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1. 1ntroduet ion 

The inveatigation of nonlinear excitatfons attracts atten

tion of specialists of tpe various fields, from pure mathematics 

up to pr&ctical applications. The problem of great importance in 

this co~cern ia the following: which fundamental ~odes are res

ponsible for the behaviour of a physical system in various para

meter regions und how dynamical regi~e can be transformed into 

a new coherent structures.L11. As ia known for nondissipative 

systema, which are dessribed by nonlinear differential equstions, 

such stable coherent structures are the solitary wave 8oluttions 

or solitons [2]. ~cparation of funda~ental modes, viz., the 

solitons and linear waves, is more clearly ohserved in the 

cosplete integrable syste23 to õhich the Inverse Scattering 

i'r-ans f'or-m (ISr) n.et hod is app cab Le , Hows ver, t he Le m ofLi pr-ob 

the nonlinear spectrol transform o~ an initial pulse i5 atill 

open. ~hieh modes eon be generated in a pulse decay? how they 

depend on the initial pulse parameters? It i8 clear that these 

questiona are important in the inveetigati0ns af soliton gene

retion in plasma physics, ir. ~agnetic syste~8, in nonlinear 

optics and so on [2,3l. 
~r.e problem may, in principIe, be studied in the fremework 

of the 1ST equations, but here thc well-known difficluties arise 

and it may be solved for only a limited cleBS of initial pulses. 

The difficulties, a3 is known, are connected with a numerical 

solution of the 1ST integral equations, when the reflection 

coefficient R,;éD. On the o t r.e r- hand , the Lrif'or-me t i on about an 

integrable system (i. e. t r.e h i gher- integrals of mot ion, linear 

eigenvHlue problem Bnd so on) tQrns out to be useful in appro

ximate deseribing soliton formation by taking into account 
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their amplitude, profi~e, formation time and the number of so

litons [4,51. 
An approximate method for analitycal investigation of soli 

ton forrnation as a result of the decay of initial pulses has 

been propdsed by Karpman and Sokolov for the Korteweg-de Vries 

(KdV) equation [4]. however, their method is relevant only when 

the nonaoliton aector contains a amall part of excitation. It 

is known that in the decay of zero are~' pulses U-(x)O))•
+00

(l.1)JlL(x)o)dx =0 J 

-00 

the nonsoliton	 tail takes away the con~iderable part of excit 

ation energy	 and under some conditions solitons are not formed. 

Ehis is true, for example, in the case of the Gaussian pulses 

[5J:	 _K'2. X2. 

u.. (x ,e) =, Ll	 X e e	 (1.2 ) 

The condition (1.1) is satisfied by the harmoLical pulses too, 

which importance does not give rise to any doubt since any 

smooth pulses may be expanded in the Fourier series. 

One of examples of the harmonical pulse decay'is the model 

of the anbarmonical crystal with a cubic nonlinearity or the 

Toda lattice model [6], which longwave excitation~ are deacribed 

by the KdV equation. Depending on the parametera of an initial 

pulse a phase tranaition can arise as a result of its decay 

leading to a	 soliton lattice that describes the stable configu

ration of an	 anbarmonic chain. 

The practical absence of reaulta on the dynamics of the zero 

area pulses as	 well as the question about the soliton generation 

i~ the magnetiz~d plasma waveguide [?J provokes us to study 

this problema 

2 

" 

In Section 2 of this paper a simple quantum mechanical 

problem of the existence of discrete energy leveIs in the 

exactly 80lvable potential (2.~) is considered. A transcendent 

equation for eigenvalues is numerically solved and a threshold 

for the discrete energy leveI appearence is shown to existe 

In Se~tion 3 we simulate numerically the decay of some zero 

area pulses for the KdV equation. A procedure to approximate 

the pulses is proposed and the threshold existence region pre

dicted theoretically ia in a good agreement with the numerical 

simulation resulta.
 

In conclusion we discuss the resulta obtained.
 

2.	 The existence of the discrete energy leveIs in the 

zero "ares" poter.t ial 

nS ia known the reflectionleas potentials of the station

ary	 Schrõdinger equation 

-- Y t- lL (X) \f == E y;- (2.1)
)1.)( 

correspond to KdV solitons in the framework of the 1ST method. 

