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1. Introduction 

The solution of the wave equation in an infinitPly lnnp 

curved planar strip was often discussed in the electroma~neti0 

and/or acoustic waveguide literature [1-6]. In all these works, 

however. people restricted their attention only to the 

"scattering" solutions of the corresponding eqnr:ttions, cB.lrnlatin~ 

the transmission and reflection coefficients for p~r~icu]ar 

waveguide configurations. It was silP.ntly s11ppoe;erl t,hat in" e;trip 

with a constant non-zero width solutions (1f rtnoti'P"'~r type c:l•.1 f!(l 

exist. In particular, it was supposP.rl that thF_!re .9re no f:i9.1l __ ~!;Q 

integrable solutions. Actually, this assumption c~n be 

mathematically confirmed in the case of ROllnd propa?ation 

(Neumann boundary conditions on the strip ho11nrlF1ryl ft R8P.ID6 to 

be Atkinson [71 who first showed that the acnusti~ wave equation 

in a t11bP. of a constant width has a cnntinlJOllB spPctr,Jm only. 

On the other hand, from the thenry of surfa~e wFives Ia 
. . h . d b d d. . . .Jf ( ( wave equat1on w1t m1xe oun ary con 1t.1ons t + o·an = I; o ;II! I ) 

we know that trapping modes (square i nt.C>gr'< h le p.n lilt ions I BPP"'">r 

even on the surface of a straight infinit., canal- see[B}and also 

[9] for the experimental verification : the namP ··trapping mnrle'" 

was invented by F.Ursell in [8]. 

In this context it seems to be interesting to 

investigate the existence of the trapping modes inside a bent 

el~ctromagnetic waveguide with perfectly conducting walls 

(Dirichlet boundary conditions). It iR the aim nf the present 

paper to show that such solutions rPally exist in this case, 

prnvirted ~he wRvPguide is ben~ en011gh 

ThP wave equation 

.J2f d2f + k2f = 0 
- + 2 
.Jx2 dy 

(1) 

