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I. I n t r o d u c t i o n  

During t h e  last few y e a r s ,  n o n l i n e a r  6 - m o d e l s  with noncompaot 
symmetry group and t h e 1  supersymmetrio ex tens ions  have a t t r a c t e d  
c o n s i d e r a b l e  i t  erest''' . They a r i s e  i n  g r a v i t y  theor/21, extended 

I supergravi ty/3/ ,  i n  theory  of Anderson l ~ c a l i s a t i o n / ~ / ,  t h e  g a l u z a c  
I K l e i n  t h e o r y  j 5 / ,  i n  t h e o r y  of s t r i n g s / 6 /  and superetrings/ ' /  . The 

s i m p l e s t  v e r s i o n  of t h e  n o n l i n e a r  tY -model i s  a cont inuous c l a s s i c a l  
s p i n  Heisenberg model (Rd) and i t s  e x t e n s i o n s  t o  h i g h e r  sp ins .  Then 
i n  s t a t i o n a r y  l i m i t  Landau-Lifshi ts  e q u a t i o n s  of t h e  corresponding 
models oo inc ide  wi th  t h e  n o n l i n e a r  a d o d e l  equat ions.  As demonstrac 
t e d  i n  ~ e f s . / ~ ' ~ / ,  t h e  o n e 4 i m e n s i o n a l  i s o t r o p i c  IM on a nonoompact 
manifold of t h e  c o n s t a n t  n e g a t i v e  c u r v a t u r e  Sc1 i s  gauge equiva len t  
t o  a n o n l i n e a r  S o h d d i n g e r  equa t ion  (NLSE) of t h e  r e p u l s i v e  t y p e  
(as i s  w e l l  known, t h e  a t t r a c t i v e  t y p e  NLsE corresponds t o  t h e  O(3) 
FM d e f i n e d  on t h e  sphere  8 '/I0' ). A t  t h e  same t ime t h e  fo fmula t ion  
of  t h e  Zakharov-Shaba tSNS scheme on t h e  supera lgebra  osp  (2/1) 
/ll9la/ shows t h e  superex tens ion  t o  b e  al lowed only f o r  t h e  r e p u l s i v e  
NLSE. The problem n a t u r a l l y  a r i s e s  t o  c o n s t r u o t  a 6 -model 
a s s o c i a t e d  wi th  super-NLSE on t h e  supera lgebra  osp  (2/1) which i s  
a s u p e r g e n e r a l i z a t i o n  o f  t h e  0(2,1) d l3/  . I n  t h i s  paper  we const- 
r u c t  an i n t e g r a b l e  g e n e r a l i z a t i o n  of t h e  oont inuous o l a s s i o a l  0(2,1) 
pseudospin Heisenberg model 19/ t o  t h e  c a s e  of t h e  ospu (1,1/1) 
supera lgebra .  The gauge equivalence of t h e  cons t ruc ted  model and t h e  

r e l a t e d  NLSE i e  ee tab l iehed .  We i n d i o a t e  a method of  g e n e r a t i n g  
c l a s s i o a l  solutions u s i n g  t h e  g l o b a l  supersymmetry ospu (1,1/1) . 
The r e l a t i o n s h i p  between s o l u t i o n s  t o  0(2,1) and s u p e r p a r t n e r s  of  
MSE i s  obtained. 

I 2. NLSB on t h e  Supera lgebra  ospu (1,1/1) 

The l i n e a r  problem of t h e  corresponding super-NLSE 

- +,=v* h - (1) 

--- 
*) At t h i s  p o i n t  and below t h e  te rms  super-NLSE and super-RI 

mean t h a t  t h e  cor responding  Lax p a i r s  a r e  d e f i n e d  on superalgebra. 



