:J:J"IJ. 111 til" 1'1'''111''

work of t h o Fllddr'ov intr·f~rodlff"rent.i(ll ell'lf\l.lot!" In th e tWI)

d lmcn s t onn l conflp;lll'lItlnt! n pno e l-tl t.h l n g"(lI'l'lli1:',ntlntl hal' 

recently b e e n jlnrfor'lnllli In rpf.\';\, wl""'c t.h o ":Iyllll'l.otlc 

l'xprtrl'llnn" fill' the fUIlIlllmnnllll .~,YlltOIll of' rl'gull1" ,.olutlons to 

tI'l,,,n '''lu" I. Ion" Wnrn o o nn tr uo t.ud Ill. "m"l J hy pe rrnd l u n, 

'rhe p re nernL work III c1ovlll.nd 1.0 I.h" "/Illly"l" of "".YIIII'l.Ol.lO 

I'XI"UIlOIO!l:: rill' I'U~IlIILl' no l u t.t onn (.<1 til" lnt."I',r ..d,rrnrt'nl.11l1 

,lqUltt I o n « fl)H1 rlOr"pnl'fJrH1 I til'; V'fflVII rlllHlt tOll!1 l.u t 1u til" nnnn (I r 

1t1nll"e'", p"r'1111Ina tlfllt f1--Wllyn Ilfllnnllllln l·npr·II·~OIII"d rtt. 

1111 frJ.<: I "1111 ,Y lin II I I 1Ill",.p"t'II"I" ,11"t""<1"" )I. II '\ u n I' I' n 

( I ) v.. ) >: VII )( " 
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asymptotics (1) as x-O . ,On the other hand. the asymptotic 

expansions of the wave functions is the first step on the 

way to the analytic solutions of the three-body problem. and 

the calculation of these functions with a given acouracy seems to 

be impossible without a detailed knowledge of all their asympto

tics. 

The contents of the present work is as follows: Section 

2 contains the relevant basic facts and formulae of the special 

function theory and of the integrodifferential three-body equa

tions, in Sec.) the structure of asymptotic expansions o~ a 

fundamental system of regular solutions to the above equation~ 

is explored depending on the coefficients of series (1), i.e., 

the following three cases are oonsidered: 

A) V_tiD B)V_1=O,Vt/O , C) V2 n- 1 -'-0. n=O,1., ... 

in ~c.4 the asymptotic e xpnns Lons of the wave functions are 

t nv e nt i gnt od ; the ma Ln r-n su l ttl are s ummnrt s ed in ~eo • ., and the 

relevant technlcnl d e t ntLs n r e 'l t n t nd In tho Appllnllix. 

? Pr-e l Im l nn.r l e n 

'l'o d os c r t b» t ho ponlll olLt\ of th re e \,Ionll elll pn r t t o I e e In t he t r 

r. .111. II., WII II "" t.h " hyIll'" r ,,,1 I u a " , It." I 0 Kilt' I t hm S P" r and 

two tllff"r'Iln' :\/'1." of' h,VP""llphnrlnnl llnl{/411'1 .~,~ n'''' ~J' n l ong 

wI t.h t.wo til 1'1""'''111, ",'1,/1 (.; ,Ij ) /11 III ( X', 11') or I.hn urvuu l T'lH1uOlld 

.I"o"hl vr- o t o ru I~I. Oil" h.YI"""ph,,"lonl '"''If',Il,ull,,1'I """ ""1'1,,,,«1 

h,V If.1 
~, t I.: ( )' 

IC)( (!' ) ~I! (v. ; . I' ) .1•• ( V' '. )( It· ) Wllt'l't 1 

Ill" 1/1 III ~ l u » If' {IX' 

'J. 

A 
and a stands for two spherical angles of any vector (l 

The wave function of the three-particle state With total 

energy E and quantum number f. = ( t, 13 ) • where l is the 

total angular momentum and t3 is its third component, reads in 

hyperspherical coordinates as 

~f(r,Q)=2(r2Sin2'Pfi<1fl1SlIUfcr,'P') yfrX,g) (2) 

SfHere, the operator is the symmetrization operator [4] 

in the brackets of bispherical harmonics [7) 

A A 

, Voo (X) a (g)1J E 
(X,y)= Y

(J) 

" 

The operator Se acts on the varo.abt es If and If as the sum 

of the identity operator and double j;eometr10 o pe rn t or hl 
, f 

The mapping of the FaddoOlC component LJ by thiA operator may be 

writton an the int.1'!/I,rHl [HI 

C f (ljl) 
(4 ) 

<If I hflldr'If') (;U 1/3 .) \ If tu dJ'u', II)') d If>'
 
r (II"
 

'e 1" tho Lop,andro p o l y nom i n l [')1 In tho vnrl ab Lr:whoro 

A 

It CO, c~i Ii') . ((m';~lfl f I 0.\ ;~.,.). II;! ) I:~ ... ". '/' SI " 'I' 

lu"l Lh n t nt"I',I'" I 1 1,,&1 tn Ill'" II", I, rt"tk ,I I """ 

l' \ (II') III i rr ( I 'I' 'II I I I . ;':11 I I 'I'). 

'I'h /l vn r I /I b I " 11 (', , Ij'l ) hnl I)llp, 1 III', lu I lilt lin 11(1 

.... ,B \ ( s , ljI) ,w. 4 _\ 4 () ( If'" "I:~ I 
Ilion mn ro nonvflJlI"n' 1'01' nu r llur!l(l/lprll Ihn",.ror". wn "nwrlt" I lit. 

