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Let us consider a system of three spinlesa particles interacting 
via central potentials representable as absolutely convergening power 

serias expansions 

C>"" 

(1 )V· (X) = L V': X n. . = 1 2 3
l n=-l lYl • l ., 

centred at X =0 • Eigenstates of a system like that are determi
ned by the set f, = ( L, M, õ) of three quantum numbers, namely 
the total angular momentum L ,ite third component M 
and pari ty 6"0=.! 1 with reepect to inversion (X, fi) - - eX, iJ) 
of any Jacoby vector pairo Peddeev /1/ componente yv/,~ of the 

lIJE _ li/f lIJ€ filE wave function 'r - "f' 1 + T Z + 11. will be wri tten in the bispheri
1jLN A '"') -,2/

cal baeie J(À,e) (g., X ae followe 

t - .... 2 ._ -1 ~ A-..~L 6" 7J L M" 1\

lV i (Xz.Yi) = 2 Cp SlYl2 ~i) 7 r. (y,t(Yi) Jd. (Hi,Xi ). ( 2 ) 

Here i ...1,2.J,y;: (x-? + y?)Vz ia a hyperradiue,~.=a,ctg(fk/X.) 
ie a hyperspherical langti. Tbe partial componente l4> aat~af:f/)/t 
an infinite set of integrodifferential equations. In the notation 
of paper /4/ it haa.the form: 

d.
{ a; + r' aj>+ p-2â~. +- E - "t (P cos lPi) J 4)i (f.lft·) ::: 

L ft 
~ (PCOS <fi) ~ L <<fi I~ p' 1 cP i (p.lfj) >. ().}

J/L .p :r J 

Hera and further. where it ia posaible, we omit the subscripts L 
and 6 • Indicas d... = (A,e) ...an9. J~ ( >.~, e1 in (2}, ()} sa
tisfy the triangle condi tion /2/ À + e= L = >.: + e' and tbeir 
suma À +e and ),.'+ t' are even (odd ) numbers for 6= 1(-1) • 

Solutions of Bet ()} are searched in the C2. -class of functiona, 

which vanisb at the triple collision point p =0 and on the 
rays lf = O, :;r12 • Thoee functions also eatisfy certain /J/ boundary 

conditions as p - CJ'C} 

In that clase of regular solutions the functione 

,<t 
," . l _ 

D~"htAhi1l;"btltwa ~HCTm'YT t 
illlot:f;t.fiMX B'~ .lJell0HUm! I 



. )..+1 t+1 ()..+1/2.,t+-1./2) 
~p (lf) = Nd.p (SLn~) (COS«P) P (cos2«P) (4)n 

fonn an ag1:11ar baa í.s , Here c1.. = ( À, e) , p:= 2 n + À. +t 
ia a ~pennomentum, nQ O, 1 ••• , N~p ia B normBlization conatant, 
p~a,) ie the Jacobi polynomial/ 5/• The functiona (4) are eigen

functiona / 41 of nonlocal ope-ra t ora ~j and operatora 

ll~:= o~ - ~r>'+'1)cosec2<p -l!rf+1)sec 2 ({J • 
In the apectral repreaentation Df theae operatora 

00 2li cJ.. = _ 
e ~ IWd p> (P ... 2) <Wd. p I (5 ) 

p- À+e .L. c:>"">h IW'olP > <d Iy>pl.LJ 
o 

-
(6 )d' -L:

P::=HC 
<WJ P I 

the hypennomentum P ia by definition an even (odd) number for 
6=1(-1) • In (6)aymbol <C{Ij3>t{ atandsfortheRaynal

-Revai / 61 coefficient which ia equal to overlap the integral of two 
polyspherical byperharmonica(5/. 

