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I. I n t r o d u c t i o n  

Recen t ly  w e  have developed a new approach i n  o r d e r  t o  o b t a i n  

a n  impor tan t  c l a s s  of t h e  6 j  symbols.  ' I n  t h i s  paper w e  e x t e n d  t h e  

same method and we f i n d  a n  analogous c l a s s  of 6 j  c o e f f i c i e n t s  f o r  

t h e  a l g e b r a s  suC2j+ l )  C j- i n t e g e r  o r  h a l f  - i n t e g e r > .  W e  a r e  i n t e r e -  

s t e d  i n  t h e  f o l l o w i n g  symbols 

C l .  l a )  

where n s t a n d s  f o r  t h e  maximal y e i g h t  'vector 0 z Cn .nj -*.. . . . n  ,> 
-J  

and l a b e l s  a  u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n  CUIF). The complex 

c o n j u g a t e  r e p r e s e n t a t i o n  w i  11 b e  denoted by Om=< -0 ., -0 . . . . . . 
..J -,*i 

-n >. The q q n t i t i e s  nm-nm-, a r e  p o s i t i v e  i n t e g e r s  and two r e p r e s e n -  

t a t i o n s  Q' and nz such  t h a t  c(= n: + c  Cc- a r e a l  number) a r e  

e q u i v a l e n t .  The A is t h e  a d j o i n t  r e p r e s e n t a t i o n  A =CiOO.. .O-13 o r  
0 

t h e  s c a l a r  r e p r e s e n t a t i o n  COO.. .O) s CQ). Sometimes w e  omit  t h e  

p a r e n t h e s e s  i n  t h e  n o t a t i o n  i f  t h e  meaning is obv ious .  a s ,  f o r  ex -  

ample i n  C l . l a > .  The a i s  t h e  m u l t i p l i c i t y  i n d e x ,  s o  i n  t h e  Krone- 

cke r  product  nxAo t h e  r e p r e s e n t a t i o n  n may be  found  more t h a n  on- 

c e .  Other m u l t i p l i c i t y  i n d i c e s  d o  no t  occur  i n  our  symbols. s o  we 

use  d o t s  i n  t h e i r  p l a c e .  W e  u s e  t h e  same d e f i n i t i o n  o f  t h e  f3j sym- 

b o l s  a s  i n  Ref.  2 ,  bu t  i n  our n o t a t i o n  w e  change t h e  o r d e r  of  t h e  

m u l t i p l i c i t y  i n d i c e s  Csee t h e  eq .C2 .13>>.  I n  t h e  e x p r e s s i o n s  C l . 1  

a .b)  t h e  i n d e x  m on t h e  l e f t  hand r i d e  is f i x e d  from ni. 0; i n  t h e  

f 01 1 owing way 

n, = CnJ .nj - * . .  . . .",*,.",'I .n,-*. . . . .n- j ) .  

W e  assume t h a t  t h e  i n d e x  a is runn ing  up t o  j '  t o  - j '+l  when 



A=A and it t a k e s  t h e  v a l u e  -j ' f o r  A equal t o  C p .  I n  what fo l -  

l o w s  w e  w i l l  understand t h a t  4CCD- a r e  t h e  squaro  2j1+1 dimensional 

mat r ices  whose dimensions depend on fl 

A = 1- if "m'nm-L.  
0, otherwise,  

C l .  2b) 

A* = AIJ = 1 . C l .  2d) 

Tho u n i t a r i t y  p r o p e r t i e s  of SCW- t a k e  t h e  form 

D; D~ ~ c c - D ~ ~  a ~ m ; ~ ~  = 6 a b '  C i .  3aJ 

- 
where Da is t h e  dimension of t h e  r e p r e s e n t a t i o n  A CD =4jC j +1> f o r  

a a 

cr = jV. j ' -1  ..... - jv+ l ,  D = 13 and D- a r e  t h e  dimensions of t h e  - J' 

r e p r e s e n t a t i o n s  "; 

11. The s m t r i e s  and phase convention 

To o b t a i n  t h e  symmetry r e l a t i o n s  of t h e  i n v e s t i g a t e d  6j symbols 

vo must check t h e  symmetries f o r  t h e  forthcoming 3j symbols. For 

t h e  above w e  may assume t h e  s imple r u l e s a  C r e e  a1s.o t e x t  below 

