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§ 1.	 Introduction 

In ref./1/ cloaed analytical expreaaione were obta1ned for a 
number of uaefulaums snd integral~ involving Le~endre functiona • 
The key p~int of tbe method useâ waa in comparing ~f th~ magnetic 
vector-potential componenta ~or the toroldal aoleno~1i derived lly, 

different methoda (but for the same gauge and boundary ,condltlons). 
Their coincidence eterna ~rom the well-known tbeorem (aee, e.g./2/) 

according to wbich a harmonic function {the difference ~f t_o aolu
tions Df tbe same Püisaon equation is just ~u.~ction llke that) 
equal t.o zer.o at iRfinity (the v.ector-potentials Df ref.l1/ eatiafy 
t-hia c ondã t í.on ) la identi'Cally .equaL to 'zero. 'Tbia ,trick '(1.e. tbe 
conatructi:on Df new rela~iona between Bpeci~~ funct10ns ~y ~omparing 

the solutions of the aame equation derived by different methods) 
ia not altogether new. A lot Df examples of the aame typ~ may be 
found ~n the well-known treatise on the Bessel functions/J1• 

The preaent treatment proceeds along the same lines as ref./1/ 

and ~ay be viewed aa its continuat1on. Tt ia organized as tollo_s. 
In §2 we conaider three different integral representatione for ~he 

'aame function. By comparing tbem we obtain the integraIs 1nvolving 
Legendre functions in a closed forme In~J we study how the eigen
values of the Schroedinger equation change wben the vector-potential
R.i:O (but -q :: tt'iJf:: O ) is '8witched on in the simply connected 
space. According to the theory (eee, ·e.g. /4/), in tbe simply con
nected region th-e eigenvalues for,A t- O ahould be the' same 8S for 
li -=-0 • Evaluating the second order terms Df the ,perturbation theory 
(PT) explicit~y and equating them to zero we get the sum rulee for 
zeroes of ~he Beseel functions ~f tbe integer and s~mi-integer or
dera. The expr-eaaí.ons obtained are lacking in mathematical handbooks, 
treatises and original publications (see, e.g., IJ.5.6/). 

§ 2.	 Closed Expressions for Some Integrala Involv1ng Legendre 
Functiona 

In ref. /71 a funetion dv _as used which con:nected the vector
-potential Df the toroidal aolenoid in diff~rent gauges. It le de
fined by the f~llowing double integral 

'--- .- 1 ... ~-_,.. o, 

I
(k.. "1..', '. , • .... ;1 ~,>, ••C,-ftIT}fi'l 
Çjll~~1F(·:,.{ tA' •J1J!taHnQ 

~::a,,~t:".. fB.. ,.-r:u A 



r I \ cl:c J\d\ ()Q

~,(y) -t) :: i J ~""-I (2.1)
\'l,-'L.l ~ &. ebc. .Q7 lt\ :: _ 5\ D!li.

The integration in (2.1) ie performed inside a circle of the radius ~ 1:' It;\
 
a lying in the t. I :. O plane: t \ ;: Q ,O!::: J\ ~ ú.. , O!: \f, L 1s: . For
 00 

~ __
 

eentatione
 
c\ :t. \ Q! _ .:;"(0..->7 Lthie function in /7/, the following three different integral repre-
Q. ~I _~(t)----~I) ~tV-1 1.. \ 't: IJ 

cl z s( l J:c~+ a.~ - I ~ l) - fQ: ~ .cA J( (JJ (1:) (2.2) co i \r (j..':t- J-- Qj li):: f\fCL( r;:-:~_.l. \ O fi '
, CL j x' J1., ~ t.?-_1;= ~ 'L2--+4 \ t \ J 

(2.) ) oJ =- Js~rx: cÁ,C Q-ll~ ) The change of variablee permits one to traneform theBe integraIs 
()C (2.4 ) into the known ones (eee, e.g. /5/). 