LM , ?I LM 1\ 

YcJ.p (W) =2 cosec Zu: ~p(({J) Jd. (li.J\ 

x) (7) 

wri tten in differetlt (i =1= j ) aeta of hyperspherical anglea 
uJ = ( tp, g, X) 

Let us conatruct a fundamental system. of the regular solut1ona 
(PSS) of eq .'0) around the point .p;;; O • Using the repreaentation 

c:J. 00 r
cP i = L in (p) Wd..p (lfi) Õp • 2Y1+À+ t (8 )1+/ Yl=O . 

we may reduce aet (J) to that Df ordinary aecond-order equation~ for 
unlcnown radial functiona (~ • The aequence of expaneione (2), (8) 
ia equivalent to the expanàion Df the Paddeev componenta over func
tions (7), tberefore thia construction means that the hyp~rharmonics 

method ia applied to the Paddeev aplitting of Scbrõdinger equation 
into a aet Df three equationa for component lp~ • Th~method of 

L 
construction Df PSS for ordinary differential equations ia wel] 
known/ 7/ • It was applied in papera / 8 ,91 where tbe asymptotical be

baviour Df atomic wave functions waa inveatigated to find PSS for the 
Scbrõdinger equation preliminarly written in tbe hyperbarmonics 
basia. 
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Using the technique of theae works one can obtain FSS for equBtions 
for functions f~, then calculate the suma (8) and find the FSS 
of aet (J).But that construction ia based on the matrix repreaentation 
Df all operators of aystem (3) in the basis (4) and therefore is not 
practical. We perform an equivalent construction directly attacking 
set (J). 

Due to eq , (1), the leading term of the al'Jymptotica for p -.O 
of each solution 4>~Kis defined by the characteristic equation/ 101 

for the correaponding operator 

';\,2 + p-fa +õ2~ cJ.. up :p J lfi, 

Therefore uaing (5) we pave 

cJ.K K+2 Cd.K 
cP i p---=Õ P i o ~K (~i)) (9) 

where C~K are arbitrary constants, cI.. =('A, e), K=2 m+À+f, m.=o~ .• 
LO

All aolutiona w1th. B"aymptotics (8) at a fixed value of _ K will be 
called the K-series aolutions. The indices et.. = ().,.e) of the 
leading asymptotic term (9) obey tbe condition >. + f ~ K • Pollo

/ 91 wing paper we introduce a new variable S = enjP and look for 
the K -aeries aorutiona in the following forro 

d-K K 2 00 et.K .<p = O + L e xp ( n S) U. n (5, <ri) , ~ =1" 2,3 o )o ( 

~ J n=O L d..K 10 
Her'e we aasuae that the exponential and unknown Uin.-functions are line
arly independente The first f~ction accordi~g'to (9) ia independent of 

oS and equals 

c1K d.K 
(11 )Ui O ('P) = Ci Dt-v'o( K ('P) o 

Now we inaert tbe expansiona (1) and (10) into eq.() and thus obtain 
the following recurrent equationa 

h of K cLK Uol K 
4-/. U. = - E . 2 (S,<f +

/.. n /.. n L,n.- L
o
 

n-{ , t1-»1-2 

) 

f ciK

L ?Jln-m-z (coslfli) Uim(S,tfi) + ( 12)

m=O ' j K 
f;i f <\Pi IholP, I U j m (S, lfJj )>J . 

Here we put U~K:; O. m < O and denote 
Ltl'l
 

cÁK .2 r:J..
D. = ((} + n + K + 2) + L\1n . 
L n. 5 rI, 

3 
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In eq , (10) and set (12) indices r.J.. = (Ã,/!.) do not satisfy analysing set (12) one can show that R~ is a polynomial of S at 

the inequali ty À + e(, K in the general case. Equation (12) degree [n'iJ. 1· The ao.Lut í.ons of an n, -bl~,ck are polynomials 

with a fixed n will be called an tt -block. Each n -block of 5 of the same degree for odd n. and of degree [ ~ ] 

(n.1,2, ••• ) consists of equations uncoupled with respect to indices 
" Ud K 
l and d... for .' -functions. !ts right-hand side (RHS)