1 
where Sp =-1 f o r  t h e  odd and S = 1 f o r  t h e  even permutat ion P and 

cni = cn'i = m o m  . ~ 2 . 2 1  

The f a c t o r  na= rtCnLnXn=>- does no t  depend on t h e  order  a, .nz. na 

1 and w e  have 

t 

The f u n c t i o n  t n l  is r e l a t e d  t o  t h e  met r ic  t ensor  C C D ~ I ~ X  

which is used t o  lower and t o  r i s e  t h e  t ensor  i n d i c e s  

t 

FCCD~* = FcCDM=CCDM F C R ~ > ~ -  . C2.4a) 

t 

FCCDM = FCT]*>~ CO*>~*, ,  . C2.4b3 

and t h e  s tandard  phase convention is 

where M-,M>M~~,, M*~,,I a r e  t h e  maximal Cmi  nimal) s t a t e s  r e -  

s p e c t i  vel y f o r  C l  and nt. The phase convention chosen by Gel fand 

and , c e t l i n 4  i n  t h e i r  express ions  f o r  t h e  m a t r i x  elements of t h e  

g e n e r a t o r s  AC Ao> l e a d s  t o  t h e  re1 a t i o n s  

C = C T U M  = C - l > t n l - c \ '  6CYi.MZ> . CZ. Ba) 
L z 

t t 
* M Y  cn , 2 = cn', t = 

) t n1 -C Mi > dCM,.Mz3 . C 2. Bb) 
M Y  

I x 

where t h e  f u n c t i o n  C rn depends on1 y I n  t h e  ei genval ues  hC M3 m of 

t h e  elements Cm=j. j -1.. . . , -j> w i  t.h Cartan subalgebra and w e  

havo 

CW = 5 m hCmm . (2.73 

The expressions CE. E> . CE. 6a.b) and (2 .7)  a r e  rearranged fornts of 





equal  t o  1 .  Taking i n t o  cons idera t ion  C2.12a). C2.131 and from 

t h e  f a c t  t h a t  t h e  B j  symbols t o  be ob ta ined  i n  t h e  next s e c t i o n  

a r e  rea l ,  w e  g e t  

Considering a l s o  t h e  f a c t  t h a t  Cn;,*= (&):we f i n d  
- 

+ 
111. Canonical form f o r  t h e  mat r ices  OCCD-. 

S ince  t h e  m u l t i p l i c i t y  dependent 3j symbols and hence a l s o  t h e  

6j c o e f f i c i e n t s  a r e  not  def ined  unique1 y,  any u n i t a r y  t r a n s f  orma- 

t i o n  a c t i n g  i n  t h e  m u l t i p l i c i t y  space l e a d s  t o  an equiva len t  set 

of 3 j  and r e s p e c t i v e l y  B j  symbols. Applying t h e  above t o  t h e  nut-  
+ 

rites i C C V -  wo must t a k e  i n t o  account equa t ion  ( 2 . ~ 1  and a l s o  

C2.51. W e  ad h e r e  t h e  po in t  t h a t  t h e  above must be preserved and 

wo propose t o  in t roduce  some f u r t h e r  requirements  f o r  o b t a i n i n g  
+ 

t h e  i C C D -  i n  t h e  unique form. 

Dof in i t ion  

W e  s a y  t h a t  t h e  B j  symbols iCCD* and 4CCD- a r e  i n  t h e  canonical  

form i f  t h e  u u t r i c e s  

Theorem 

CAI For t h e  regu la r  r e p r e s e n t a t i o n  Cn> n. >. . .  > n  1 t h e  diago-  
+ J J-* -J 

n a l  elements f o r  t h e  mat r ices  H C W -  a r e  of t h e  form 

and t h e  remaining components of t h e  vector  q = Cq j ,  q  j - ,  . . . . .  
q- .1 a r e  c a l c u l a t e d  from t h e  equa t ion  

J 

The o f f  -diagonal e lements  a r e  obtained from t h e  r e l a t i o n  

CB1 The elements of t h e  mat r ices  4CCD- a r e  c a l c u l a t e d  from t h o  

express ions  

t a k e  t h e  form CC1 All r o o t s  of e q . C 3 . 5 )  a r e  r e a l  and i f  2wk+i > j L 2 a k - , + i .  