Put J:: c.. 1 t : O in (2.7). Thie givesd:: JCh;\ - ec~ e2 J~JY)' ú')~ 1\ 8
 
\,.. := o l ~:. 11.--1- y. 'L+e~ -t:. t.1.-+ X 2-+ CÁ '2.-)
 S1 : 

! 

s~~ r 1- Q\(I+X1..) t'i () (1-\-JC.~1 (2.8 ) 
'J...y:>t) lc\x o l fi:. Í- \ 1~ ~.L \V- ±\ 1~( ) 

were obtained. The variablee ).,/:, e entering into (2.4) are toroidal 
Now return to Eqe. (2.2)-(2.4). Set in (2.4) jv\: O • In accordance

coordinatee. They are connected with the cyl~ndrica~ ones ae followe: 
with (2.5) we ehould take2=O in (2.2). Equating (2.2) and (2.4)

~"')J SI" e r. ro-!)rY reeulta in9 =- CL -k-- e ) 1. =- Cl. I e (oL.}t L 00 I ~ Jl .:: C' t....I/ . (2 5) 00e.. y. ~ ~~ t.""} - ces • 

li C1i'+Il'- - \'I: I) o li-cose ~=Od."lO )CoShe ' (2.9 )
Q}A ia tbe Legendre functi'on of the 2-nd k.í.nd , The function d. '" (J'l ) 
ie equal: to where ) ltv- (]O , 

, c.kjJ J",lO): to..· l~l ~ Q ,(x-) »s: 
d, h l ) -~ . (_ I \ Iv, f Q'( ).) (l~) ) 0\.J:. 1. + ~'" 00 VI-j: ( \ +- ".L ) 312.-

Y-\+~hO ) L h-{tny.,J k_J 
lol (t+~c.J>/L-T (2.6 )
 

I ).. Substitute1::. ~-~~Pe into (2.9), divide both eidea by Ii.-evs(}
()O 

an~ integrate over e: su: 
t JR-1lt kjA)~LQ"-~(et) l ~+~ )11' J \ d~ Q l_I)"" ( ~.l8J2J,.C; ('1= f) (2.10).J Cl-t:(i~/t' Io.-± \'1) = ~ ~ I-I-""J'J 

I .)... -ir/l.P~is the Legendre function Df th~ 1st kind. 

Now we try to exprese some integrale in a cloBed form. At firet equate The integral in the r.h.e. Df (2.10) ia eaei1y evaluateda 
(2. 2) and (2.3) 

!í\l- lo\.- •-P Q.. 
_ J.< - (_I)/L 

~ /~~N t6s2h ~ z a.-tj(~ -'2. 11-(-')]- sv..-) ~ 
. o ,~ o L 

J1 (f~~TU~ - \r-d - fQ- ~ ff Oi li): ia ~Ji aoc. Q_~(~) . (2.7) 
1(= r- rr~l. 

Then, taking the lim!ts9"~' and.c~ 00 an d differentiating the 
expreseione obtalned we get explicit expressions for the following Thus 
integrals ~ ~ 

tp 
\ ~ \~i l;/t Q,_.{t.\ =IT 11- Si .... \.-1)"" - ~ \'v. (-I \"'2 ~-~~ J (2.II) 
1. K:: t~ o\a.:"~l\t) ~ (~ l1.+ CA'L - \ -t I)

'La .,}o 
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In particular cases: 
blO 

r 1\ (	 ) ~ - .r
~ \.V-i c. (\ tjl\ '!>IL- - \jJ.

L 

00 

(2.12 )~ QJ. U!.) l~~l»I'L ::- K Lsr'-~) 
\ L , 

00CO SÁL _,.-; i (<3 )
~ ),\'K) (H.~»/1. - ~1·\ ~.- 1.5\ .' 
1 1.. 

Us~ng the Whipple relation between the Legendre functions one may 
transform (2.11) to the following form: 
~	 ~ 

SdjJl"'~l- fjA) R~(~F~ ~ -Li-J{\A.-·H\"'--- 4",.l-I)" Lt\~~n 
() 'L	 \<.:\S( \'(l..-v-..j. 

(2.13 )
M	 . 

( ?A l ':C.) is the associated Legendre function of tbe 1st kind). 
These expressioJ:l.s are lacking in the mathematical literature. 

§ 3. Tbe Sum Rules for the Zeroes of the Bessel funct10ns 

3.1. Consider an infinite cylinder C. of the radius R • Let 
its axis coincides with the ~ axis: 

Jl : ~:t~-\-~t:: Q -'\iJ.c'lLc<J 

We are interested in the eigenvalues and eigenfunctions of tbe 
Schroedinger equation inside tbe cylinder. The following boundary 
condition 1s 1mposed on ,the eigenfunction: "f.= Q for J":'l" l< (tbis 
ia equivalent to tbe solution of'the Scbroedinger equation witb tbe 
potential~j».:: O for pL R and Y:: co, for,,?;:' R ). The eigen
functions and eigenvalu6s of the Scbroedinger equation are equal

/8/(aee , e.g. ) tOI 

'1f~.$ =c.., ·~M.'(A,",3 ~) .lt'X.~·U\v..'8) 
0.1 )

O t'L 'L
E~t ::	 ~~A~>. 