with Dirichl~t boundary conditions on bound~ri~R (•f an infinite 

extent has been inves~igated in the m~thPm~tirRl literature for a 

l0ng tim~ For inst3n~~. for a semiinfinite t11b~ it was shown that 

thP BpectrtJM of k? is purely discrete wh~n the tube becomes 

infiritely n3~r~w 3~ i~finity [101 and p11r~ly cc•ntinlJOlJB wh~n the 

• ...~.·. .. .1 il .,.;:~,. t.1u •. Jl<•t1'. L lc:l >.!1: 
~~~·~· .~ ..... ,.,,~ 'll .)i;,.J.\ ·'·· ·" a.~llJUd 
6¥1S.J lirlOTEKA ----- ·- --



tube is conical [11], i.e., if the outward normal at every point 

of the semiinfinite tube makes an angle not less than ~ with a 

fixed direction. No results are known, however, for the case of a 

bent tube of a constant width. 

Recently the possible existence of square integrable 

solutions of the wave equation was discussed by Popov [12], who 

investigated TH waves propagating in a straight waveguide which 

has a protrusion over a finite length but being otherwise of 

uniform width. In distinction to this paper we focus our attention 

to waveguides which are everywhere of a constant width but 

possibly bent. 

Our paper is organized as follows: The main result is 

formulated in Section 2. Section 3 contains some concluding 

remarks, while the proofs of the theorems are sketched in the 

Appendix. 

2.The main results 

Let us investigate the electromagnetic wave propagating 

inside an infinite rectangular waveguide with a constant 

cross-section, the lower and upper walls of which lie in two 

parallel planes (Fig.l). We suppose the walls of'the waveguide 

being perfectly conducting and we restrict ourselves to the 

TH-type waves only. 

Because of the constant height of the waveguide the 

problem can be reduced to investigation of the two-dimensional 

wave equation (1) in a curved planar strip 0 (being the projection 

of th~ waveguide to the lower plane) with Dirichlet boundary 

conditions [13) 

f(x,y) = 0 ; (x,y) e 60 (2) 

on the strip boundary. Here f denotes the z component of the 

electric field, f = E z 

We are interested primarily in the spectral properties 

of the equation (1} with the boundary conditions (2). It is 

therefore reasonable to rewrite it in the operator form 

'1l f = k2f (3) 

and to investigate its spectrum applying the methods of functional 

analysis (borrowed from the Schroedinger operator theory). Here '1l 
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y 

)( 

Fig.! 
Fia 2 

is the Dirichlet Laplacian in the ~pa~~ 1.· 101 

Friedrichs extension [14] of the map 

i ,.0.. it if' i ~.~ 

a2 a~! f ~ ( ~ +~)f 
ox iJy 

I 4 j 

defined on C~(O). The strip 0 is qupposed rc n~ emGoTI, and 0f a 

constant width. Using one of its botJnrlarl~A ~s a reference c•Jrv~ 

r, we can introduce natural curvilinear coordinates ls,IJ) as 

X a( s) ub' ( s) 
( :) ) 

where a,b are smooth functions characterjzin~ t.he curve r 
r = { (a(s).b(s)); s E IR I· ( 6) 

We assume, moreover, 

a'(s) 2 + b'(s) 2 = 1 . { 7 ) 

so s is the arc length of r and u means the dist•n~e of the point 

lx,y) from r (Fig.2). 

The coordinates (s.u) ar~ locally orthogon~l. Theref0r~ 

the metrics in 0 expresses with r~spect ~-=· th~r thrc••Jgh 3 diagc~~­

metric tensor, 

with 

dx 2 + dy 2 = g ds 2 + g rJ,," 
68 uu 

g ~ g = 1 l+u~lsl 12 
68 

g = 1 • uu 
where r(s) is the signed curvature of the reference curve r 

j ~I 

r(s) = b (s)a"(s) -a (s)b Is) ( 1 t I I 

We suppose that the width d of the Etrip is restricted by the 

inequality dr(s) > -1 for all s e ~ ~nj that the wavegu1de 1• 

bent in a finite region only, i.e. that ~ e ·~IIR) 

:~ 



The first step in proving the existence of the trapping 

modes is to transform the operator~ to the coordinates (s,u). 

Using the unitary map U : L2
(0) ~ L2 (~x(O,d)) given by 

(Uf)(s,u) = g 114 cs,u)f(s,u) (11) 