2o  -1 >_ -j > 2 ~ , - * ~ - 1  then  t h e  p o s i t i o n  of t h e  r o o t s  a r e  bounded by 

t h e  i nequal i t  ies 

hm+,-l >_ q 2 am,+ 1 , f o r  m= J-1. . . . ,  k . 
2wm + 1 >_ qm > 20,- 1 . f o r  m= k + l , .  . . ,l+l , 

awl  -1 2 q, , awl+ 1 . 
2w -1 >_ qm )-- 2wm: 1 . f o r  rn= 1-1. . . . . - J +  1 . 

The r o o t s  qm C m = k + i .  . . . .  11 reach t h e i r  maximal va lues  ~f 2w +l 
m + L  

is  decreas ing  t o  2om+l Cn -, nml and q t e n d s  t o  its minimal 
m +  

value ~f t h e  same happens f o r  m = 1 - 1 Cn1+ Cl 
1-L' . 

1.-L CD1 For t h e  s i n g u l a r  r e p r e s e n t a t i o n s  D . (LO 1''; InJ.- , 
P 

J '  

. . . , C 0 ,I 
- 

') C t n l  Ps n. n ,  . . . . n > one may u s e  t h e  abbrev ia ted  
-1 

vector  a'= Cw;,, . . . . w l  3 and q'= C0.q; ,-,, . . . . q ; , , + ,  
J '  

,2 j+11 

The components of t h e  vec tor  q' and t h e  elements  X = XCqo1 a r e  

ob ta ined  from C3.51 and (3.61 r e s p e c t i v e l y ,  r e p l a c i n g  i n  both t h e  

equa t ions  t h e  i n g r e d i e n t s  Bo + 1 by t h e  Bw;? pm Cand changing t h e  
m- 

range of product over m and a3. The elemants  X b =  XCqbl and hence 

PCmmb f o r  t h e  removed r o o t s  of equa t ion  C3.81 C s e e  p o i n t  C1 va- 

n i sh .  

Pi CE1 We g e t  very  s imple formulas f o r  t h e c a s e s  n%Cn,1 .Chlpo. 
P-L 

Cn-*l ). In t roduc ing  t h e  abbrev ia ted  vec tor  o'=Co; .w;. w: 1 C 3 . 8 >  

and applying t h e  r e s u l t s  obtained i n  t h e  above p o i n t s  w e  a r r i v e  a t  

r e l a t i o n s  

qo = C2j+l1<8w-o,w- + 2 t p p 0' 
L 0 -, cycl i 0 -L'& . 

so-2j-1 = n C a ; -  P,- P-,I . ( 3 .  lob1 
cyc 1 

Xo = i PLPoP-, n [caw;- a&>'- cp,+ po1'1 y2 . C3. 111 
2 j  + 1 

cycl  

M = 4 t Cp,+ polw;w; + nC2j+l-pm,l . C3.121 
cycl  m' 

The above express ions  should be s u b s t i t u t e d  i n t o  C3.7b1 t o  ob- 

t a i n  t h e  3-dimensional mat r ices  PCm-. 

Before we pass  t o  t h e  p roof ,  w e  extend our e a r l i e r  r e s u l t  and 

f i n d  t h e  fo l lowing  6 j  c o e f f i c i e n t s  

f o r  a r b i t r a r y  s imple L i e  groups C s e e  eq.C3.Ba.b.c1. C 3 .41 and 

C2.1Oa.b1 i n  Ref.11. H e r e  t h e  i n d i c e s  p and r r e f e r  t o  t h e  mul t i -  

p l i c i t y  space  r e l a t e d  t o  t h e  t r i a d  <nbnBnc> and t h e  i n d i c e s  j; and 

j; a r e  used i n  t h e  same sense  a s  previous1 y i n  eq. C2.01. Let u s  

consider  t h e  eigenvalue of t h e  opera tor  

where A C A 0 . d y  Ca=A.B> a r e  t h e  s imple Lee a lgebra  g e n e r a t o r s  and 

we assum, t h a t  t h e  above a r e  r e f e r r e d  t o  t h e  two k inemat ica l ly  i n -  

dependent p a r t s  of t h e  physical  s y s t e m  c[ ACAo. A3 ACAo.B1 &). 