» ly~ 

He~e)J... ia tbe masa of a particle moving inaide l I,tv\ ia its 
Imgular momentWD, t is tbe Planck constant, .Á ""..1 ie an $ -tb 
root of tbe equation 

cl\-'\ \oC) :: Ü . 

4 

Finally, t "'" S is tbe normalized constant 

11/I r	 . 1
l'MS .: ~J5{ l- ~""-\ lA...s) . ~~+I \A\<A~} 1 . 

For simplicity (and withbut loss of generality) we limited ourselves 
in 0.1) to tbe motion in the !C-::- O plane. 

c 

~ ' L y 
- y.(tJ. e 

2R 
x 

Fig. 1.	 Outside an infinite cylinder C there are two infinite 
cylindrical solenoids (darkened) which produce inaide 
c.: a magnetic field with .Pr'+OI 1--1= Hul~.:-ú. According 
to theory, tbe magnetic field does not cbange tbe ei 
genfrequencies of the cylindrical cavity. 

Now install, outside l ,two infinite cylindrical solenoids of
 
the radius o.- with opposite magnetic fluxes ( ~ z: - ~1.. z: ({J) (see
 
fig. 1). Let their axes be parallel to the ~ axis and pass througb
 

tbe points· ~ J... ~ R+ú.) of the ~ axí.s , Outside both toe solenoida 
the strength ~\ of the magnetic field equals zero while tbe magnetic 

vector-potential ~ (H -='10{ B) differs from zero: 
~cJ 31..+-0.1. \Pcl, J1._et'l-

f.}J: S\ tt.l~~ _l- } A-g: .Jt S\l,..~ -l- ) ih: O (J.2 ) 

( 1. : J4+ ~ 4 + i- c~ 't.-J1- r» ~ i ~) dI' V jf .: D). 

Does the presence of a nonzero B inaide C change tbe energy leveIs 
t~~ ? We note that tbe space accessible for particles (tbe interior 
ofC ) ia aimply connected. Theory (see, e.g./4/ ) says tbat tbe exia
tence of curlless nonzero vector-potentials could not leBd to tbe 
observable effect~ in a simply-connected space. Tbia means, in pa~
ticular, tbat eigenvaluea of tbe Schroedinger equation 
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i L - ( ~ - ~Z R~ ).~tV:: E~r o.s 
~ -'7 ~C 

with a nonzero 11 given by Eqa.O.2) ahould coincide with l"""ç 
determined by Eqa. ().1}. The invariance of eigenvaluea takea place 
for Bny value of the dimenaionleaa parameter O~ ~~ • Thia meana 
that in the perturbation expanaion in (( ~ c, 

H~~o+Hi+~-L__ ' 
"r l.í O 11Ji llíQ.
't'~~: 't ~S +- 'I: .....'~ + ~'l'-,S -f- .•• 

O i 'toE~J :: (1,.,.,<., + \:~, ~ + E\'-'$ +,.
c~ 

the correctiona to L~'$ ahould aeparately vaniah in each order 
in "t . In the firat-order PT one haa: 

r 'i. ::: L \V~.s I H! 1 \lf~., '7L Iov-S 0.4 ) 

(\--\ = 'lLº~7)
l t,<

-'7 

From the expanaion of' ~ in the angular variable . ~ 
'1.- I:IC) 

fi q,d :2-±.-.41. J-I ') V\, -)J. LA 

J1J: -.sr 1d'l--r'l.-·U+-ik;:)L l-I)·e ·~\[('l~-1.)~J, 
'- Io-:-\ 0.5) 

Jk - ~ f:-~f Ch((k~) h.l - I \"'-R.-)A~ s\'"[l1~-\)P J I v-»: f11:) 
it followa at once that the equation 

.r~t;:o 
.> --1" ~ 

ia eatisfied automatically (due to the angular dependence ofJ1 V ). 
Neverthelesa, the eigenfunctiona are modified in the aame order: 

O ") ",0 <tJ",O~1 { H! I\f~ s '"? 
1\V1-.-.5):: \V""~/ tL \ \Vy..1 I ? cO' C o 0.6 ) 

t\$ \ L ""s - L h i I 
(lt\t~ ) 

In the aecond-order PT one obtains for the eigenvaluea 

\ (y~S' \ ~ !. \ ~~ "7 \ 'L 

t~~ - .(V~~ IH~ \V~~> +L t 0 . o 0.7 ) 

~.s ' 'Me;. - t 11-3, \ 

(I-. t ""') 
Q.'l...- -....~)l J-\'L: ~~(~ ~ . 