1"/1 (1 .1"" v "'I lin t I"" 14 I "N r" I I OW" I 
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( a; -/\~ )Vt(S,'P) = fXp(2S) t-E Vets,,,,) + 

Vex) <y:" stlU l(S, '1") 1 
(,) 

where 

x = expr s) COS r.p 
and the grand angular momentum operator in the brackets of the 

functions (J) is denoted by 

I\f = _a 2 
-t- ea-t-1)/(sinlfJ)2.

lf1 tp 

As is known, eq. (,) has a unique solu~ion in the well-de

fined k -class of functions. This class is formed by functlon3 

belonging to the C~ -class vanishing, owine to the regUlarity 

of the wave functions (2), at the triple oollision point s= 00 

on the rays II' =0, 1U2 and sa t t s f'y'l ng physical boundary condi

t Lons for S -. 00 

In the next section we "hall construct a fundamental system 

of r"gular solutions to e q , (5) a~1 aoymptotic series, each term 

be lo ng t ng to a wid., ,,111:1:1 }{ J ~ • The X -cla!lll Is formed by the 

f unc tt on a vanl"hlnl': as S .' "o,on tho rays 'P ~ 0, )(/2 and having 

s''''on,l-lHeln,' oo n tt uuo u s (!f'rlV/lt.\v~s wlt.h r na pe o t to hoth the 

vn r t n b l I'" S If> Our c on atr-u c t t on a arl'l haso,' on tho choicef1 "" 

of /l oo nv nn l o nt. orthop'onll! IUl/:.lIl\r 1)[\'11" awl formulatl ('/-9) 

I () hI' wrltl/Hl he l rrw , 

A'I 11""1,, flln"UlllI'\ w" """ t he 1'III';II11ll' "'K"nfurwUOllrl or tho 

0IHOf>flt o r- /\~ • ')'11,,',,· f'1I111'111I11" nll1l1 [lJI 
( p, f 1.1 • II;:) 

(" )~) -')
11/ ~ I If' I ,- N~ ( ""'~' / ' f I' () 0; 'I' II ((OS •• 'I' 

)(C1.~lN i,
whtll'fl 

K 111 t Ilf' II!)nllnl":,,,t l n n l:llJi!1tlllll, J n 1" I I", ,1,"," il I 

pol s II 11111 I III t' ,I ..., ... f • 'l.U ;'1111 n-O, 1 .... III I('hll rlf1 It r" 1 W~I 1JJ1purt nnt 

facts following from the recurrence relations for the Jacobi 

Ktpolynomials [9), namely all the coefficients aMp of the
 

equalities
 
00 

(COS'I')m w!('{J> = L a,d urt(!P) (7) 
mp

p'" f 
where m=_1,0, ••• , are nonzero if ~ is an odd number and 

Vanish if RL is an even number and p >Kt-m orp<max(e,K-rn)

Any basis function (6) Satisfies the equality [6] 

-: 2If' = (1("2)2 ur E 
(8)'{J K K 

0.9 well 89 the equality~] 

(9) 
<Ip ISf/W!(If'» S! w!('P)c: 

Where S! c 1 .. 2 h~ and h~ 13 tho lhre,,-ptlrtl c l.o Rl'lynnl-H,'vnl 

cOller1c l e n t [101, l.e. the rnat.rl>e element at' un l t n r-y tran nf'o rc, 

milt lon h"twperl poLy ap h n r t cn l hyp/lrhal'lnonlc9 ((J/ 

Y£ . f 'lit:" " r t 0)K(~l) -. J.cOS('CI.'{J l~rK('P> ;j ()(,l/) 

wr'1tt.OFl In thf' cflord\'lltt-":i ~J r\nd ~?f~ 

'11111 f'o rmu l n o for nal(~IIII\' I fig th" not'lIIld l~I.lltll)n l:onBt.'lJtt~, 

of l. hn r'"11l111l11'1 (to), ",",rfl"lont'\ or l.ho "",.1"" ('I) 1111" '"" 

tlO f! r 1'111 I t'lil. '\ :,,.,, glvoll III 1,1", App~lId1<.
k,'"
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ulif 
- exp~(K+2)sJ ur!(lp) , 5-- 00 (II) 

These terms are the solutions of the characteristic equation (111 

for the operator of the left-hand side of eq. (5). Using the 

main idea of ref. [12] we look for every K -solution, t , e. the 

solution of eq. (5) with asymptotics (11) as the generalized 

power series expansion 

(12)KlUKloof. rl<+I1.+Z Un (S.!fJ) 
11.=0 

I<e e
where, acoording to eq.(ll), U0 = bf K and the remaining- un

known functions arc supposed to be linearly indopendent of 

hyperradtus powers. The substitution of the oxpRnsions (1) and 

(12) intn (5) ~1ves the followtng rocurr~nt oquations 

_ KfD~P U:t(~.'P) - L UI1.-Z (5,IjI) t (lJ) 

11.- t
); V n p-2 <'P lSi, u; 1( S, If") )n " 2 (('OS 1/) lp·O 

wla" I'll 11.-0,1, ••• ; u o o o r d I 11K to t hn ILfl!'lIlt.::. (1;-), lJ ~P, o tf n c 0 

Itncl 

(14)I>d (~.\ • K' n • ?) 2 ,./
n 'P 

d 
1':'11111\.1'1/1 (I I) rll J' t.hn rllllolion Un. will htl 11,,1 1,,,1 I.ho 

) 1<. f 
"'·"'1llatloll. 11." I'1gtll .-hllllli "I,," \ "rt ,,,'utftl,,,, ,.. tly no l ut. I ',"n or 