~I< Ln cJ..1<R. contains only solutions of previous blocks. The U.in ~n 
functions are sums of a partial solution of n -bloclç (12) and a 

general solution of the correeponding homogeneoua equationa. The lat 

ter is the sum 

z~: = {C+ .exp (P+S) + C_ exp ( p..S) } ~p (CPi) , 
where Ct. are arbitrary conatanta, P=2m+'A+f,rn~O,1••.• ,p=±P-n-K. 
Tbe term wi th P± <O ia irregular, another' term wi th p,± ')O 
belongs to another P -series of regular aolutiona. We construct 

a regular FSS. Therefore witbout 10BS of generality we put l =0 
and aearch only for a partial aolution of inhomogeneous set (12). 

The number P in 'aum (5) and K in set (12) are simultaneously 

even at õ-: 1 or odd at (f z: -1 • Therefore (P - K) 
is always an even numbe'r , The kernel (Ke r ) of D ~ 

lrt
K -operator in 

the basis (4) is equal to 'w'o< K+n if h. is even and vanis
hes for odd Il • Thua/10/ if the RHS of an n -block is 

a polynomial in S of degree m , then i ts solution is a180 a 

polynomial in S of degree m (m + 1) if n, is an; odd (even ) 

nurabe r , The RHS of a 1 -block of set (12) containa functions 

(11) and is independent of S • Therefore' i·ts solution and RH5 
of a 2-block are a190 independent of tbie variable. 

the' 2-block ia 
o<K d.K d.K 

.5 ~,K+2 (lfi) + ~ i 2 flfi) .Ui 2 .= Ci 2 
r~K

Solutions of each equation for the ~. -functions
l2. 

oCK cJ.K J..K.Pt z Ç'2 ('fi':: -2 (K+'I) Ct z 'v/d. KtZllfi) +
l , 

Tbe Bolution of 

RcJ.K 
i2. (t{Ji) 

exist if and only if i ts RHS ie orthogonal to tbe corresponding 

function \\lo(, K+2 • This condi tion uniquely determines coeffici 

ents 

C~ K 1 d.K > 
i 2 = 2 (Kt'f) <WJ.. Ki-2 (lP) I Ri 2 np) 

1 ]U;? • cI. K 
2 (K+'f) S. dlf ~ K+2 (q» RL2 (lf) 

~ o' oI.K (13) 
as a functione of arbi trary constants C i O • Furtber 

]
 

J
 
I
 

for even n • Conaequently,the repreaentation (10) is identical 

with the generalized/9/ Pock/11/ expanaion 

iTiOt> K . m d~d.K _ K+2 L00 

ri I: S Finm(lfi). -.P n:O .P m=O (14 ) 

where m(ri) =I n./2 ] and 

cJ.K cJ.K J.K cd.1<F,~K =U~K 
n, = O, 1. F i ZO :: c;. i Z r i 21 = i Z W'o(, K+2 .t no t n 

Ineerting (14) into tbe eet (3) we obtain for another F-functiona 

the following eet of recurrence integrodifferential equa~ions 

2 J. 1 ~K r~K
 
[ (n+K+2) +~lpi J F inm (!fi) +2(m+ 1)(n+K+2) r In,tn+1 ('fi) +
 

J.K cJ.K
 
(m+1)(m+Z) r i n m+2 (lf>i) + E Fi n-z m (lfi) =
 

, . ' 

n-1. K
 
," n-p-2~\, h Ir' >
c: li[ n-p-z tcos lfJi) ~ L <lfi I J-B (pm ('Pj) . 
P=D ' ):FL j3 J (15) 

Tbe order of solutiona of equations of the type (15) ~s well-known/11/. 