It followa from 0.7) that f ~5 doea not vaniah trivially. The 
aubatitution of the unperturbed eigenfunctiona ().1) and vector
-potentiala ().5) into ().7) leada to cumberaome relationa between 
the radial integra la. Fortunately, they are simplified for R1.L. Jvr 
(i.e. when the radiua of the available cylindrical cavity ia amall).

(1 Then inaide C. . 

J1 j) ~ ~~ eoç~ -.A ~ ~ - <li vi çi~.g À1.-:: <t? 2-J..tL 
~'() Sí ) ff ) a(:l--

Inaert theae expreaaiona into 0.7) 
't. 

.~)J S\'l-ot 'L-Ez, ~. \ ~. 2- ).""-1-1,5' 
\v. $ - )\....... '2, j -\;.2.- l\a1 LI t.> ( Á ~+I J' -). H )s' , 

Q... 

_ .A ~ \' .A. ",,-',S i 
M) L 2.- A 2.. )5

S r (,IM_I/!' - ""S 

The requirement for ~~Z; to vaniah auggeata the following aum 
rule for the zer08a of the Beaael functiona: 

?.- 1... 

-.L - ).A M-t-I,$ , .i: J .A ;-,-/,}'
 
i{ ) (;5 - I.. (j:;-rI J' -,) t 5 ).s ( A '2.- - A 'I-- ); 

0.8)
 
.! ' I J' 1-1-/ ,.sI j..., S 

Thia expreaaion ia aimplified for M~ D
 
i-\' A'5~
 0.9 )%Á~s L -(-A-')...':"",-_-;\-'l.,-)') 

S \ \ c::. os 

).2. tet the apace available for particlea be a apberel of the 
radiua Rú. (i.e. inaide the ephere the eigen-function aatiafies the 
free Schroedinge.r equation wi th the boundary condition 1(\1: R1)) :: O ). 

Fig. 2. 
Outaide the apherical
 
cavitYI~ there ia a
 
toroidal aolenoid
 
(darkened). The mag

netic field of the
 
aolenoid doea not change
}} the eigenfrequenciea
of the apherical 
cav1ty. 
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,1
Installing outside the spbere a toroidal solenoid (fig. 2) we create 
inside s a magnetic field wi th-H:: O ,but i t- () • The apae e ac

;1 

cessible f~r particles ie eimply connected. Tbus, the existence of :1 
8 nonzero 5l ineide I~ should not change the energy levels. Using

17f the vector-potentials of the toroidal solenoid given in ref. , we
 
solve the Schroedinger equation wi th ir tO and require the energy ~:l"

shift to vanish in each order of PT- in the parameter 1):: ~~ 1.
 
Tbe corrections of the first order vanish automatically. In the
 
second order one arrives at the following two nontrivial sum rules 1"
 

1.Q+ ') - - 2- k?e~'jJ' 
'1./ - _~":"":"'-LL~1.-'-~'> ) 0.10)\b lo.) e-..s s r {W H - k"le-tI)5/} 

~ 

1~-\· _ '\ W"~I)~r 
- L... e- 0.11)

J I (W,?-.1 -l.-t)l2_l 
j5 '\ b W~S 

2-- » 

Here We.~ is an S -th root of the equation 

JQ\-l \~) :: O 
)... 

For Q:"l\i. one finds 

0.12)":> I - 2- W/.S·'; 
-~-- 1- 2-$)
\~ WO~ (l.Jo~ - w1.5 ' )
 

s' 0.13 )
Z

.-" --:2.- - 2- &)OJ'_ s. ') 
/ (, /""'5 - ( w, t - WO~ I)

s' 
4. Revíew of tha Results Obtained 

Hera we shall collect the formulas obtained. As we mentioned 
earlier, they are absent in mathematical referenceB: 

~ i3\: r dt.l-L Q, (~il-) -t',Ji Q-J ( \+ ~(l..) 1 (4.1)
~ fi~ - ~~ ~ ~~L j
() 1 

tj:) 
I 
tr () o\}C 

(4.2),j \\'n-1 (~) (\+;)~{2 
\ I 

- ~ \L 1.. \Iv \.V l-\)
-~li-j(~,t-l) - ~\'V·l-~) 2 -'~ ,l~-\ ~\< :: I 

L 
Particular cases of (4.2)~ 

8 

se 00 

~ Q- t(X) ~~"- \ 'IL z: f2.- ) SQJ('0 (~~\'h h \1(-»/ 
l 1.
 