i s  given by t h e  3x3 opera tors  

-u = - L  

9- .xG 0 

where ycx,t) and Y'Ck ,t) a r e  the  complex boson and f ermion 
f i e l d s  respeot ive ly  taking values  i n  t h e  Grassmann a l g e b r a ,  1. 
I h e  matrices i.To = I -u and = - -f s a t i s f y  the  pseudo-Hermiticity 
oondit ion 

where f,-, d iag  (1,-l,r ) and the re fo re  a r e  elements of t h e  
superalgebra s d  (1,1/1). 'Phe conjuga i o n  condit ions (3) show t h a t  i n  
con t r a s t  t o  t h e  superalgebra su(2/1) '14' i n  our case t h e r e  e x i s t  
two r e a l  superalgebras su, (1,1/1) corresponding to  the values x = + i  
and = rt . In f a o t  our U-  V p a i r  belongs to  some subalgebra of 
sd,(l,l/l).  I n  order  to  descr ibe  i t  we introduoe a v c t o r  space 
v(Z!/l) with two bosonio and 0% I~IUI~OIIIC !he ortho- 
~ y m p l e c t l c  metric t enso r  G = (1 h ) def lnes  t h e  s c a l a r  product 

of two superepinors X ,  1 6 ~ ( 2 / 1 ) .  The transformations R i n  the  
superspace ~ ( 2 ~ 1 1 ,  X I z  x , 2' = K X conserving t h e  scaLar product 
(4), ( v ;  y ' )  = ( P x ,  R x )  = ( x ,  3 )  .from the  supergroup 0SP(2/1). The 
corresponding genera tors  R = e L H  form t h e  superalgebra osp (2/1) 
and s a t i s f y  the oondit ion 

A S t  = - G A  G - ' ,  (5) 

where AS* denotes the supertranspose of 1 Let us  c a l l  
ospu8( 1,111) a five-peremet e r  supergroup wlth elements s a t i s fy ing  
pseudoun i t s r i t r  oondit ions (3) and orthoeymplectici ty one (5). ' h e  
genera tors  of OSPU, (1,1/1) can be chosen i n  t h e  f o~m 

I where E ,  and $, , s '~  a r e  the  bosonic and fermionio genera tors  
I 

r e spec t ive ly  and T a r e  the generators of the group Su(1,l). 
They s a t i s f y  t h e  commutation r e l a t i o n s  

[ E , , E ~ ] = - L € ~ ,  [ E ~ , E ~ ] = L E , ,  [ f , , E 3 ] : - ~ E z l  

I I 
I where p Cd.3 = 0 f o r  bosonic generators and p (  6) = i f o r  fermionio 
I ones, 5 z ,St, f 5  = 5; and c L R r  a r e  t h e  structure oonstants. 

, . 

I 
Then itr c g d F p ) =  ;jd,,= < d c a 2 ( -  f , -  f ,  1 ,  2 r , ) .  

I It i s  e a s y  to v e r i f y  that  t h e  U,V p a i r  (2) i n  eaoh po in t  of 
spaoe-time (x, t)  i s  def ined on an  a lgebra  of t h e  nonoompaot super- 
group OUSPz (1,1/1). m e  condit ions of compat ib i l i ty  of  system (I) 
vt - V, + [U, V] = 0 l ead  t o  the  super-NLSE 

L Y + + Y , , -  2 ( i ~ \ ~ - p i 2 a . i * ) 1  + 4 L Y f / X  =o. 
(9a) 

Let u s  note t h a t  re ohoose t h e  U,V p e i r  and equations of motion 
i n  suoh a way t h a t  t h e  bourdarr  condi t ions  f o r  t he  ooment ional  QBE 
of r epu l s ive  t r p e  \IF 1' x ~ >  P a r e  a so lu t ion  t o  the oorrespondlng 
super-NLSB ly z - 0  . Fro01 Eq.(9a) we see  t h a t  t h e  s ign  of coupling 
conatant ae oharaoter ises  i n t e r a o t i o n  of t he  boson f i e l d  Y ( x , t )  

wlth  t h e  f e m i o n  f i e l d  y ( x j t )  ( the  repuls ion  a t  az = + 1 and t h e  
a t t r a o t i o n  f o r  -- - i ) and rerpeot ive ly  two a lgebras  of t he  
l i n a r r  problem (1) ospu , (l,l/l) . 