we get after straightforward differentiation that bD is unitarily 

equivalent to an operator A defined on L 2 (~x(O,d)) by the 

differential expression 

(
" -18 Af = - g - + 8s 8s 

,2 
8u2 )f + V(s,u)f 

and by the Dirichlet boundary conditions f(s,O) 

all s e ~ . Here 

f(s,d) 

V(s,u) !.g-3/2 ,
2
-rg _ 2.g-2("-1iJ

2
-! g-1[~] 2 . 

2 88 2 4 IJs 4 8u 

(12) 

0 for 

(13) 

Hence to prove that the wave equation (1) has square integrable 

solutions , one has to check that the operator A has a non-empty 

discrete spectrum. 

Theorem 1 
Let us suppose that the strip 0 is bent nontrivially , i.e. ,that 

r{s) is non-zero for some s. Then there is a positive number d
0 

.............. +1... ... + 4' .... - ,.. ............. ,I 
~··-- --- ---·· - ' .. 

-o· 
A "- ... ,.. 1 ............. 

The magnitude of d
0 

can be estimated by 

Theorem 2. 
The operator A has at least one bound state if 

d 

lo. ............ ~ 

I I [- y(s)2 u
2
r (a)

2 
] sin nu 

( l+ur ( s ) ) 4 ( d l du ds < 0 • + 
!l+ur{ s)) 

2 

~ 0 

Proofs of these two Theorems are sketched in the Appendix. 

3.Discussions 

Let us now discuss some physical consequences of 

(14) 

Theorem 1. First of all we have to mention that as far as we know 

the existence of trapping modes inside a curved waveguide has been 

overlooked in both the theoretical and mathematical literature. On 

the other hand, the trapping modes can manifest themselves in an 

experimentally verifiable way. In order to illustrate this we 

4-
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1 
J 

would briefly discuss the energy transmission through a bent 

waveguide of a finite length . 

Mathematically speaking, once we deal with a waveguide 

of a finite l~ngth L the trapping modes disappear from the 

spectrum turning into resonances the imaginary parts of which 

approach zero as L ~ ~ . (This can be rigorously proven using 

the asymptotic perturbation theory and spectral concentration 

results [14].) Physically it means that the trapping modes would 

contribute to the energy transfer through the truncated waveguide. 

This contribution would be substantial especially for waves with 

frequency below the first transversal mode of the waveguide, 

leading in such a way to a resonant peak in the energy transfer 

plot. The peak is supposed to be sharp for waveguides long enough,. 

when the imaginary part of the trapping mode resonance tends to 

zero. 

A similar resonant peak was observed in a sound 

transmission through bent pipes {see [15] for experimental and 

(16] for theoretical results). Moreover the peak was localized 

below the frequency of the second transversal mode. This is in a 

close analogy with our results, since a direct computation shows 

that for a rectangularly bent waveguide the trapping mode appears 

~+ ~2 - n Q~ ~2 ~ ! ~-~n~ ·~- ~~-D+ +-~nD~~~-n~l -~~~ 
1 1 a 

Let us now comment briefly on Theorem 2. Using it one 

can obtain simple bounds on the width d
0 

below which at least one 

trapping mode appears. For a simply bent strip ( i.e., y(s) ~ 0 

for all s e ~ ) we find that 

d ~ ~ ( /1+4r .rz 
o r + + 

- 1 ) (15) 

where f 2 r1 2 z = J ( y · ( s) ) ds J r ( s ) ds ( 16) 

~ IF' 

and y+ max rls). This bound shows lhal th~ inverse d 1 of the 
0 

-:-ritical width is of the same order of magnitude as the maximal 

curvature r+ 

Appendix 

Before proving Theorems 1 and 2 we formulate a 

simple Lemma concerning the operator Hx = - ~ + XV on 

L2 {~x[O,d]), where~ is the Dirichlet Laplacian. 
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Lemmil 
Suppose that V:!Rx[O,dl ___, IRis a bounded and measurable function 

such that 

d 
2 V (X, y I ( 1 + X I dx dy J J < 00 ( 17) 

IR (I 

Then H, has at ]Past one bc•und state E (A) be low the bottom of the 

,-,ont.in:;ons spect.rum, E(A.)' rn 2;d2 ), if 

