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I n  the  recent  yeare remarkable progress  has been achieved i n  the  des- 

c r i p t i o n  of those (quas i )per iodic  p o t e n t i a l s  which belong t o  a given 
spectrum [I-41 . Many i n t eg rab le  systems of d i f f e r e n t i a l  equations 

a r e  shown t o  be c lose ly  connected with the  H i l l ' s  equation i n  the  
case of a f in i te -gap po ten t i a l .  The coupled Newnann system, the  Neu- 
mann system, the  Rosochatius system a r e  examples of t h i s  type [5-81. 

I n  t h i s  r e l a t i o n  H.Flaschlta 191 obtained important r e s u l t s  about the 
algebro-geometrical i n t e r p r e t a t i o n  of these systems. Recently, (101 
R.J.Schilling appl ied  Flaschka's  techniques t o  the genera l iza t ions  

of the  NeUIIVXUI system. I n  t h i s  Note we discussethe r e l a t ionsh ip  bet-  
ween the  H i l l ' s  equation and the systems of Garnier type. Our inten- 
t i o n  i s  t o  ob ta in  e f f e c t i v e  f i n i t e  gap so lu t io& of these systems 
along the  l i n e s  of the  approach of B.A.Dubrovin, of 1.M.Krichever 

and 1.V.ChereMk 111-133 . 
I n  t h i s  Note we a r e  concerned with the  following completely in-  

tegrable  s y s t e m :  
( i )  The Garnier system [14]. 

where a l  < a2 . . . < a a r e  f ixed  r e a l  numbers. The g-dimensional 
g 

anisot ropic  harmonic o s c i l l a t o r  i n  a r a d i a l  qua r t i c  p o t e n t i a l  i s  ob- 

tained when xi=yi 

The complete i n t e g r a b i l i t y  of the  l a s t  system was e s t ab l i shed  i n  11 5, 

161. Another i n t e r e s t i n g  in t eg rab le  system was proposed r ecen t ly  [l61, 
we c a l l  i t  Rosochatius I ,system. I n  our context  t h i s  system i s  obta- 
ined by Deift  e l iminat ion  procedure 151 : . 
Let xi=riexp( 8 i ) ,  yiiriexp(- e i ) ,  ci=r: then the  equa t iom (1 1, 
(2)  transform t o  Rosochatius I system 

( i i )  The coupled Neumann system 191 



with o o n e t r a i n t g  xiyi = 1 , where bo t bl . . . c b a r e  f ixed  r e a l  
g 

numbers. The Neumann aysteml5Jia obtained wheh xi=yi 

ri=b;gi , camt ra ined  by the  force  2 ( b i i :  + t o  move on the  
L- 0 - w - "2 6 

d t  sphere %p:=l. L-o Let $=iiexp( g i )  , y i= i i ex~( -  ei)  .ci=ri i 

i=O,...,g then by Deif t  procedure the  equations (5 ) , (6 )  transform 
t o  Rosochatius I1 system [51 

I n  Sect.2 we give the  bas ic  f a c t s  from the  theory of t h e  Baker- 
Akhiezer (BA) function. More systematic information may be found i n  

the  review a r t i c l e s  [ I ,  113 . The s p e c t r a l  i n t e r p r e t a t i o n  of the  sys- 
t e rn  (1-8) i s  given i n  Sect.3 . I n  eect.4 we ob ta in  the  e x p l i c i t  
so lu t ions  of theee systems i n  terms of the  a u x i l i a r y  spectrum of 
H i l l  '6 per iodic  theory [1,21 and i n  sect.5 i n  terme of Riemann'e 
t h e t a  function. I n  t h e  p a r t i c u l a r  case of the  N e ~ l a n n ' s  syetem we re- 
cover the  r e s u l t s  of papers 16-9, 17,183 . The r e s t  of t h e  solutions 
a r e  new. 

2. BABIC FACTS FROM TIIE IZIEORY OF W BAKER-AKHIYEB PUBCTIOB . 
ht K be the  hypere l l ip t i c  Riemann surface y 2 ~ d ~  2- Ai)=R( 2 ). 

The po in t s  of K a r e  p a i r s  P = ( a  $1 and A(P) is  the  value of 
the  na tu ra l  projec t ion P*A(P) of K t o  the  complex p ro jec t ive  
l i n e  CP'. 

Def in i t ion  1. For given nonapecial d iv ieor  D there  i s  a unique 
BA func t ion  'Y ( t , P ) ,  mch  that 

1. t he  d iv i so r  of the  polee of W i s  D , 
2. i s  meromorphic on K\w , 
3. when P-oo 

00 

ly (t,~)erp(-kt) = 1 + x  rns(t)k-' 
S=l 

(9 

i e  holomorphic and k= J A ( P )  i e  a l o c a l  parameter near P= m . 
Propomition 1. There i s  a unique funct ion u ( t )  euch t h a t  

yl -U(t)V = A(P)Y 9 

where yl i s  BA function. 

Proof. Inse r t ing  the expansion (9) i n  (10) we obtain 

and due t o  the  uniqueness of U, we prove ( l o ) ,  with u(t)=21hl(t). 
By the  Riemam-Roch theorem there  e x i a t s  a unique d i f f e r e n t i a l  6 
and a nonspecial d iv i so r  DT of degree g such tha t  the  zeros of 

-6 a r e  D + D ~  and the  expansion a t  P= oo , 5 ( ~ ) = ( l + o ( k - ~ )  )dk. 

Proposit ion 1: For a given Dr t he re  e x i s t s  unique dual BA func- 
t i o n  1131 such t h a t  

1. t he  d iv i so r  of the  poles of vr '  i s  DT , 
2. qr i s  meromorphic on K \ , 
3. near P=ao , [yr(t ,p)exp(kt)  = 1 + ~ ( k - l )  i s  holomorphic. 

F ix  r t o  be the  hypere l l ip t i c  involut ion P=( 2 ,R) 4 P'= ( 2 ,-R). 
Then we have D ~ = T D ,  yT( t ,p )=  V) ( t ,  7 PI. Let t h ( 0 )  be the  

B i-r 

3 -projection of D , and z p i ( t )  be the  a -p ro jec t ion  of the  
1. u 

zero d iv i so r  .of 'V ( t , P )  . . The funct ion ( t ,P )  [pr( t ,p)  i a  

meromorphic on CP' and the  following i d e n t i t y  takes  place [ I ]  

Introduce the  Wronekian { q) (t, P) , 'yr( t ,P)] = @v' - v$ - 
and the  d i f f e r e n t i a l  n i s  given e x p l i c i t l y  by 

We assume t h a t  E(p) is  meromorphic funct ion on K with g+l 

simple poles 00 , pl , . . . ,p  and a t  P= oo , B(P)=k + .. . , and 
C g 
EiP) i s  meromorphic on K with g+l simple poles to, ql ,. . . , q  and 

g 
a t  P= a, E(p)=k-l+ . . . . iVe a l s o  suppose t h a t  the  d iv isor8  of p0- 

' 

l e s  of E(P) and E(P) a re  d i f f e ren t  from D, DT . 
Proposit ion 2. Let 