Bqs. (9) a r e  k a l l t o n i k  equations. The Poisson superbraoket 



f o r  two funct ional8  b a n d  B of the  f i e l d s  (4 and i s  defined 
oonventlonally 

%en oananioally conjugate va r l ab lea  a r e  (f , '4 and , 

{ V C P J , ? C ~ \ \ =  r&i.-a),  { uc:,, u i a l \ = -  8-. 6 ( 1 - ? ) .  (11) 
4 

Bqs. (10) have the  k m l l t o n i a n  form 

where t h e  BBndltonian funct ion  H i s  

Prom Bq. (9) t h e  oont inui ty  equation nP = 0, r = o ,1  follows, 

where ~ o = \ y l L * t x ~ + ,  3 , = i  (?yk-qxlp)  + q z  (&+- + q K ) ,  

m e  corresponding i n t e g r a l  of motion ( the  %umber of p a r t i c l e s ~ )  
has t h e  form 

and aorrespolds to t h e  i&%riance of t h e  a u p e r m B ( 9 )  with respect  
t o  U(1) g l o w  symmetry y -  y ' ,  r Z i d y  , ~2 Y ' =  e L d  ~ t .  . Then 
t h e  U,V p d r  (2) i s  transformed under globed gauge transformations 
of t he  U(I) subgroup of oSPU (1,1/1) a s  v'= R-'V R ,  v '= R - '  V R r 

where R = e x p ( i E , d )  . I n  the  form of looed gauge t r a n s f o r ~ ~ r  
t i o n s  the  (h l i le i ,  Eaoklund and so on t r ans fonmt ions  o m  be r ea l i s ed ,  
too. 

3. OBPU (1,1/1) Continual Heisenberg Model 

Let us  oonstruct  a d -model assooia ted  w i t h  the super a 8 B  (9). 
To do this we oonsider looed gauge tronaformationa of U,V p d r  (2): 

where the  aolu t lon  of l i n e a r  problem (I) I n  the  point  A = A O  : 
3 ( ~ , t , A . ) =  ~ [ r , t l ~ = A 0 )  i s  ohosen t o  be a g a u g e  groupelament 
8 OSPU (1,1/1). For aimplioity,  we s h a l l  t ake  /lo PO (see d e t a i l s  

i n  ~ a f . / ~ /  1. Then 4 '  s a t i s f l e a  t h e  l l n e a r  system 

where -dl=-' L ,  v = -  2ii 's '+A (2 [ ~ ' , 5 , ] + 3 ~ ' ~ ~ ~ 5 ' ) ,  

Since 9 t oSPU (1,1/1) and ~ ( I ) - l o c a l  gauge t ransfornat ions  
_, ,[ E ,  p ( @ . + l  

keep the  S matrix (2) unohanged, then S c OSPU(1,1/1) 
/ ( 1 .  'Ibe matrix 8 oan be parametrized a s  follows 

where c =A($ ' , ,+Ls, ) ,  p(s';)=o, p ( c i -  l .  ~ ' ' = - i  ( s / , ? L , ~ > ) .  
2 2 

It fo l lows from the  d e f i n i t i o n  of 8 (17) t h a t  

g 3 z  5' (19s) 

Condition (19) i s  a g e n e r a l i m t i o n  of t he  knom oondit ion 2' = I 
of t h e  theory of 6U(l,l) RH t o  t he  superalgebra oase and cannot 
be reduoed t o  i t  because the matr ix  8 i s  degenerate. The matr ix  (s2d+L-5i) i s  a boaon blook and ooinoides i n  t h e  form with t h e  pseudo- 
sp in  matrix f o r  t he  La rdauJ l i f sh i t e  SU(1,l) equation 19/. m e  con- 
s i s t ency  collditions f o r  system (16) l e a d  to the  ~ a n d a u A i f s h l t s  08Pu 
(1,1/1) E ~ ( 1 )  equa t ion*  

is; = z[-s:s: , ]+ 3 (+CQ,s;s% . (20) 

It  f c l l m s  flom t h e d e f i n i t i o n o f  5 and $ t h a t  
---- * Eqs .  (161, (19)  and (20) have been obtained by one of the  
 author*^ (R.M. ) ea r l i e r .  