IX)
 

I 

~ 01 ("\ (~~X ",'- ' Ji ( ~9 - 'l.Sí).
I 1.. } 

.M 

(4'.3)~OY·Q.:t~l- tJA)' Q;~tljÂ) ::: 
• l

o 

.. 'J., I \' ~ \L.
 

m í'Cl-w\' Li - s!Vv,l-1.\'tv- L\ V\. I (_\ \k2 ~ ]

~ ) ~~-\ . 

lo(:: \ 

-1
 'l. J'L- I
 
.lI ""-I) J
 

-'l.,
 

.Âtv-+IIS\ '\~ 
fJ., 'L ".> +L (4.4)

( A ~ _, J $ I -.A ~s )3l.\ A 'MS (,A",,+\)s, _Á ""'$) s' 
$' 

Here A\NI.s ie the S -tb root of the equa t í on tI;. I'X1 z O . 

For ~= Ü (4.4) is aimplified: 

.l. - 2- _J..-----!<\~o!-'_--
o l'l. - 2..- A/V ~ 
.~ -"()~ s\ (11 I ~, - II oi ) 

1. ~+, __ I ld~+I)!1 (4.5) 
\ bt0l.Q.~ - s' (~'~5- t.v~.f(/.s')) 

_ !l
2:. e.... I - 2 lAJe-fl.J' (4.6) 
/&0eJ J ' ( (...) 'Q. ~ - IV~_ f; í ( ) J 

Here We.. 5 ia an s -th root of the equation 

:Je+.l (~J ';:.. O 
For e: O; 1.. Eqe. (4.5) 

~ 

and (4.6) reduce to 

1:> I ~ \ W~l 
íb 

r 

LU '- --L ~ w'l, » )
0.5 SI l o.s - IS I 

I I WOSI 
~-- )~'- 2.\b (,.jl~ -I ( 0\ 

?.. 

S - LV OS\ 
~ t 
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Arpaaacses r.H. :
 
3aMKHYThIe BblpIDKeHIDI Mil aexoropsrx nonesasrx
 
HHTerpanoB, cOAep~~xcPyfiKwui JIe~p~ .
 
H npaaana CYMM W'tR: HyneM <PYHKUHH Beccens
 

E5-87-801 

nYTeM cpaaaeaaa paanasasrx aarerpansnsrx -npencraaneaaã 
OAHOM H TOM iKe <PYHKUHH HaYmeHhI HBHbIe BblpIDKeHHII Mil HHTer-

I 
panca, conepacanrax <PYHKI.J;HH Jleacaanpa. Ih Tpe60Ba.HIDt HeH3Me
HHeMOCTH c06cTBeHHbIx lIaCTOT I.J;HJlHH,n,pHlIecKoR WIH crpepasecxoü 
nOJIOCTH npa BKmOlleH~H õeasaxpesoro aexropaoro MarHkrHoro 
noreanaana nonyxeasr IlpaBHJIa ~CYMM )J,JIR: HyneH <PYHKUHH Beccena. 

Pa60Ta asmorraeaa B JIa60paTopHH reoperasecxoá q>H3HKH 
OHRH. 

Flpenpsnrr 06'b~lDIettHoro IDIcnrryra smepllbIx HccnenOB8Judi. lly6Ha 1987 

Afanasiev G.N. E5-87-801 
Closed Expressions for Some Useful Integrals 
Involving Legendre Functions and Sum Rules 
for Zeroes of Bessel Functions 

Comparing different integral representations of the same· func
tion we find closed expressíona for a number .of useful integrais ín
volvíng Legendre functions. Switching on the curlless vector magne
tic potentíal inside the cylindrical or spherical cavities and requiring 
the nonvaríance of their eígenvalues we obtain the sum rules fQI seroes 
of Bessel functions. 

The investigatioh has been performed at the Laboratory of Theo
retical Physics, JINR. 
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