In connection with the problem under consideration it ia impor

tant to find the condition for a discrete energy leveI in po

ter.tiala with the zero area to existo 

1he exact solution of this problem ia posaible only for a 

narrow cIosa of pctentials. We restríct ourselvea to the aimple 

potential whích consists of the I~ctangular well and barrier 

o X<-O-" 

-1l1 -CÁ, ,< X ~ O 
) -	 ) 

u. ()t.) = .<. O O <: X <. {-Q..) 
(2.2) 

L.L2. g-(L~ X ~ -{; 

O X") -t 
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In the next section having used the reBults obtained here 

we	 shall approxim~te the zero area pulses of a more complicated 

form by this potential. 

The solutions to Schro~dinger equation (2.1) corresponding 

to	 discrete level E =. -/E I , in the case of potential (2.2) 

look like k X Y e. 1 x <, - Q...
01 

) 

'\\TO'l 'SLVL. (\(2.X +b,,,) -a..~x~O 

) k, x y (X) = \ \te e t- "V I e-1(1 x o < )( < € - Q- (2.3 ) 
o~ o ~)	 } 

"Ir K'I X 11,' -k Xe. + T e. '( -€-a- ~ x ~ ~Te li Cl/)	 ) 

u r .p-k x 
Tcs '-... 1 , X > -€ ) - I -lU I 

whe r e k.1 :: IEl~ )K 
t 
=-(u'c-IEI)I2.~ K"I~(U.o +IE\)'h.. and U c=1 U,I- 2.. 

Using continuity of the logarithmic derivative of the wave 

functions (2.3) we get the following set of equations 

(2.4 )k, ::: K 1. J} (- k 2. «, +- 1",) ) 

K)" ci:Q '6'1. -=. k 1 i. - o~ 11, -= '4{~	 (2.5)/-111'""

d i+o~ ~:) 't'Q3)
 

k1 ( ~- G.)_ 6' e-1<1(~-~) KI( (~-l\) ç' -K'f (~-~) 
k,	 e ! =-K 4 e. - 0'1-€.. (2.6) 

~K.(e-~)+'h e- k1l-C - o.) t~(€-",) -k'{(e-~) ,.) 
~ !. e -+- t\4 e 

I<~~ ç -k'i~
I, -k € -04€-	 (2.?) 

- "1 - 'i	 ~ ~ 'R~/dJ 
\C~€ -1c'1~ ~ T~'ie +- ~~ e _ 

From Eqs. (2.6) and (2.7) we have for t~e phase b3 the 

expression 
~\(f(~-a..,) [ !2. .;(K..<L. • ~J 

~ = _€ (k'i t-k1 ) e.. - (K'1- k 1) 

~ 

(I<~- K1~) (1. - e.'2.k'1a. ) 

'Substituting this expression in Eq. (2.5) we have 

(2.8a)~t~ O;.. ~ f (E) » 

4. 

where f(E) is given by 

f(f)=K,lK~-K;)(e~"~ L) +- [ (1<, +KJ€K,,,- (k,- KSj -e.""(~ -a) 

- K~(k~-k~)(lk,._ i)--' [(K, +K,t e~·''':-(k,- k,)'-1 e~"'(( -a) '(2. 8b) 

The equations (2.4) and (2.8) imply the following transcendent 

equation for the discrete energy levels 

1 (E)c:!:~ [(U, -IE l/'õ.-Jt-l }1.E :: u. - EI T	 (2.9)I	 I ( I) {e d~KUQ-IE\)1h~l-t(E) 

~e	 have investigated equation (2.9) numerically. The solutions 

at	 different values of the well width o... and d s pt h llo, different 

d Ls t anc ea between the well and the barrier 6.:: g- a... are presented 

in	 ~ables I and 110 

1t is easily to see the number N of the discrete energy 

levels, i.eo the number of cro8sings of functions 

f (E) d:}[(U(l--lEI)~J ti }'L. 
4>1 ~ \El , 1{>1. ;; (u,-tE\){ e-t} leU. -/E0"'õ.-j-f(E) 

depends e8sentiall~ on the well width Ov and increases with
 

ita growth.
 