Thus we have t h e  f o l l o w i n g  express ion  i n  t e rms  of  S f o r  t h e  p a r t i c l e  
number d e n a i t  y (14) : 

Since  t h e  i n t e g r a l  of  t h e  p a r t i c l e  number d e n s i t y  i s  a conser- 
r e d  q u a n t i t y ,  t h e  right-hand s i d e  of Bq. (22) must be t h e  energy 
d e n s i t y  of 0SPU (1,1/1) FM 

o r  in  components 

U 
r 9 I * -  x f .  

[ S  - - 5 E x ( r i ~  - ~ ~ ( X ~ ( - ~ S ' - C ) , ( ~ $ C + L S  (23b) 

Indeed, t h e  Hamilton equa t ions  of motion = f H ,  Si.'j w i t h  
5 m l l t o n  f u n c t i o n  (23) and t h e  P o i s s o n * ~  superbracke t  on t h e  curved 
phase spaoe a s s o c i a t e d  w i t h  t h e  supera lgebra  OsPu (1,111) 

5- C + 
F 1. r { A , +  ( n K  r c,,,A- S, - 6 ,  

= p b =  L K S ~  gs; 

where Cdp, a r e  t h e  s t r u c t u r e  c o n s t a n t s  of  OSPU (1,1/1) ( s e e  
eqs. (7),(8) 1, c o i n c i d e  w i t h  Landau-Li fsh i tz  e q u a t i o n s  (20). It i s  

i n t e r e s t i n g  that r e l a t i o n  (22) i s  a n o n t r i v l s l  g e n e r a l i z a t i o n  of t h e  
w e l l  known r e l a t i o n  between t h e  NLSE p a r t i o l e  number d e n s i t y  and t h e  
e n e r m  d e n s i t y  for  t h e  Landau-Lifshi ts  SU(2) /I0/ and SU (l,l)/'/ 
equat ions.  Besides u s u a l  terms ~ i l t o n i a n  (23) a l s o  o o n t a i n s  four -  
f e m i o n  i n t e r a o t i o n  t e m s  and p a i r  B o s e S e d  t e m s .  If s' = I, 
5 i l t o n i a n  (23) t a k e s  t h e  conventional  form . 

4. Olobal Supersymmetry of OSPU (1,1/1) Bd 

Let  u s  oons ider  g l o b a l  gauge t rans foxmat ions  from 0sPU (1,1/1) 

genera ted  by t h e  fexmion g e n e r a t o r s  f q ,  fr 

where 8 =  - ' ( 8  , + i O , ) ,  8 = (9)' a r e  t h e  hassmann parameters  

q , ~  -z (EL, Y L  Ec). and qiy Eq a r e  t h e  g e n e r a t o r s  of the  
supera lgebra  OsP (2/1). S ince  i n  t h i s  oase  s'-.s'= R ~ R  
and & +S‘,'= (-'ST R Hamilton f u n c t i o n  (23) and t h e  f o m  
of  t h e  equa t ions  o f  motion (20) a r e  i n v a r i a n t  and t h e  U,V p a i r  (16) 
e e  t r a n s f  mmed under  t h e  s i m i l a r i t y  t rans format ion  v '= k - ' U  p , 
vl= k-' V K  . We have 

i n  t h e  i n f i n I t e s i m a 1  form, o r  

i n  t h e  component f o m .  Owing t o  t h e  n i l p o t e n t  p roper ty  of t h e  &ass- 
mann parameters  t9 , t h e  i n f i n i t e  s e r i e s  (25) i s  broken up, 
and one can  o b t a i n  a m a t r i x  of  f i n i t e  supersymmetry t rans foxmat ions  

a = I + i ( e q 2 - 6 q , ) +  ~ c Y , , $ ~ ]  which g e n e r a t e s  t r a n s f o r m a t i o n  of 
t h e  3 f i e l d s  