11' -fl flu n 11 0 Ii " wI I II fI II. A"y '\1l1"1 11111 or III" "-"'IU'" 11111 

IIIn,Y 11/' ""pn"'''"''''' ,U' n t1ll1l1l1lJ IIr It" III\I't\OIlIIlI' /"IIuII"" I" 

tho ~(~OluUtl "nIl ... ,~nJlf1rul lIolutlon or t.he nOl'f'Iq-,ptll"l'nl~ 

It 

homogeneous equation in the same class. The latter solution is a 

linear combination of the functions 

exp (Ps) urt(cp) P = K'-K-r. >--0 , 

each being inserted into eq.(12) generates a leading term of the 

asymptotics (11) of the other 1<' -solution. Therefore, without 

loss of generality, we investigate only a p~rticular solution 

of eq.(lJ) belonging to the J{ -class. Let us prove that these 

solutions a.re polynomials in the variable 

iii (It)
UKe (15)

-" m UKf (If')- L. 5n nm 
m ~ 0 

of finite degree depending on the ooeffleJent3 of series (1) 

[n/2] A (l6a)
 

iii.(n ) ~ ln~61 - e(L(n - t ) / 6 J -( tl 1)/6 ) D (16b)
 

1 C (16e)
 

whu re It I Is rw Integer part of numbe r t. nnd () (t) 1[\ tho 

ntop fUllotlon uq un l to (Inlty lit. )~ 0 Ilnd van t nh t ng In tho op

po n t t o CI1IIll.WO uhn11 ul uo rind noruu o l' t.he 1II0nl 1l1ow1y v(ln1~hjnl'; 

lOJ1n~ or Iho no rl e n (1;') 1111 s • ,,.. n nd o h t.n t n tho n tm p l e <lot. 

01' II1'11lnlll'y IltlIHJIU1--o1'1lfll' III rf'lI',",l.Inl "'Ill/lljon" 

., f .., ) ... P 
C .... tl I)"I f\ 44 I (J 1IIII (1/' .: ( k I tI • ,! II til I I) lJ II '" 0 1 (I/')

' 

U... f (II)) lId (1'1)(",.I)(tt,o/') 
1t.",.;1 .. " J•• ,., (~J) 

II t 
)' 1'0\ tI' ) 11 I' ~ <II' I "f I II'"pmf (W'»V II I' ;'. 1 .
1'-1) 

wi"".., 1I~~)fl. •• I III ~ 0, .... 111(',), ,,,,,I ''''1",,111''1', 10 "'J".(I'). 

( II, ), (I r i} II I'll v 1111 /II! "."1 I (I '" '" \ "" (II L"n. ' 

.,, 



Further, the superscript K will be fixed and t - omitted 

where it is possible. Suppose that the right-hand side of the 

n-equation is a finite degree polynomial in the variable s,i.e. 
K rn'crt) 

R n = L Sin R~m ('I') 
m=O 

Let us OK are the coefficients of expansion of a solution to a I1p 
n-equation over the basis (6). Using (8), for these coefficients 

we obtain the uncoupled set of the Gauss equations [111 

(18)ta~ + 2 ( K" n +2 ) as + d ~ p 1S~ p (oS) =<?Up ('In I R: (S. If )>. 

Here and further the Dirac brackets denote the integration With 

respect to angle 'P on the interval 0 ~ If ~ 1(/2 and the part 

of the operator (14) independent of the variable S in the 

bracket~ of the function~ uf 1s equ~l top 

2 2d" (Ktn,?') - (p+ Z ) 
(19) 

flp 
=0 

and vnn l nhea if and only l f n i~ an avan numbo r- and p = K+n 

Thi~ important fact follow" r rom t.ho ,Ioflnitlon (6) of index I< 

whIch e ve rywhe r e I" nn evon (0<1(1) number If Index t is an 

o vnn (od(l) num bur , A~ I II known ll1l. If d ~p ~ 0 • t hen the 

.ro Lutt nn of 0'1.(1/1) i,. 11 pol y nnrn l a l of r1np;roo m' +1 und with
 
n K . m', 0(


t.llo 1I1~1",,'1t. t.nrm 0n,m'+t S provl,llnp; or oo ur no t.ha t tho
 

"n" r r i o I o n t
 

g" , </If" " I H" ,>/ ;! ( " I t1 I :~ ) ( In " t ) (;,U) 
n , trl t , " "1 

I (I 111111's«"'0. III u l ] "II"" (ill""" 1.11" ",,/1111 'Ill "r "".( 1/1) I tI " 

!If1I,YIl11lIlllll nr dOHI'."' ...... ')IlfO/"prlll". l F 'tift rlp,III·--llItllll f1\I1a of 

1l.'lquallori (11) 1'1 '. Plll.VIIIIII\I(ll 111 l hn Yllrilll,lo 11 or tln~l·tttt ",'. 

II 

then its solution is a polynomial in the variable S of degree 

m.' or m'+ 1 uad e r the condition that n. is an even or odd 

nUlllber. In the last case the highest term of the solution is 

8K ...... { 
11. m'+i S uJ" n. e ,,+ 

Supposing that Sf( 10 , i.e., the right-hand side of 

eq.(g) with chosen fixed indices K and e is nonzero, we 

start the investigation of the set (1)) with a more general form 

A of the potential (I). Using (9) and putting t=1 we write first 

eq. (1)) in the form 

K " /. (21)
D U = "i-: s, (COSIf) '"uf",(/f)t t 

The no t ut t on of t ht s equn t to n is independent of S and reads 

cs- I( 

?If ("') / d k (2211.)Le a/_z•p t' T t PUk Uk S p~ 
t to Vt_z K ((().~ 'P)t L

I( 

C;p lVp ( '(» . (nb)f p.e 

To d er t ve I!Q. (;>;>1\) we have usn<l. llQII. ('1-9), (14), (18) and (19). 