A general regular solution of eet (3) may be written as a sum of 

all K-seriea {10) or (14): 

J. _ 00 1<+2
4> i - L p

K= ).+t 
e>O

L pK+2
K=À+e 

~ ·Ud.K :: 
L. e xf (n. S) i n (S. ~i) 
11,:0 _ 
00 m(n) rJ..K
L pn L 5 mF. (lf") 
n=O vn=O t nm L' 

rr potentials are not central, then pari ty Õ 

(16a) 

rTlCn>=[,z1(16b} 
• 

for L >O 
ia not a good quantum number , Therefore suma of indices À +e 
in pairs d-. =(À e) and also numbers P in eq. (4-6) and K 
in aet (12) may 

.
be odd and even. The kernels of operators .D.~K 

. L~ 

do not vanish in the basis (4) for arbi trary n. • The expansions 

of K-series and partial components are represented as 

and (16b) resp. witb min) =n.. • Now we find 

slowly decreasing terma of sum (16) for p - O 
i=. 1.2,3 thoae teme are the first terUlS of 

sums (14) 

tbree more 

• If ?fl-1.:/:.D, 
sum (10) 

4 5 



wave function as p-O . This method does not require the
for the K-series with a minimal value of K::: >.+E • \Ye solve 

calculation of infinite suma (2) over partial components written in eq , (12) with n == 1,2 using (6) and (11). Further we aubs í, tute the 
the form (16). Therefore we find only the first three terms of the

obtained U~K-function into (16a) and get
Ln asymptotic expansion of components (2). They are determined by the 

rh~ K+2 r d.K u~K most slowly decreasing partial components when p-O . As L and 
~i = P tCiO ""'d.K('Pi) +.P il('Pi) + 6 are fixed the SUID of indices in any pair ~=(À.e) satis

P2 s C~: w (tp.) + O(p2) 1 (17a) 
Here L d., K+2 L ~ d. = o.;[). K= }..+ l , ,
U~ ~ ~ 11[.-1 C~ ~ f w'" P(lf'i) <""", P1,/,)1 sec 'I' ~ ,/'1') )/[(KtJf.-(Pt2)':1 

p=).+e Id. K CJ.K .,," ij Cj3K[ li = t o + f;i P<d.lp>KL jo 

and according to eq.(1) 

C~K = [1Ii.-i/2(K t 4)] {<\J K 2('1))1 seclf u1:('P» +1LZ 0', +
 

pK

L L <W'o( K+2 ('fi) sect(Ji I hJ.p' lU j i (fj). 
J/=i P' r 

d.K dK 
If75j!{=O,i=-f,2.3 ' • then Ui 1 . {i2 in eq.(17) vanish. 
Theréfore the first three terms of asymptotics (16) for f-O 
are determined by the first terms of sum (10) for tbe K -series 
with K =}. + e and by the Lead í.ng term (9) of the next (K+2)-se
rias. Pinding tbe solution of set (12) corresponding to these terms we 
tben obtian 

d... {d-K K+2 d. P ~K J 
CPi =yK+2 CiO ~J«'Pi)+p2 ~ Ai ~p(tpi)+p3Ui3('fP +O(pltS)J, 

where . P-K 
(17b)

d-P i cJ.K C~K r- CrJ..·Kt-2 \
 
Ai =4(K+3) ( 'lfio Ci 1 - E i. o ) 0p. K + i o 0p, K+2
 

cl.K cJ.K oc;> 2 2]U ; = V[t Ci{ L: ""d.p('fi)<~p(lP)lcoslfJ ~K('P»/[(K+5) -(P+2)n 
p=>.+e 

'It is clear tbat the method of paper/12/ ia more con;enient for
 
determining tbe asymptotic behaviour of the Faddeev components and
 

,6 

fies the inequality 

'A+e ~ :: L + bÕ , (_O l. +1 NL õ 

Keeping in the sum (2) part ial c omponents witb indic es cÁ =O .... e) 
such that À+e==Nt..õ and using eq.(17). we obtain 