!l'ransfomations of  g l o b a l  supersymmetry can be r e a l i s e d  i n  t h e  
HamiltonIan form. I n  f a c t ,  t h e  components of  t h e  a s u p e m a g n e t i 8 a t i o n a  
v e c t o r  

c a  

4, = / S: ( r o t )  d r  
- 00 

on Poisson*  s superbracke t  s (24) s a t i s f y  t h e  a l g e b r a  0sPU (1,1/l) 

and "commutea w i t h  Wlmilton f u n o t i o n  (23) H , M A  4 = o . They 
g e n e r a t e  ro ta t ion .  of t h e  r e c t o r  2 = { sd j around t h e  corresponding 
axes  : 



where 0 i s  the  r o t a t i o n  parameter i n  "superspacem. Among t rans-  P 
fo rna t ions  (31) t h e r e  a r e  SU(1,l) r o t a t i o n s  of boson components 
generated by 3 s M 2 s M 3  and super-rotations (27) generated by M4,M5 
and mixing boson and fermion components. It i s  Important, however, 
t h a t  t h e  choice of boundary condit ions f o r  &,t) reduces the  number 
of func t iona l s  M a  allowed. 

5. Class ica l  Solutions and Supersymmetry 

Global supersymmetry transformations (28) allow one t o  ob ta in  
o l a s s i c a l  so lu t ions  of t h e  OSPU (lsl/l) using solu t ions  of t he  
u m a l  6U(l,l) R1 . I n  f a c t ,  super-EY(2O) has t h e  f o l l o r i n g  solu- 

6 ,.- 
tiona: $ / , = & ,  $+=St, e =  c" = a ,  where 2 i s  t h e  solu- 
t i o n  of t he  SU(1,l) . Using (281, we can obta in  a new so lu t ion  
of equation (20) which depends on two Grassmaan parameters 6 ,  8 : 

6; = ( 4  + z Z e j ,  

~ ' t  = ,?+(frzee), (32) 
& & 

c = - t  $:e + z S t B .  

The f u r t h e r  r o t a t i o n s  allow one t o  generate new so lu t ions  of 
zq.(20) ffom Eq.(32). Let us consider, for  example, a superanalogue 
of t h e  pa udospin wave (a c l a s s i c a l  analogue of t h e  Bogolubov con- 
densate) 918/ 

El .v 

K 
p ( v , t ) =  Y. ( x -  \ I K ~ S + ~ + ) ,  

There i s  a corresponding superpseudospin wave with t h e  boaon 

a n d  t h e  fanuion oomponent 

- 
The r e l a t e d  fennio component dens i ty  i s  constant C ( x * + = ! .  C ( ~ J * ) = G @ .  

& ahom i n  Ref .'g?solutione o f  the SU( 1.1 ) HL can be ubtalned ulng 
Joe t  eolu t ione  f o r  HSSE.How we s h a l l  show t h a t  Joot ao iu t ion  f o r  
t he  l i n e a r  problom of the ueud  ilL51; allowe or.6 xc obta in  so iu t ione  

f o r  I ts  superpartner as we11/16/. Let us oonsider an expansion ef  the  
f i e l d  va r i ab le s  of super-NSE (10) i n  t h e  b a s i s  of t h e  Grassmsnn 
two-dimensional a lgebra  

C Q c r , t \  = y,C*, t )  8 + \QA(r,+J 9 ,  
(W) 

y[r,t) = 'k',(~~t) 8 * & l r , t )  g r  

where VL , YL a r e  the  uaual C a m b e r  functions.  Subs t i t u t ing  (36) 
i n t o  (9) we ob ta in  

i ( 4 1 t f ~ I K Y  - 2 ( \ ' ~ , \ ~ - p j  'f,= 0 ,  (37) 

It i s  seen that (37) being t h e  usual  llLSB of the  repuls ive  t 
fo r  y, p,Cx,k) oan be in t eg ra t ed  d a  t h e  inverse  problern method 
l i n e a r  p r o b l a  f o r  PlLSB (37) ha8 t h e  form 

where 

Eliminating the  speo t r a l  p a r m e t e r  from ayatem (40), we 
obta in  equatioon. fo r  t h e  oo8ponents d t  = ( g , ,  +,): 

... 
Comparing systems (39) and (41) we see  t h a t  a t  E =  1. t h w  
ooinoide, 1.9. t h e  oorresponding va r l ab lea  oan be i d e n t i f i r d  