The onofrtctl!l\ts of till! norton (;>;'b) n r-n thA s ol ut t onac.;p 
of the IJnoar nllt. Rlvlln In thll Apvon<l.lx. Utlln~ (n) Wll wr\tn thl! 

Illl00 n<l. fl'1- ( 1J ) An f 011 ow1\ I 

[) ~ 1Ik (v,Ii F ) /(1" C 'P ) (;>1 )2 ). c, k 

V f we If <~) ISill,'" (~,,) > • R~ 

II/II' I nok fill' !.lIt! tin1 II I 1on In till' fn I~ 

u ~ - S U: ('I') .. lJ ~ (If').. .., ,,(} 

'I 



where 

K D K
U21 CIp) :: 0u Uf",,+,Z ('/» 

Then, we obtain the equation 

D; U2~ :: R~ - 2 (K+4) g~ 'lLfl<+Z 

which is soluble [11] if and only if its right-hand side is 

orthogonal to the function uJ + Z • .This condition uniQ.uely
K 

determines the coefficient 

(24)
D K t-2 K 
°2i 1 =Vt _ <W + ('fJ)(CDSlp) IhlU C!p'I)/(K'-2f+Z)

• , 2 K 2 t t 
To derive eq. (24) with t~l we have used eqs. (9), (20), (22b) 

and (2J). Both the functions in the matrix element (24) are, 

according to eqs. (7) and (22a), infinite series of the cigen

functiom; (6) of the o oc r-at o r h • Hence, in general the 

ooefficient (2~) is nonzoro. Continuing the analysis one can 

c~ily be conv1nced that the coefficient (20) with any even n 

is proportional to (V.,) 
n 

, oontain/! 1n the matrix element 

the funotlon Sf>('/)!V"t,,'y>IA,nd in general 15 ncnz e rc due to 

the snme 1'eRtlOnll nfl .for tho coeffioient (2~). 'l'hllrllfore t the 

right-hand tilde or n-oqual.1on (1) ill a polynomial 1n tho 

va r t abl e S whollo deg1'llo 111 not greAter thnn [(n-O/2] 

nru1 11./1 !I01uUon I" II po1ynomil\l in thll vllrl/lb111 6 of dlll<t1'1l1l 

IMII or e qun l \.0 [n/2J. A\"o, 11'1'" (1,) 11IId (16,0 lUll proven. 

No.. WI' I'll\. till' nxp/u\Illon (l~) into (ll) an,l t hu s o b t a t n 

llqli. (17) wlll",1l n re wl'll.\'lIn In n rd e r- 01' Lnn r nn n t ng t nc e x n 

find In nrlllll' or lI"ol'''Allln~ Index m ror IUIJI 1'1 xlld n. 'iiI II II, 

th" /lot (1'1) turuu nut to he r e nu rre n t, 1111 ""lu(lono wll.h lUI 

even n and any m=O, ••• m(n) have the form of the sums 

K _ K KUnm - Bnm uJ'K+I'1. ( f - SmO) + U lun ( ( - D
Inmcm

) 

of	 two orthogonal terms. The coefficient 8~m is defined by 

the oondition of orthogonality of the right-hand side of the 

next equation to the funotion W"K+II. ~ Numerical solution of the 

cut-up set (17) presents no special difficulties since the cor

responding homogeneous equations are reduced [6] to the hyper

geometrical one the Green funcUons of which are well-known (9]. 

Let us study the set (IJ) in the ease B. As now V-I ~O 

then from e q s , (21)-(2J) it follawa that U~:: 0 and 

Kul( U ( Va Sf( - r ) 1VK /" (K. + J) (2')
2 20 

The third oq , (11) and He s cl ut t on have ru np e c t t v e l y t h e form" 

of equn.t Lo n a (n) and (;>;» in which t .. ). 'I'he rlnht-hnnd nlrlfl of 

the fourth oq. (IJ) iR In,]oponclcnt or S and wi th tho ho I p 01' 

(7)	 and (9) III rud uo ad to Ii linear' oomb t nn t.Lon of t he runot.lorH\ 

1,'\, wIth tho uubuort p t e I'. K' Z. lI"noo, tho ootlrrl"lonl g:t
K 

of	 (20) nUllf'lhel'l l1nd t hu nn l u tt o n U ,Illnll not. (\0p0lI<l 011 ,\ 
' I 

Annl0t\llult1y, tlln r1ght-hand nl,'" or tI,,, nlxt.h /1'1.(11) III 

ro d uoe d III 1\ lIum or h.o tn rmn , Oru- ,,1' t.1I1'1n "'"ilill ns !.I,o 

f uno tl" n l)~ of (::';'\1) fin(\ Ihn o tile,,' 1" II 11nll/u' 1I01111l11l1l""on or 

tI'l! funol.lolltl y,rl' wIl.li 1I111J/lol'll'ln 1'41\'" • 'l'II"I'"r'J!''', "'1' (,o() 

c1ftflnlnK Ih" oO/lfrlol~1I1 I" "",11100,1 I... "'I'(;)~) wllh 1.1.t;(
 
!II g~n~l'nl ~:f"'O IIWlllH to Ih" Itllll'" '"1111011 'H' g:'1 III 1.1,,, 
o""ltllln,',,,1 "'Hill A. 'rlll.,".lh" f1"'1 1 II nil ,1I'l'llllll 1 tiP. on Il or II". 
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the seventh eq.(13) and its right-p~nd side are independent of 
numbers. Solutions (22) of the first (t~l) and third (t~3) 