Y;f(Xi,~) ='p~h6{ ~:o(Wi)+.P ~~O(Wi)+y2S~:1(uJL)+Ocr)J(l8a,) 

if expansion (11 contains a Coulomb singularity term. and 
I ' 

Wf -. ~) _ ~L6{ UJE 2. lIJE 3 W f O( " )}
li(Xi.·Yi -p TiOD(Wj)+Y Ti 20(ltJj}+y li30('Wj)+ ys (18b) 

otherwise. Punctions of hyperspberical angles 

E \' cJ.'K YLM
 
lJ"inm = L. Ci n do. K+25: ' r n, m) == (O, O), (2, 1) •
 

d... ' n,1
 
E. Kt-2 do P L M 

lYi.20 =L L Ai Yd. P 
rJ. P"K 

u;E '\' CcJ.K ~ [ 2 2.J-1 
1 ino = 11[. n-z L i 1 L ( n + K+ 2) - ( P+ 2 ) •
 

cÁ p=>.+e
 
n-Z yLM
<~p{tp) I(cos ui ) WcJ.l«tp) > c/..p , n- 1,3, 

",here cÁ = ts.t>, À.+f == NL.6 = K are tbe sums of byper
harmonics (7). 

In conclusion. we summarize the results. The regular FSS of eq. 
O) has for small p the form of K-series (10) or (14). The F
-function in sum (14) satiafies tbe recurrence chain of eqs. (15). 
These equations are useful botb for the analytical work and for nu
merical solution. Asymptotic expanaions of Faddeev partial and Faddeev 
components of tbe three-particle wave-function are resp. of form 
(17) and (18). 
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ITyrrb~eB B.B. E5-87-9ü2 
ACHMnToTHKH perynHpHblx pemeHHH TpeXqaCTHqHWX 
HHTerpo~H~~epeH~HanbHb~ ypaBHeHHH 
B oKpecTHocTH TOqKH TpoHHoro CTonKHOBeHHH 

IToKasaHo, qTO aCHMrrTOTHqeCKOe pasno~eHHe K~oro HS 
~HHeAHo HesaBHCHMb~ perynHpHb~ perneHHA TpeXqaCTHqHWX HH
Terpo~H~~epeH~HanbHb~ ypaBHeHHH HMeeT B oKpecTHocTH TOqKH, 
TpoHHoro CTonKHoBeHHH BHA ~BOHHOH CYMMbI, co~ep~a~eH CTe
rreHH rHneppa~Hyca, ero norapH~Ma H HeHsBeCTHwe ~YHK~HH 

o~Horo rHnepC~epHqeCKOrO yrna. AnH 3THX ~YHK~HH B cnyqae 
c~epH~eCKH-CHMMeTpHqHWXnOTeH~HaJWB nonyqeHa peKyppeHTHaH 
CHCTeMa HHTerpoAH~~epeH~HanbHWX ypaBHeHHH. 

Pa60Ta BwnonHeHa B llaõopaTopHH TeOpeTHqeCKOH ~HSHKH 

OHHH. 

Ilpenpaar Ü6'be;:UIHeHHOrO HHCTHTYTa anepnsrx HcCnenOBaHHH. ny6Ha 1987 

Pupyshev V.V.	 E5-87-902 
Asymptotic Behaviour of the Regular Solution 
of	 Three-Particle Integrodifferential 
Equations in the Vicinity of the Triple 
Collision Point 

It	 is shown that any regular solution of three-partic
le	 integrodifferential equations may be represenLed in 
thê vicinity of the triple collision point as a double 
sum containing the hyperradius powers, its logarithm po
wers and unknown functions of a single hyperspherical 
angle. The recurrent integrddifferential equations are 
obtained for those functions in the case of spherically 
syrnrnetric potentials. The asymptotic behaviour of Faddeev 
and partial Faddeev components of the wave function in 
the vicinity of the triple collision point is explored. 

The investigation has been performeq at the Laboratory 
of	 Theoretical Physics, JINR. 
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