For the values CL< i we find the threshold for a discrete 

energy level to existo Thia means that the discrete energy le

vela do not~xist alwaya in the well, they depend on the well 

barr~er distance. At th~ same time it is well known that adding 

a second, symmetrically located barrier lowers the energy of 

levels. Thia irLaasense unexpected behaviour of quantum mecha

.,. nical particles leads to the threshold for KdV eolitons to be 

formed of the zero area pulses decay. 
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1) the rectangular pulseTable I 

x<..-Cl-

U a 1 6 11 16 21 

1 N 1 3 7 9 9 

5 N 1 9 13 19 21 

10 N 2 10 17 25 ~8 

Table II 

u a O.l Ca2 0.5 0.6 0.8 

1 tJ O 
0(6<10) 

l(6~10) 

OC 6.=0) 
1(6)0) 

0(/:1=0) 

1<6.>0) 1 

c. 

a 

N 

0.1 

O 

0.2 
C(!;.. =-c) 

l(~>0) 

0.5 
oU~ =0) 

l( 6>0) 

0.6 

1 

LO 

1 

5 

a 

N 

0.1 
O( 6 =0) 

1(6.>0) 

0.2 
0'(6.=0) 

1<6>0) 

0.3 

1 

0.5 

1 

LO 

1 

3. Numerical simulations of the decay af zero area pulses 

Fro~ th~ c~~::ti~r. for the àiscrete energy leveis to exist, 

obtained in tne previous section, it follows that the evolution 

of the initial zero area pulses in the framework of the KdV 

equation has the threshald behaviour. This means that there is 

a width ct and amplitude LLo area of the initial pulses wher~ 

decay results in: 1) the formatians of N soliton lattice, 

with N being the number of the descrete en~rgy levels in the 

potential (2.2); 2) a nonso~ton tail production only (i.e. 

the soliton fornation i8 farbidden). 

r-~o -Cl_'<X~O 

Lll"" e)~l} + llo o « x -Ç G...-
J 

(3.1)
Ili,) 
,. 

C J X > C\... ) 

2) the sinusoidal pulse 
~ 

~h.. \( X.LLlx)o) :..: tUo ) 
(3.2) 

3) the Gaussian pulse (1.2) 

The results for pulses (3.1) are presented in Teble 111 and 

Figure 1. 

The analysis shows that for the fixed amplitude L\o~ t 
there i s a ~ritical magnitude 0... 0 under wh í ch the s oLi t on 

format i on ia imposs ible. For example, at Q < Qo"-J O. 9 one 

observes producing only an oscillating tail. On the contrary, 

the number of produced solitons i nc r-eaae s with ex.. and we nave 

a soliton latt~ce. ~hus in the evolution of the pulse (3.1) 

with Llc, -= ! and o...=- G i t s positive part produces t hre e solitons 

and the negative one is trar.sformed into an oscillating tail. 

For Llo :::: t and Cl z: 1i we observe the product i on of seven soli 

tons. ~he Table 111 shows the comparison between the amplitudes 

A'vl, (h.-=-i)'2.}.. .) of the praduced solitons and t-he energies of 

discrete levels obtained from the solution af transcendent 

Table 111 

An 1.69 0.81 0.10
 
a=-6
 2E 1.66 1.38 0.72 n 

'1 An 1.88 1.57 LO 0.31 0.25 0.10 0.04"In this section we present the numerical simulation results, &=11 2En 1.88 1.82 1.5 1.3 0.92 0.4 0.2 
on evolution of the following zero area pulses: 

---_.. '-P.
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equation (2.9) (remind t hat t.he energy E k. of the ãiscrete 

level defines unamb i.gu cus Ly the correspond ing s oLi ton amplit ud e L'I 
A : A ~ lE i. 

t\, l'\. h... 

N 
i t8 

produced solitons 
('. 

as a function of the ha1f-width of 
Fig. 1~ The number of 

L.j initial pulses (3.1). )·1 
/ 

01.6	 I I I 
I 
J 

O Y 80 
I'r 

In Figure 1 the number of solitons produced in,the decay af l.
" 

pulses (3.1) is presented. 
;.

The number of produced	 solitons coincides with that obtained 

in Section 2. The discrepance in the amplitude va1ues (obtained 

numerically and analytically) ia due to a big nonsoliton tail l: 
crea~ed in the zero area pulse decay. li 

To study the decay of the harmonicel (3.2) and Gauseian pul- ~ I 
ses (1.2) we get the condi tion for the threshold of soliton for- 1 ~ 

I 
•mat i on to exist by paaa i.ng to the limit E ~ O • 

FrOffi Eqs. (~.4) and (2.6) we get the fo11owing transcendent :j 
equation for discrete	 energy levels 

, -1.( 1<) , -1. \ t (3.3 ) 
11-	 1<')., a.... = 1TYL SLI'\. L~~2. - SÜt. L(t ;-1~Y'~ I

where ~-=.{)'2..) ...
 