S • The term depending on 5 in the right-hand side of the 

eight eq.(13) is 5 (Vo S - E) U6: and owing to (9) is proportional 

to S 1U + G • Hence, the coefficient 8;2 of (20) vanishes
K
 

K
 
and the solution U8 is a polynomial in the variable S 

with the highest term ~ S 10K +6' The solutions U~ with 

subscripts n=9,iO,ll are also linear functions of S • The 

right-hand side of the twentieth eq. (13) contains the term 

K 
5 V t COS If> <'If' I SI V91 (1/>'> > 

which in general is not orthogonal to the function urK~i2' 

Consequently, is a polynomial in the variable S ofU:
2 

degree iil.(12) ~ 2 • Continuing the analysis, one can be convinced 

that all the coefficients (20) with subsoripts ~ diviSible by 

~ix nre 1n genernl nonzero sinoo they contain in the matrix 

e l ernen t n t.he funct.ionn COSCf UT,,+n('P) and S U 
I( 

- • ,n 3 m 

r e p r c s en t abLe , aooording t o ('7), ns inf1nite series of the 

f un c t Lonn (6). Thus, t.he s ol.ut t on U~ is Cl polynomial (15) 

of degree (16b) a.nd th n rlr;ht-h ....nd s t d e of n-equation (1)) i,\ n 

polynominl til tllo var In bl e 5 of d og r-ee 

m'ln) mIn) OC!n/tJ n/6) 

31mllnrly, 11. 11l1lj' U" "llowlI t hn t tho no l u ti on" of t.he flot 

(t'!) ,1t1\HHl<1 011 .\ bf'p,lnlllnp. rrom II. dnrlnltft numlie r n t1' 

Illl'! on l y If 'wrl,," (I) 'I\,"1.1l11,1 01111 n r more t e rme wI t.h o,ld 

t nd l nnn , I" t.h e "IlII" C. wh"11 1.11" I'0lolltl/\] (1) 1" t.h e funlll10rl 

or 1.11" "'1'I1l"" "r tll"I'"I"" Il, III I ,,"c11 t n rrn n IU'O Itll'1/1I1L 'fJl11I'<>fore, 

II", rl,'.III-lIn"" "I""" "r 1''1",( I I) wllh IIIle1 (.IV"") IIIUIII'''''M n 

nOll1nlll tilt' I\olllt lon n or t h u pr,,.nnlllng ",~ulli 1lltH' with IHtc1(gvnll) 

l:l 

eqs. (13) vanish. Further, by induction we obtain U;n+1 =0 
for any n • Solution to the second eq. (13) has the form (25). 

Using ('7)-(9), (19) and (20), also by induction we deduce 

~+(K.h.)] UK - UK = L f K 
2n - 2n.O np 'W'p (26) 

p= qJK,tl) 

where n=O,l, ••• , the limits are 

q! (K, n ) = m a x f t , K! 2 (tl - 1 + On 0 ) 1 
and f K are the numerioal coefficients ~a.tisfying theI1p 
reourrence relations given in the AppendiX. 

To finish the analysis of sot (lJ) we c on s Lde r the remaining 

sp eo i at oases. Allsume that tndicos K nnd e nrc ouch that 
t 1hI(· -1/2, too., 5 e- 0 • Then, d ue to- e q, (9) the operntor 

., K 
S' mapps the funotlon 71r! into identlly z e ro , U"lnp, th111 

fn.ot one can eneily Ilhow that for /lny o oo r r t c t en t '0'11 

of the lIeriol'J (1) the lIel (]1) be oom..", 

()I( l 0,11 lin
I( Ul< 

J. Un 
I< 

III 

lJ; uriwherll n.;>,4, ••• , /lnd K -""Iulloll (];') r6f\d
" 

lJ I( f, _ (n)
J I( l.~ ( Iir , ) ul ! (~J) 

wI th J. " lin \1111: tho U"M,,,,,I fUllut.1 »n I'll. All r,>I1llwlt l'rllill
" , •. P

o'!_ (If)) fir ,·"r.( 10) tlill Uuy"lt\ ·.flllVItI """rr!,·! ""I ,,~ '1/\ I 1/1fin" 

tli<> ",\"11111 . Y I.''" ~ ,II;' i r K ~ P t ",I\-;~ P n 

II" II"", 111 IlIn~1n tWI) I( -." " 1"' 1" II (I;') "r " 'I • ( .. ) p,t""~' 

h,," ttlll rfl\'lll C"I) r"" 1t1l,Y l'"t,,"tl,,1. 

J:I 



4-. Asymptotio expansions of the wave fUnctions 

Every K -solution (12),(15), (16) of eq.(5) is put into 

oorrespondenoe by formula (2) to K -solution of the 

Schrodinger equation 

0<> H'¥ KE = L r K+n L 
m<n) 

Srn lJI~m(Q) (28) 

n~O m=O 

where	 the angular functions are 

(29)f UKf ll1l(f	 "l'£ " " Torn	 =2cosec2tp<'P 1S I nrrt(lf'» ':J (X,y) 

If K -solution of oq.(5) has the form (27), then all the 

functions (29) and K -solution (28) are identity zero. It is 

possible if \( t = 1 or K = 2 , f - 0 • A nontrivial formal0 

solution (27) wHh K·'?, f ~ 0 oorresponding to the trivial 

nolutlon of ~he schr~dtnger equation,has first been obtained in 

ref.llJI and f'u r t he r' ntuu1 ed in ref. {141. 