In t roduc ing .  a convenient  b a s i s  IC-pn  M > and t h e  g e n e r a t o r s  

which a c t  on t h e  t o t a l  s y s t e m  

On t h e  o t h e r  hand using C2.11 one f i n d s  



Comparing t h e  equat ions C 3.143 and C 3.153 w e  get  

We want t o  po in t  out  t h a t  f o r  t h e  very pecu l ia r  c a s e  when: a3 

n =n =n =n and b3 C N 6 2 1 > =  pSO_>+ . . . t h e  r e l a t i o n  C3.153 be- 
A B C  

comes more complicated Chere t h e  p  two-dimensional IUR <a> should 

be introduced i n t o  C2.13 i n  p lace  of t h e  o r d i n a r y  phase f a c t o r  

RnAnmnc,P3aa3. We omit t h e  d i scuss ion  of t h e  form of eq. C3.163 

f o r  t h i s  case ,  because we have not found i n  ~ h e  l i t e r a t u r q  any ex- 

ample which r e f e r s  t o  t h e  s imple L i e  group. 

Proof: S u b s t i t u t i n g  nl=Qz=na=n, X L Z .  =X =X =X=ClQ> Cor X =  ~ 1 ~ 3 ~ 3 .  

A =A =A =,. a =a  =a  =j' i n t o  t h e  Biedenharn i d e n t i t y z  
i t a  i z m 

= C - 1 3 c c n 1 c x 1 3  { a  { \\'a] . C3.173 
r n n n  

a z a  i z a  XiXzXs bab+ba 

w e  see t h a t  t h e  matrrx elements of H C N +  and H C N -  from t h e  upper 

block Ca.b )_ - j + l 3  a r e  composed of two terms r e s p e c t i v e l y  f o r  r  = 

la and r  = - 1 e .  Let us  n o t e  t h a t  t h e  second term Cr = - i n 3  i n  

t h e  express ion  C3.173 changes t h e  s i g n  i f  we r e p l a c e  t h e  repre-  

s e n t a t i o n  X = C l p  by i t s  complex conjuga te  C s e e  C2.12a3. C2.3b3. 

and a l s o  C2.1la.b33 which l e a d s  t o  t h e  t ransformation HCN+ + 

HCN-. Taking i n t o  cons idera t ion  a l s o  t h e  opening d i scuss ion  of 

t h i s  s e c t i o n  we s e e  t h a t  t h e  a n t i c i p a t e d  forms f o r  t h e  mat r ices  

HCN- a r e  c o r r e c t  and we r e c e i v e  C3.Sa.b.c.dl applying C3.163. 

C3.173 and a l s o  t h e  r e l a t i o n  

HCN- = c ~ ' / c ~  = : ~ 2 j + l 3  . C3.183 
J ' J '  

where t h e  c:' is  t h e  e igenva lue  f o r  t h e  t h i r d  order  Casimir. W e  

then  proceed i n  t h e  same way w a  d i d  f o r  t h e  a lgebras  spC2N3. 

soC2N3 and soC2N+l3. In t roduc ing  

w a  f i n d  from t h e  u n i t a r i t y  requirements  Cl.3a3 t h a t  

Ci3 t h e  e igenva lues  of t h e  mat r ices  HCN* and HCN- a r e  equal  t o  

c W ~ - ,  J J , N N ; - ~ ,  .. . .. urn> = {jiu,, jr, .,,.. . , j ~ w - ~ ] ,  

Ci i3  t h e  Following r e l a t i o n s  a r e  hold: 

C ' K N i J I P  = X C H C N - ~ ~ - '  UCrnib . 
b 

~b 

Equatlon C3.7a. c3 is obta ined  by applying C3.163. Equations 

C3.7b,~) has  been found from t h e  po in t  Ci i3 .  I n  f a c t  from t h e  s y s t e m  

Ci i3  one g e t s  

- i f 5 
where Um = CU ..Um j - ,  . . . . . U  3  a r e  t h e  e igenvec tors  of t h e  ma-  

mJ m-J 

t r i c e s  H C ~ +  and HCW- r e s p e c t i v e l y .  Taking i n t o  cons idera t ion  t h e  

po in t  Ci3 one may write t h e  d i s p e r s i o n  equa t ions  i n  t h e  form 

Comparing t h e  r e s i d u e s  a t  d i f f e r e n t  po les  of t h e  f u n c t i o n s  on both 

s i d e s  of t h e  equation'C3.1Ba3 w e  a r r i v e  t h e  expression C3.63. 