It is easy to show that flE) in Eq. (2.8b) ia a monotonic
 
I 
~ .:negative !'unction so t ha t e..t1~:t< o and fQ:::f~f(E)=--i/u.~~(~-~' 
I 
I 

. h . -1~nce t e values of sln argument are not greater than 1, 

"values of K", can lie only in the interva1 O ~ k'2,. ~ U~ 
Lhence the left hand side of Eq. (3.3) monotonically increaaes
 

and the right hand side monatonically decreases. ~herefare for
 

8 

the exiatence of solutions of Eq. (3.3) it is necessary that 

~ II~ . . .at f't = \..1 the rlght-hand s í.de magn í t ude shou1d be less t aa r. 
0 

of the lefl-hand s i de ,	 So for E ~ O ,( e . in the transit íoní , 

region from a discretespectrum to a continium one) we have the 

fo11owing inequality
 
1/,,

\ -t Uo l ~ - ~)
uo...- U~h S;\Vt..-	 (3.4 ) 
o ~ i [1. + L1.(-t-«-fr-" 

rhe last condition corresponds to the existence of, at 1east, one 

descrete leve1. 
\/2

By introducing the variable l-==- a.. UI) the inequality (3. 4 ) 

is rewritten as
 

~ ({ - CL)
 
(3.5 )

[ 0..' -\- <.' (.g _~f]'h ~ Q.o.; l 

This condition will be used below as a restriction crite

rion for the Boliton formation in the decay of pulses which 

are approximated by Eq. (3.1). 

First let us consider	 the BinuBoidal pulse (3.2). 

We assume the we11 area and itB approximation area to be 

(V.equaL;	 n: 
. r'-' \ ' J !I. U.S -= ~ U ~11 k X X	 -= - s1=i2-')S -= ~ u, ) ~ o	 k

1 
o	 j""'"'2..

Hene e taking into ac c ourrt t hat g == 11/k. we get G.. =:- 2: k U~
 

Substituting OU and ~ into Eq. (3. 5 ) we have
 

d..}"- z:~
 _ - ~ ~G-1 2

[i'- -I- (d.'- Cc'-fT' .> (3. 6) 

where oé'1.. = á.1i "'u0/k '2. It is easy to aee t hat whenol,,~I• 

condition (3.6) ia aatisfied and for d < i it is not satiB
r..t 

fied for any z: • hence we hava t nat when U c ~ 0.392 k
2 

ato
 
2


Laa e t one soliton Ls a1ways produced and at Uo< 0.159 k the 

9 



soliton fornation is impossible. In Figure 2 these two regions 

It follows fromEq. (3.9,) that WhenUo)- 2.8 k3 the soliton(I and 111) are presented respectively. For region 11 our con-

I formation is possible and impossible for;\)o < 0.9 k3• Insideration cannot give an answer whether solitons are formed
 

or noto In Figure 2 the computer simulation results are marked !! Figure 3 these two regions (I and ~II) are presented corres


pondingly.Crosses and dots mean the' numerical simulation reby crosses and dots and the first are related to the soliton I 
sults.forrnation processes, the second to their absence. \ 

1 LtoUo ; + +10\2 Fig. 3. Allowed (l) ãnd forbidden (lIIrFig. 2. Allowed (I) and forbidden (111) I! I 
regions of the solito~ generation frem \1 regions of the soliton generation from 

puls~s of type (3.2). d pulses ~ type (1.2). 5 +1 U 

'I

l zs1iE:'1 I , I 

Old"": I o
I I I I O i 2K

O 2 YK 
Now we apply the condition (3.5) to the G~ssian pulaes~.;::;:, J _K'lX'" Q,U(1.2). The equality of areas5~C\Llo::'~:::'U Xe dx.-_o 

1 2.. Cl - 'k1.. I;
" L/~ o:J' • 

gives Q= .2..?:-K; Lt, • Sy dividing af the areo S-:::$c.+ Sd 
int o two parts wi th C. :: o..('{ - -.L) J::. E:::.-.- G\: C. +-d. e l / 7.. ) e1/1-} .J 