In the ','H, -clnnn t no y,onernl sol utton of e q, (5) nne] the 

rf'levrlnt "oll1t loll n f tllf' Schrtid Inp,er e qunt Ion n r e t n generf1l the 

t nf' t n t t e tlf1rlcn 1n the co r rcnpo nd t ng K -1101 u t.1 onn nnll any 

nurn I' 1'1",,1 co"rr.lolonl." C", ' i ;«. 

la"I a" (JO) 
lJP	 1: (' lJd ~v I ): (I( ~ I(f 

'" f ... K~f 

'1'liI" nn,YIIIl'lollJ; """'1"" '"'" o"I,v for'IIIHl "olllUonn of mnn l ! 

I'YIIfIl'I'II,lll1f1. '1'0 "0,,,01 1'",,\ I.btl 1''',1111 ",ll "0111\ lon" II In n""nllll""''y 

I t) pI '\ 1 V 11 t h' l" t' II 'J I > I', I!I: I I 1ft ,~ f 1 n' t !u,,· I "f'I (·,0) 11\ LII" ~ ,~ 

"I"""	 "1,,11,\ 1'\1111 II", ",,,.fflolullln ell rl""11 III" ""'llI'l/II',V """,11

tllll) l'lIt" t ....~ •• II'IIt.·\ I~OHttt ru oI lqll bUlu,(1 lin tllll uu l u tt nu t)r 

"'(1 1111'1,,1'" ",,, (l'll 1/\ 'lflll"lItll(l,1.ly 1111 ""'fll. I Ill', 11,,1 11(1(1111/1 ""'y 
""IIII'I"M. M""" I'I'u"ll"ul It! III" ,"01",,1,,11011 "I' tll(l '"'1111>0",,"1 

uP IIII,j WI1VtI 1'"""11",, ll" with I'lp-hi. /t II ,VIII I' I.", I"" "I "m,,11 h.vl'''''' 

II 

III 

radius. Inside a sphere centred at r=O With a SUfficiently small 

radius we apply the asymptotic representations as a sum of terms 

of the series (JO) most slowly vanishing as r -. 0 • This permits 

us to -put the boundary condition on the sphere and further, 

sewing together the numerical solution of the problem outside 

the sphere with th~ analytical one inside it, t~ define the un

known coefficients CK • This construction will be performed 

elsewhere. Let us investigate the three terms of the wave 

funotion (JO) most slOWly vanishing as r -e- 0 assuming all the 

dooefficients CK to be nonzero. SUbstitute the functions Unm 

f ound in 880.) into the k -solutions (28) and (29) and them _ 

into the seoond serles (JO). As a result, we obtain the wave 

function asymPtotics around the triple collision point (r -0) 
1 K£ 

nL r· ~nO +,-1. s \.jJ~~ + O( ,.2) A (JIo.)
n-O 

3 

4'£- r K 1r: n 41 kE 8 .. C 2 ,+,l(t2,£ 0 II (.n b)- n-O r nOn t K" 2 r- 00 t (,.) B 

"t'l 2tlk-Pl/2

L' C L to 211 I( P 41 pf t 0 ( r'(,) ( '310)


2n,OP-I( p ,,-0 
Hftrll C", -1 and ",.,' t2~t beOllllnlll -!Iollitton (78) nthI( 

I( -,. 1 111 Ident.l ty V.IHOI th .. f"not.l"nfl (;.'1) wIth Iln evon 

f l rat.	 .ublloript.,ow1na to .q•• (Cj),(ll) lUll' (;"}_:>6), Ilrll tho 

rtnito sum.. or hYVDrhllnnonlo. (10)

'" , p' (lV 2 t .. Sp 8' f Y,. l'~kl2
 

It, ... ·, y,:,,;nl s t r'f yt {JO!)
 

:'n.O 1'.'l'Il',II' r rlr r 
whllrll	 ,,' .. " , II' ;l , "' nnel hMO. t ,:1\I, 

I !\ 

C 



the functions (29) with n=l,J, owing to eqs.(9), (22) can be 

represented either as an infinite series of the hyperharmonic8 

(IO) or as products cf the bispherical harmonic (J) and a finite 

sum of functions of angle lfJ : 

~. Kf e elK yEtf ~e (an-z,p s; / np) p (Q) (JJa) 
lJIKE = 

nO Vn-2 Sf( K 

2 y~ X, g) L C ~pf <If!' St'(C05 cp'>'\Jpt(lp')/sin2'1'.(JJb) 
p=t 

According to e q, (JI), the wave function of S -state (e-o)
 

in general does not vanish at r-O. Therefore, let us explore
 

its nsympt ot Los in more d et a t l , At e-O, "-2 the functions Se'W~
 
and (29) us well a~ the K -~olutlon (28) are identity zero. 

Henee the Bum (nil) doe'! not nontnln a term - r 2s and the flr8t 

four term8 of tho a8ymptotic6 of the wave function (JO) RrB the 

t.enn3 of the K -'JoluUon (20) with f("f~o • Three of them nre 

found by the formulllo ( I~) n nd ())b), the fourth by thll aoLut to n 

or eq.(n) . Al no, we UMn t.hn known oloned llJqlrll,Hll.on

h: (z In 11:\') \trl (;Dt n fJ) • fI • "1.2 • 1 • ". 0,7. • . . . 

for t.he Ra.vrw.l-Rovnl ooerrtol"nt" [101. All Il flnlll r e nult , In thll 

nu no A wll ,lerl vn 

4/ 1 . t • V t r)( , O. ,;tl X , 0, ( l\;~ , ~J ,'/~ ) /.f V:i' ~I I f 2 • 
( )4.) 

' r:"j , I :!f "\I.~ t'" \'41 I' tlrW(~J">h~ 1:!'f1( (t I).r v 'j () V(I .\ I) 

II",," /,\,,,1 ru.-t,IInr 

0 • () ( x I III' ~I ) () ( I 1/' I :;1/ C ) 
1 

110 

the matrix element <~ISol~>is a very complex but finite sum in 

various elementary functions. Therefore, We give only the 

function 

w(~) = B_ Sin 'Ill'{ "'_ ... J{ s ec z o -2 In cosun/: + 21p cotar:'flp } ... 