Repeating t h e  s a w  f o r  equa t ion  C3.1Bb3 one f i n d s  eq. C 3 .  s. The 

p o i n t s  CC.D.E> fo l low imrmdiately from CAJ and CB3. 
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U e p ~ a c ~ w  M. E5-88-284 
06 OAHOM KnaCCe 6 j  K O ~ @ @ H I ~ ~ ~ H T O B  

C OAHHM HHaeKCOM KpaTHOCTH AJIH YHHTaPHblX rpynn 

Bambdi m a c c  6 j  CHMBOJIOB, HccnenoBaHHblx paHee DR rpynn 
SP (2N), So (2N), So (2N+1) ' , H3YsaeTCH 3AeCb N I H  YHHTapHbIX 
rpynn SU(2j+ l ) .  C nOMOQbI0 COOTBeTCTByI0Qel'O 6aswca B npo- 
CTpaHCTBe HHAeKCa KPaTHOCTH n0JIyseHa KaHOHHseCKaH @0pMa 
pJ lR  3THX CHMBOJIOB. H a f i ~ e ~ b l  npOCTble aHaJlHTHseCKHe Bblpae- 
HHH ~ J I H  HHX, ~ ~ B H C H Q H ~  OT ~ o p ~ e f i  ypaBHeHm 2j-I cTeneaa,  
a  TaKXe nOJIHOCTbI0 aHaJIHTHseCKHe @opMyJIbl AJIH HeKOTOpbIX 
KnaccoB n p e a c ~ a ~ n e ~ ~ i f i .  l l o n y s e ~ b ~  TaKxe 6onee s n e ~ e ~ ~ a p ~ b l e  

6  j K O ~ @ @ H ~ H ~ H T ~ I  AJIH ITpOCTbIX anre6p nH.  

P a 6 o ~ a  BblnOJIHeHa B na60pa~opw1-i ~ e 0 p e ~ H s e C ~ o f i  @ H ~ H K H  

OWIII . 
nparpmrr O G a m m o r o  H H C ~ T ~ ~ P  mepwu ~ c c n e n o o e d .  Ay6wa 1988 

Cerkask i  M. E5-88-284 
On a  C l a s s  of 6 j  C o e f f i c i e n t s  w i th  
One M u l t i p l i c i t y  Index f o r  Un i t a ry  Groups 

An impor tan t  c l a s s  of  6 j  c o e f f i c i e n t s  t h a t  have pre-  
v i o u s l y  been i n v e s t i g a t e d  f o r  groups SP(2N), S0(2N), 
S0(2N+l)'  i s  s t u d i e d  f o r  u n i t a r y  groups SU(2j+l) .  An ap- 
p r o p r i a t e  cho i ce  of t h e  b a s i s  i n  t h e  m u l t i p l i c i t y  space  
l e a d s  t o  t h e  so-ca l led  canon i ca l  form f o r  t h e s e  c o e f f i -  
c i e n t s .  The i r  exp re s s ions  depending on t h e  r o o t s  o f  
a  2j-1 o r d e r  equa t i on  and e x p l i c i t  e x p r e s s i o n s  f o r  some 
s imple  c l a s s  of t h e  r e p r e s e n t a t i o n s  a r e  found. Some o t h e r  
e lementary 6 j  c o e f f i c i e n t s  f o r  a r b i t r a r y  s imple  L i e  a l -  
geb ra s  a r e  c a l c u l a t e d .  

The i n v e s t i g a t i o n  has  been performed a t  t h e  Labora tory  
of T h e o r e t i c a l  Phys i c s ,  J I N R .  
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