d 

J J V(x,yl sin 2 (~ y) dx dy < oo 

!R (I 

PrQQL We use the Birman-Schwinger principle [ 14] according to 

which El~l is a hnund state of HA if and only if the operator 

has an eigenvalue -1 for a~= E(A.). Here K
01 

is an integral 

operatnr with thP kernel 

K
01

(x,y,x· ,y I c IV(x,yli 112 R
0

ra,x,y,x· ,y· )V(x' ,y 11 / 2 , 

118) 

A.K 01 

( 19) 

' 2 -1 where R0 (a, ... ) 1s the kernel of R
0

(oo) = ( -t.D - a ) and 

v112
=1VI

112
sgn V. Separating the variables we can decompose 

R
0

(oo,x,y,x' ,y ) as [ 17] 

00 

R0 ra,x,y,x· ,y·) = L Xn(y) rn(01,x,x·) Xn(y'), 

n=l 

1/2 . nn . 
where xn(y) =12/d) · s1n (dy ) 1s the n-th transversal-mode 

wavefunction and rn(oo,x,x') is the kernel of 

2 

( - ~2 
dx 

2 2 n n 
+7 

? ) -1 "'-

Using (20) we can divide the kernel (19) into two parts 

Ka M + L , 
a 01 

where 

(20) 

( 21) 

MOI(x,y,x 112 
00 

exp(-k (01Jix-x II 112 ,y·J=IV<x,yll [_X (y) n x (y )Vix ,y I 
n 2k (oo) n 

n=2 n 

+ IV(x,y)I1/2X1(y) exp(-k1(aJix-x'j)- 1 

2k
1 

(a) 
x

1
(y')V(x',y')1/2 

La(x,y,x· ,y·) 

and 

_1_ I 11/2 1/"' 2k
1

(oo) V(x,y) x 1 <YIX1 (y') V(x,y) ~ 

2 2 1 
( 
~ 2) /2 

2 - "' 
d 

kn(oo) 

6 

( 22) 

The operator Ma is bounded for a e [O,n/d). Therefore for 

oo e [O,n/d] and A. sufficiently small we have 

II "-M
01 

II < 1 
so 

(1+"-K 1- 1 = [ 1+"-(1+"-M I-lL a a a 
]-1(1+"-M )-1. 

a 

Hence A.K
01 

has the eigenvalue -1 iff the same is true for 

A.(1+A.M J- 1L . 
a a This operator is, however, of rank one and has 

therefore just one non-zero eigenvalue ~(A.) given by 

d 

(23) 

(24) 

~(X) = 2k\a) J J V(x,yJ
112

x 1 (y) [o+"-Mal-
1

IV1 112xt)<x,y)dxdy. (25) 
1 IR 0 

Using the formula (25) we find for X small 

d 

~(A.) = 2kx(a) [ J J V(x,y)x1 (y)
2
dxdy + O(A.) ] 

1 IR 0 

and solving the equation ~(A) = -1 we get finally 

d 
A. 2 k 1 (A.) =- 2 J J V(x,y)x1 (y) dxdy + O(A.2) . 

IR 0 

(26) 

(27) 

Moreover k 1 (X) corresponds to a bound state of Hx iff k
1

(A.) > 1, 

which proves the Lemma 

P~~~~ ~~ Tn-~~A~ 1· 

We estimate first the operator A from above by an operator A+ 

A+ = - 1 81-
(l+dr ) 2 cts2 

.,2 
ctu2 + V(s,u) , (28) 

where r_ = inf r(s). The function V(s,u) fulfils the condition 

(17) of the Lemma. We find in such a way that A+ has at least one 
bound state if 

d 

J J V(s,u) sin2 ( ~u ) ds du < 0 
IR 0 

(29) 

which is obviously true for d small enough. Since A ~ A+' and both 

A and A+ have the same continuous spectra, the existence of the 

bound state of the operator A+ implies the existence of the bound 

state of the operator A. 

Proof of Theorem 2: 

As already mentioned in the proof of Theorem 1, we have only to 

check (29) and to apply the Lemma. The part of V(s,u) containing 

7 



the second derivative o f ~· lsl may be integrated by parts, which 

yie lds the c ondition o f the Theorem . 
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3KCHep n., We6a n. 
C~eCTBOB8HHe CBHS8HHOrO COCTOHHHH 
B HSOrHyTOM BonHOBOAe C HAeanbHO npOBOA~H 
CTeHK8MH 

ES-88-379 

flonb3YHCb MeTOAaMH, paspa60TaHH~H B TeOpHH onepaTO­
poB WpeAHHrepa, ~ noKas~aaeM, qTo aonHoaoe ypaaHeHHe 
Anft HSOrHyTOrO sneKTpOMarHHTHOrO BonHOBOA8 C HAeanbHO 
npOBOAH~H CTeHK8MH HMeeT KBaAP8T~HO HHTerpHpye~e 
pemeHHH /sanepThle MOAhl/. 

Pa6oTa BhlnOnHeHa B na6opaTOPHH TeopeT~eCKOA ~H3HKH 
OHRH. 

Ex~e~ P., Seba P. 
Trapping Modes in a Curved Electr~agnetic 
Waveguide with Perfec~ly Conducting Walls 

ES-88-379 

Using methods 4eveloped in the Schroedinger operator 
theofy w.e show ~he existence of square integrable solu­
tions (trapping modes) of the wave equation inside a cur 
ved el~ctr~gnetic waveguide with perfectly conducting 
w~lls. 

+he ~P,vestigation has been performed at the Labora­
tory of ~eofetical Physics, JINR. 
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