Ck t) = $ .  CX , t) . Thus i f  one knows the s o l i t o n  ro lu t ions  of 
J 

~ ( 0 ~ 1 )  KLSB (37) ard t h e  oorresponding Joat eolu t ionr  f o r  t he  11- 
near problem (40), one a n  oonatruot aolu t ions  f o r  t h e  r u p r r m r t r i -  
d par tne r s  (39). Choosing a d r f i n i t e  r e l a t i o n  f o r  t h e  oo8poll4nt~ 
whioh i s  i n  agreement r i t h  (39) only under oe r t a in  oonditions, en* 



can  reduce ~ ~ . ( 3 8 )  t o  t h e  equa t ion  f o r  t h e  f u n c t i o n  q,, . As w a s  
mentioned above, J o s t  s o l u t i o n s  f o r  ~ ( 0 , l )  U E  al low g e n e r a t i n g  

s o l u t i o n s  f o r  ~ ~ ( 1 ~ 1 )  d9/ . on t h e  o t h e r  hand, t h e  r e l a t i o n  a l s o  
fo l lows  of ~ ( 0 , l )  NLSE s u p e r p a r t n e r s  r l t h  S ~ ( 1 . 1 )  Wb from what w a s  

mentioned above. I n  f a c t  t h e  c o n d i t i o n  yJ.= HJ h j l i e s  t h a t  t h e  

pseudospin m a t r i x  5% $-'rs , where 3 = ( FL %) A'U( 1 )  f) 

can be parameter ized by 5 s u p e r p a r t n e r s  of ~ ( 0 , l )  o f  MSE i n  

t h e  form 

i s  gauge equiva len t  t o  uosp (2/1) NLSE, t h e  l a t t e r  be ing  a s u p e r  
/f 31 

g e n e r a l i z a t i o n  of t h e  convent iona l  NLSE of t h e  a t t r a c t i v e  type. 

More d e t a i l e d  r e a u l t e  concerning uoep (211) HH and uoap (2/1) 
U S E  w i l l  be publ iahed  by one o f  t h e  a u t h o r s  (R.M.) separately. 

References 

Thus, t h e  s o l u t i o n s  f o r  ~ s u p e r p a r t n e r s  of  MSE g e n e r a t e  s o l u t i o n s  
j 

I f o r  ~ ~ ( 1 ~ 1 )  . It means, i n  p a r t i c u l a r ,  t h a t  pseudos i n  wave 

(331, a o l a a s i c q l  analogue of t h e  Bogolubor condensateg18/, i s  

I n a t u r a l l y  expressed through t h e  s u p e r p a r t n e r s  of NLSE. I n  conc lus ion  
I we n o t e  t h a t  (42) l e a d s  t o  t h e  pseudostereographlo p r o j e c t i o n  of IM: ~ 

where p r  f i r w , t ) / L v , C ~ , t ) .  

& r e  t h e  f u n o t i o n s  ~ ( . , + ) v r i l l  be a s o l u t i o n  f o r  t h e  modif ied NLSE'~': 

I More d e t a i l e d  r e s u l t s  w i l l  be p resen ted  s e p a r a t e l y .  

I n  conclusion l e t  us  n o t e  that t h e  i n t e g r a b l e  super  genera l iza -  

t i o n  of t h e  cont inuous c l a s s i c a l  O ( 3 )  Heisenberg ferrornagnet model = 
i s  uo8?(2/1) /I3/. The equa t ion  o f  motion and t h e  Lax p a i r  of 
uosp (2/1) BI has t h e  same f o m  as (20) a n d  (161, r e p p e c t i v e l y ,  

where 
b 

S t  -L 
C. -xT 

and obeys t h e  o o n d i t i o n  S t 3  = $ on &'+$+,-+ f ~ E C  = 1 . 
Here t i l d e  denotes  a n  a d j o i n t  o p e r a t i o n  of t h e  second k ind  /I9/. The 

m a t r i x  i.$ belongs t o  uosp (2/1) at zz = + 1 . The uosp (2/1) EM 
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