Conclusion 
We have Ji 4 c2. k 2..( 1.~ -G... = 

(3. '1)k U t - eih-)' :! For the KdV equation the p~oblem of the soliton formation o 

Substituting Eq. (3.7) into t~e inequality (3.4) we get 
o!...1...--r:"

[ Y'-?:1- +- (eX:,1._ 2:'L5~JIz. ~ e~ ~ ) (3.8) 

where -:::::... 

i JL_ _ 
o<.- - i.y= ~ (i - e,,,- ) 

IUo 

.J .2fi: ({- ellJ J<3 
Introducing the variables 'j =- ~/'( ')~::; 01..-/( the inequality 

(3.8) can be written as 
. ':;G'Z.._ ...;<-. 

------ >. C&1 V ~ (3.9 _[\j'l.+(:t.;L- ~'l..J' J'l. '/ t\. 

lO 

in the decay of zero area pulsesis investigated both analyti 

cally and numerically. Using the linear representation for the 

KdV equation the problem is reduced to finding the discrete 

energy levels of the Schr6dinger operator with the potential 

(2.2). ~he numerical analysis of the transcendent eigenvalue 

equation is carried out and theregion for discrete energy leveis 

to exist is faund. 

The analytical and numerical resulta are i~ a good agreement 

on the threshold ger.eration of solitons in the decay zero area 

pulseo processes. 
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XonMYPOAOa X,T" MaXGHbKOD D.r., nowoeo O.K. E5-87-78~
 
noporoa~~ xapnKTop O~P030D~HHn conHTOHOB ypaBHeHHfl
 
KOPToDoro-Ao OPH~O
 

nnA ypacHOHHA KopT6oer8-Ae BpH3a HccneAOBaH pacnaA HMnynbcoB HyncB~x nno
~aAo~ MO conHTOH~. npH Hcnonb30aaHHH nHHeHHoro npeAcTaBneHHR ypaDHeHHR Kop
Teoora-AD BpH38 38Aa4a cBeAeHa K Haxo~AeHH~ AHcKpeTH~X YPoBHeH 3HeprHH one
paTOpa WpeAHHrepa. nonY4eHo TpaHc~eHAeHTHoe ypaBHeHHe Ha c06cTBeHH~e 3HB4eHHn 
H npODCAeH ero 4HcneHH~~ aHanl13. HaHAeH~ 06naCTH cy~ecTBoBaHHR AHCKpeTH~x 

YPoBHeH 3HeprHH, cooTBeTcTBY~~HX B paMKax ypaBHeHHR KopTeBera-Ae BpH3a peWOT
Ke conHToHoB. YCTaHoBneH nopor AnR cy~ecTB06aHHR oAHoro AHcKpeTHoro YPoBHn. 
npOBeAeHo cpa9~eHHe peaynbTaToB 4HcneHHoro MOAenHpoBaHHR ypaBHeHH~ KopTeDe
ra-Ae BpH3a no 'pacnaAY HMnynbcoB HyneBoH nno~aAH c AHcKpeTH~MH YPOBHRMH 
3HeprHH onepaTopa WpeAHHrepa. 

Pa60Ta aunoru-eua B Jlaõopa topaa B~4Hcm1TenbHoH TeXHHKH H aBToMant~~HH
 

OHrH1.
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Kholmurodov Kh.T., Makhankov V.G., Pashaev O.K.	 E5-87-784 
Threshold of KdV Sol iton Production 

Decay of the zero area pulses is investiqated for the Korteweg-de Vries 
equatlon. By usinq a linear representation of the Korteweg-de Vries equation 

. the problem is reduced to solution of a simple quantum-mechanical problem. 
The transcendent equation for eiqenvalues is obtained and its numerical ana
lysls Is carried out. The existence reqion of the discrete energy leveIs, 
correspondinq to a sol iton lattice of the Korteweq-de Vries equation is 
found. The threshold existence of discrete energy leveI in the zero area po
tentlal is establ ished. The numerical simulation results on the decay of 
zero area pulses are compared with the existence region which is predicted 
for the discrete enerny leveIs. 

The investigation has been performed at the Laboratory of Computinq
 
Techniques.and Automation, JINR.
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