B. { z ... sin 'II{) ... 'IT (15 -16 cos2'1' ) ... (9X -31V'3-ep) cos lfcp 1/36 

The coefficients 2! are determined from the condition 

of continuity of the funotions Wand d'PW' at the pOintlp~Ji:/6, 

In the case B. adding to e q.(Jlb) the term _,.4 cnloulated
 

by eq~.(26).(?8), (29) and the leading term (11) or the Q8ymptO


tics of K -solutHln with K ~4, we derive
 

ljIf ~ f t OVa -L ) r2 / f ?. .. "1 {l(3 t (} ('. s;" .. .1O x:l y ? '9~lt )/1.0)( 

o, (f~X4 12. xJ.yl. :H~'1 )/JolJ:f,/ J If? .. (J4b) 

{(JV f )2 I lRv.~ \,"nH'I .. t, t,I.(IIX}\t·1.)(./'1J. ,It· 7, ) I()(r~), n 

Th" ,,,,.ympt"t.lnll "r I.h" W,tV" rullnl.llln r"r t.h" nil"" C ," p,lv"n 

Ii.V(1411)wlth ".-0. 
1""1'111")"" ( 14) ,111111'"11" ,'ul... 'lI'" 1':""" I'll! 1'''01'",1 y o r 'lin 

"",VIII\lI"I In I1XI",,,,,I,,,, (10), ",w'"I.v. 't.II" r'llll" 1""'1 (1'1) '"1,1 C"I) 

IIIlVtt I" 1',fl'IUl/ll .'1rrl,,·nnt fUllot 10fll,1 .lt1pUlldunnu or tbtl ,.up,In 'II 

"" II", ""I~II""I"I (I,'nll; I , I'R/';, Ill" ,",,11 'fIlJ. :"/,~J 

I / 



This fact is caused by the sign changing of derivatives of the 

integral (4) limits at the points 'P= 'Jf./6, '](/3. 

5. Summary and conclusion 

Let us summarize our main results. In the J{-class of functions 

all Itnearly independent solutiOUS of eq,(5) are represented at 

small hyperradius as series (12),(15), (16) in powers of the 

hyperradius, its logarithm powers and al co the functions of one 

hyperspherlcal angle, These functions satisfy the simple 

recurrent set of ordinary second-order differential equations (17), 

Solutions of the first three eqs.(17) may bo foun~ by formulae 

(11) and (77-26). If the potentials (1) depend on the square of 

d t n t.ano e (the cas e C), t hen the no Lu t Lon of any equation of the 

:wl. ()7) b :\ finite Lt.nea r comb1nat.1.on (:>6) of the runc t t.oe-s (6) 

:lnll coefficient" ,,,,,11,.fylop, r e cu rr ent r c l n t t onn , All linel1.1'4 

l nd e pend e n t n oLu ti ou \'0 the ::ich1'iid lnp,tlr e q un t t on wlth t.he
 

Fnddcnv c orn ponc nt.n bel onglnp, to t ho ){ -oln"" aro rup r-e nent ed
 

Ill. "IlI11tl 1 h,ype ('rad t u.: "n "erIe" (711) wI th th e t'u nc tt on n (?')) of'
 

the h;lpfll"lplll,rl",d 1l(J1~lfl". 'l~lfHle t.h r o o ru no t.t o ns , oo1'rllll\lowllnp, 

10 t.h o 1"1'11111 fir Ult' ""yrnl'totln" (II) or t.h e W"Vll ('UnOtlOnCl Iurl 

I'liund b,V 1'111'111111,,1' ( 1;') ,LIllI (II). 

'Plio Wllvn rUIIC\111l0 or th r e« ldf,nttoHI Ilill'l.1111nn ,,,,ullnt. 

I
f I :~ 11, I 

VII TIl rth tl n r • U 'II "W"l' "han 

III I hI' (;1I!1l' I'~o I'" "".VIIII't."LI"" ( 14) ,1""" 11"1. 00111.,,111 Il L"nn., J.~. 

III I,,011l'lu";11111, WI' :Ihoulll 11hi1 t.n )lulnt nlll Iwo 1'flntt1. 'I'hn 

11t'r" v IIII IlH,yllqd lit I., f:'!llprlnf111JIP1 "I'" Ilttt,rlli hql.ll rnf' r lin nunJ.vl I111d 

/11111 111111111,111111 tllVt11111gllt 101lt" llr f.hrufl ·111nnl In,,1 ·plt' I.'~)I u ",-"lllum 

wIlli II W"VP 1",1",,1111/" (I). 0" "," ",",,' l,n",I, "II IIUt' n"IIIII,\ 

III 

may be easily generalized to the case of nonidentical particles 

and S -wave potentials with spin-isospin dependence, For this 

purpose one needs to write the initial eq.(5) and its solutions 

in the matrix form and then to repeat all the carried out 

derivations. 

, Appendix 

Squares of- the nom, factors of the functions (6) read 

(N!)2 =- 2(K+.2) r(nt-f) r(f+nt-2)/r( (t-nt- 3/2) r(I1t-3/Z)
 

with r being the Gamma-function [9] ,
 
f


The coef!i oient hk ' owing to eq, (9), is the ratio of
 
the
 integral (4) With Ue w! to= the funotion ur! taken at
 
the same poi nt If'
 

The ooefficients of the sum (7) are equal to the matrix
 

ftio-ementll
 

a «t <Ifft ('P) I ({05 rp) m. Uf! ('iJ»mtc' 

whioh are ro,!uood to a sum of table tnt,llgralll [1'] by rllpro8en

t a t t ng tho Jaoobl polynomial 1.n ono or th e runo t t on» lif!,or w! 
8." a hyporp;lIomntrto no r 1Il/'l [9). T1Hl rlnal 1'o"u] t rfHuln 

(] "e N f NP f (: i ) n' r n / 2 f'( n', 0 r'( 11 • f) ( ( 3/.?l nml<' k' k
 

n
 

2~' f ( n )P i t . " , ;~) r ( m 12 
p-o I' ) II' 

U( ml2 • r t .1/2 • f, 11'/ J/1. ) I (,I1';!)p I '(I' If)} • 

wI""·,, (O)t! 1/1 t.1I" P"kll"f1l11l11"r ".VIIIII'" 1\ \" I"" lit' I ,,-fllllo!.1 "" 

['ll l\'lf1 1(' ",'/1'. k f'l,r.; 11',11 n. I. III" 1. 0• . ' . 

I 0' 



At fixed indices K, e, t the column of the coefficients C~: 
of sum (22b) ordered in the growth of the index p= e, e+2., •.• 

is a solution of a set of linear equations with the three-diagonal 

matrix. Its main diagonal elements are 

N~ { t (p tot d - ect... f ) I (Pt-f ) + Q;f (f - erf + 1)I (P+1.) ( p... 3 ))} 

and the elements of the upper (-) and lower ( ... ) diagonals read 

N~ a; t ( 2 P- 2 t + 3 :t t) ( 2 P + 2 e... 5 :t 3 ) / 8 ( P+ 2)( P..- 2 "!; 1.) , 

where 

1
Q;t = t (K 1- t + 2)2 - (p r t + 2 )2}/2 

The elements of column of the right-hand sHle of this set are 

equal to Ol(p • 'l'h" s et i1; d er Lved after aub s t t tutt on of 

Ilnsnt7, (??b) lnto (n) by rcpreflcnttll'p: t ho funotlons 

(P+ uz . t/2)
(1- u2) a p(fd/2. HZ) 

u n (11)	 11 P (tL)n 

whoro 11 o. COS;~'P , LIl tho f nrm of sumll of I.ho .Jaoobt polynomLals 

wIth uubuc1'i [. til 11. , n t 1 l'J J. B0 lut. 1[) n" 0 f I. h.1rI "0 t wLt. h K" e 
111'0 (,q :\) i Anr! til tt, ... [)/lIlO K e12 hnvo tho formr;: 

r:f "J(P~-lf)·{(1'1rl1)t· 4"e 61/60 <f '·I)V;T"i 

c",r b', 1 ('I f I ,,~ ) I f.~ ( f 1\ ) • (\, I ( eI 'I) 12 0 . 
, I( 

I"	 t.I". '1<""'1 (,'I,) lII" 0:""1'1'1,-1,·,,1,, w I t h '1<,11'11:1'11" ,,=() n,,,1 ,,~1, 

IIwlng t.tI ",/".(11) tllid (;"1), n ro 11q lUll to 

·ff"'P ,\ I b I (\ ( Vn \ .. 1 ) I '/ I '" I I) I 
II 11\ " II (I" I' 

zu 

The remaining coefficients satisfy the recurrent relations 
nKl
 

'll+i,p = ( 1/ d2Kcn..-u,p) L
 
I'll "'0


IJ+ (I(, n1)
 

L: { ( V20I_ In ) S~ - E 0nrn ) a;!n._m),p i Kt 1 
Ii '" '}.JIC,IYl) IrIIJ. • 

K 
Ylllere the coeffic1ents d n p are given by e q, (19) and the 

functions q.! are the same a s in the sums (26). 
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rryn~eB B.B.	 E5-88-565 
ACHMnTOTHlJeCKHe pa3JIOlKeHHn BOJIHOBblX cPYHKl\HA 

rpex TO~eCTBeHHbIX lJaCTHl\ UpH MaJIblX 3HalleHHRX 

I'HnepPa,t(Hyca H S -BOJIHOBb/X UOTeHLJ;HaJIaX 

B paMKax HHTerpOAH~epeHl\HaJIbHb/XypaBH~HHA nOCTpoeHbl 

aCHMUTOTHlJeCKHe,pa3JIOlKeHHJI BOJIHOBblX cPYHKl\HA B BHAe PRAOB. 

COAep)K~X CTeneHH I'HUeppaAHyca. ero JIOrapHcPMH H HeH3DecT

Hb/e cPYHKl\HH rHuepCcPepHlJeCKHx yrJIOB. .QJIH BbJlIHCJIellHJI 3THX 

cPYHKl\HA nOJIYlJeHa peKyppellTllan cHCTeMa OOLIKHoneHllblX AHcP

cPepeHl\HaJIbllblX ypaBHelmA BToporo nOPH!~Ka. HccJIeAonalla aa> 
BHCHMOCTb aCHMUTOTHlJeCKHX pn:JJIOlKOIIHA 01' lJeJIH'lHllbl normor-o 
yrJlODoro MOMCll'ra H OT noneneuan II01'CIll~HnJ101J 11£1 M£lJlblX pnc
C'1'OllIlHJlX. 

1'n(10'1'n 1I1,IIIOJlllell£l IJ J1U(10111l'I'OJlIIII 'I'CO/lC'I'IlIICClwll 1)/11:1111(11
011J111. 
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Pupyshev V.V. E5-88-565 
Aaymptot i c Expuna i ons 0 f Th nH~- 1d('11t i cu l r-Pnr t ide 
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